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Selected Sample and Side Band Sample
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Bayes’ Theorem and Model Parameters

 The data we observe (denoted by x) can constrain our model
parameters (denoted by /) by Bayes’ Theorem:

Our prior knowledge on the model
P(x|0)P(0) parameters (e.g. from previous

P(x) measurement, other literature )

P(0]x) =

/

Given the data we measured, the
probability density distribution of
our model parameters




Bayes’ Theorem and Extended Binned Likelihood

 The data we observe (denoted by x) can constrain our model
parameters (denoted by /) by Bayes’ Theorem:
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P 0 P 1403
P(/Mé' (x|9)P (V)
P(X) 100} . . .
What we want to discuss today. 80_ .............................. ......................................... .............................
Likelihood: 60;_ .............................. ........................................ .............................
1. Given that our model parameters 40:_ ............................ ...................................... ...........................
are true 20;_ ....................... .......................... ......................................... .............................
2. The probability density distribution (T O

. . Reconstructed Invariant Mass (MeV)
of observing the data we obtained

e Observed data and Monte Carlo prediction
MC as a function of 8

e sisthe POT scaling factor between Mote
Carlo and Data

* Only 1 bin shown here as an example for

Naata' likelihood

Standard treatment: treat data as an incident from a Poisson

distribution with expected rate N,,./s:
N. s)NVdatapg~Nmc/S
palgy — (me/s)




Defect of Extended Binned Likelihood

 The data we observe (denoted by x) can constrain our model
parameters (denoted by /) by Bayes’ Theorem:

P(x|2)P(7)

P(7]x) = P(x)

Monte Carlo sample is a finite sample, N,,,. does not strictly represent
thencapd [ittabregpectatadrd Mg as an incident from a Poisson

dlistritmurt o ra wishi egs dtedteere d, hetsveen N, and Ny
/S)Ndatae_ch/S

N
P(x|6) = (Nme -
ata:
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likelihood



Solution: Derive it with Bayes' Theorem

From the law of total probability

P(xIH) — fP(x|Ntrue)UP(NtruelNB)P(NH|9)dN9]dNtrue
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s is the POT scaling factor between Mote
Carlo and Data

Only 1 bin shown here as an example for
likelihood



Solution: Derive it with Bayes' Theorem

* From the law of total probability
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Coincidence with Binominal Distribution

* From the law of total probability

160
P(x|0) = fP(xthrue)UP(NtruelNB)P(NB|9)dN9]dNtrue 1aok
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Only 1 bin shown here as an example for

* Number of outcome: N,,,,. likelihood



Bayesian Likelihood with Monte Carlo Stat Err

Extended binned likelihood: —In Lgtg: = Nme/S — Naata + Naata IN Sl

Nmc/s

_1\2

Approximated Barlow-Beeston (from TN-395): —In Lg;qr = Nige'® — Nagta + Ngata In Zfﬁ;’;‘ + (32012)
MC B

,32 + (chaﬁz — 1),8 — Ndataa'[% =0

| | t -
0 = ZW T > N = Bl
Bayesian likelihood: = In Lz = (Nime + Naara + DI (142) — Nype In (1 + 2991 4 N In ———date
S Nimc Ng/s+Ngatal/S
) 1 N
» Whensislarge: —=In Lgpat = . + Npce/S + Naata/S — Naata + Ngata In ch/Sij:;:llata/s

=  Similar idea as Barlow-Beeston, account for likelihood data vs. truth & mc vs. truth

Comparison

Approximated Barlow-Beeston likelihood is derived in frequentist inference, and with assumptions

= [ follows normal distribution, og approximated as a constant (assumed in implementation)

» |n frequentist inference, maximum likelihood is wanted, solve for

These are valid and reasonable in frequentist inference, and even an almost acceptable approximation in Bayesian inference.

Bayesian Likelihood (the Bayesian and accurate way)

= Entirely derived from Bayes’ theorem

= Assumes Ny follows a uniform distribution (no prior information on it except the upper bound)
= Can be thought of as data constrains Ng, and Ng constrains model



Bayesian Likelihood (TN under finalization)

* Adetailed TN has been written describing and

deriving the likelihood

o T2K-TN-454

Next slides will show some example of MCMC
sampling results from this likelihood

Binned Likelihood with Monte Carlo Statistical
Uncertainty in Baysian Inference
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1 Introduction

Bayes’s theorem is used to obtain the data evidenced theory parameters distri-
bution, as shown in (1) :

P(x|6)P(0)

POlz) = =y (1)



MCMC Sampling Results for My Bayesian Likelihoo
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MCMC Sampling Results for My Bayesian Likelihood

As expected, no constraint to xsec parameters, MCMC is sampling the prior distribution of them

Thinking about following cases separately
Extended binned likelihood: Data constrains the generated MC, assuming no MC stat fluctuation
My Bayesian Likelihood: data constrains the truth histogram = the truth histogram constrains model (parameter)

S =0.1, Monte Carlo sample is small, we know less about where the parameter is
S =10, Monte Carlo sample is large, we know better about where the parameter is

S =10, still a little wider (std dev) comparing to extended binned likelihood, which is from MC stat fluctuation
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