Comprehensive Examination
Department of Physics and Astronomy

Stony Brook University

August 2015 (in 4 separate parts: CM, EM, QM, SM)

General Instructions:

Three problems are given. If you take this exam as a placement exam, you must
work on all three problems. If you take the exam as a qualifying exam, you must
work on two problems (if you work on all three problems, only the two problems
with the highest scores will be counted).

Each problem counts for 20 points, and the solution should typically take less
than 45 minutes.

Some of the problems may cover multiple pages.
Use one exam book for each problem, and label it carefully with the problem
topic and number and your name.

You may use, with the proctor’s approval, a foreign-language dictionary. No
other materials may be used.



Classical Mechanics 1

Wave propagation in an (an)harmonically coupled system of N

masses

Consider a massless string of length ¢y with string
constant x, containing N masses, each with mass Yy
m. The string is stretched to a length ¢ > /; and

attached to two opposite walls, as in the figure. |< >

\ZS

In equilibrium, the distance from each wall to the d d i d
nearest mass is d, as is the distance between two T —

neighbouring masses. The position of the masses
is (xg, yx) withk =1,---, N, and the endpoints are
fixed at (xo,y0) = (0,0) and (xn+1,yn+1) = (¢,0). Neglect gravity. The potential
is V(& k) = 3 Z,i\]:ﬁl(ék —a)?, where a = Ng—j’rl and / is the length of the seg-

th

ment of the string between the k™ mass and the (k — 1) mass, and & = x; — kd.

a) (2 points) Write down the Lagrangian L without any approximations. Then
expand to third order in small deviations (¢, vx)-

b) (6 points) Consider first harmonic motion (due to the terms in L which are
quadratic in {; and y;). Write down the equation of motion for ¢; and y;.
Expand x; and y; into normal modes. What are the integration constants?

ijo

(Hint: Try the ansatz §; proportional to ¢/*, and similarly for y;.)

¢) (6 points) What are the frequencies w as a function of j? Take the continuum
limit N — oo, keeping the total mass M = Nm fixed. Show that one obtains
the wave equation. What are the dispersion relations for w(k) as a function
of the wave number k for transverse and longitudinal modes?

d) (6 points) Now consider the cubic anharmonic term in L. Obtain the wave
equation for longitudinal waves and transverse waves with the contribution
from this term. Describe the difference in the propagation of a longitudinal
pulse and the propagation of a transverse pulse due to the anharmonic term.



Solution

a) The Lagrangian is

N+1

= ‘m Z (Ck +yk> - ‘K Z (\/ d+ 8k — Gk-1)* + (k — Yk—1)? —“)2-
(1)

Expanding the Lagrangian to third order we get

N+1

= —m Z (Ck +yk> - —K Z [ A&i)? 4 ; N %Aék(Ayk)z} (2)

where a = N+1' ACx = Cx — Cx—1 and Ayx = yx — yx—1. (As a check, note
that for a = 0 all anharmonic terms should vanish, because in that case
2K ZN+1 62 )

b) The Lagrangian equations of motion are

mj =« (Gjr1— 28+ &j1) Set { 5= (Re el cos(wt + a)
e ' V4
my; =« (%) (%’H =2y, + ]/jfl) yj = (Re elip—io ) cos(Qt +b)

(3)
Then

—mwz—x( 2-|—e“")$w ‘;’fsmz%

02 — « <d a) <ei/3 _ 2+e—i/3> = <%> sin? (4)

N

The boundary condition give § = ¢’ = Z and sin(N + 1)a =sin(N +1)p =
0, hence

fork=1,2,---,N.
(k)

So the normal modes with longitudinal frequencies w; ' are given by

N .
s . jmk (k)
X —]d+k_z:1 (smN+1> Ay cos (wL t+ak>

((k))2 4;< 2 ok

(5)



(k)

For the transversal modes with frequencies w;~ one gets
N .
_ in Ik (k)
Y= Z (SmN-l—l) By cos (wT t—I—bk)

(@) = (42 s’ i

There are 2N normal modes and 4N integration constants: ay, Ay, by and By.

(6)

The frequencies of the longitudinal modes are larger than the corresponding
frequencies of the transversal modes if {y < .

Setting ¢;(t) = {(x,t) and y;(t) = y(x,t) with x = jd, and ;11 — §; =
d2¢(x,t) at x = jd + 1d, one obtains

2
Eip1— 28+ Ei1 =d* 52 (x,t).
Then the equations of motion become

ma (%)
mﬁy(x, t)

(s (7)
Kd? %)a—zy(x,t). 7

d

Setting 77 = p = mass density, and % = f = string tension per unit length,
we get

(02 - fe) ax,t) = 0

(8)
(Pw —f(t—4) W) y(x,t) = 0.
Hence the wave velocities are
¢/ -7
p=Lt g0 9)
Y Y
Defining a wave vector k by
C](k) ~ el](NLJI:l) = el(]d) (Nikl)d —= eianik = e[x}2
we identify k= ”Tk. Then
OV o Mo ok f0l o ke
(“’L ) = wi (k) S Nt Tdpd N ANt e S
(10)

So there is linear dispersion, wy = v k. Similarly wr = ork.

ALY
0



d) The equation of motion for ¢; becomes

méj =« (51 — 28+ j1) + 2% [(Ayﬁl)z - (Ayf)z] (11)

In the continuum limit one obtains
0? 0?
( P — flss 2) G(x 1) = 3 d3 = (Ayia — Ayy) (Ayja +Ay) - (12)

. Ca
With Ay — Ay; = yjr1 — 2yj +yj—1 = d*5% and Ayj1 + Ayj = yj1 —
Yi1 2dg—z, one obtains

(hongen ()G |
() oo (2) () - 42 ((2)): o

An interesting effect now occurs: if at time t = 0 one has a transverse pulse

y(x,t) moving to the right with velocity v, at later times a longitudinal
wave ¢(x,t) is created. It is given by

E(x, t) = /G(x—x’,t—t’) [ (éo) ai, (%}:;H))zl dx'dt’

where G(x — x/,t — t') is the retarded Green function

1
;)
02 — v} 82

—top [e(x—x' 4o (t—t)) —e(x —x" —ov (t—t))] O(t — )

Gx—x,t—t)= S(x—x")o(t—t)

The pulse moves slower than the speed v; in the Green function, so the
integral over x" and ' is finite. However, if at t = 0 there is only a longitu-
dinal pulse, the anharmonic term in the wave equation of transverse waves
vanishes, so no transverse wave will be generated.



Classical Mechanics 2

Point particle moving on a sphere

Consider a point particle with mass m, moving on a fixed sphere with radius R
in the gravitational field of the Earth.

a) (3 points) Write down the Lagrangian in spherical coordinates (r, 0, ¢). Write
down explicit expressions for the two conserved quantities.

b) (6 points) Using the expressions in a), write the time ¢ as a function of 6, and
¢ as a function of 0. You will find integrals which can not be evaluated in
closed form. That is OK, just write them down.

¢) (4 points) If the particle moves on a horizontal circle with azimuthal angle
6, what is the angular velocity of this periodic orbit?

d) (7 points) If the particle has a z-component M, of the orbital angular mo-
mentum, all its trajectories will lie between two horizontal circles on the
sphere. Find an equation for the position of these circles. How many so-
lutions does this equation have, and what can you say on physical grounds
about these solutions?

Solution

a) L = 1mR?(6? + sin? 0¢*) — mgR cos 6.

M, = m(xy — yx) = mR*sin” 0¢
E = 1mR?(6* + sin? 0¢?) + mgR cos 6.

b)
: E —mgRcos0 M? 1
0% = - L = E—Uys(6
ImR2 m2R*sin0  ImR2 ( ers(9))
where
U (9)—L§+m Rcos @
g 2mR2sin2f O '



Hence

do
t:\/%mRz/m.

From § = % and the expression for ¢ and 6 we find an equation for ¢ as a

g
function of 0
\/ 3mR2 o dao
o= [ 5 - s |
mR28m9 E — Uys£(6) R sin?@,/E — Uff()

¢) The reaction force F is in the direction of the center O, and must balance the

gravitational force and the centrifugal force on the particle.

mw?R sin 6

F|cosf| = mg

Fsin® = mw?Rsing.

Hence
1

| cosf| "

W2 — F _mg 1 _8
mR  mR|cosf| R

d) Since § = \/ —2>(E—Ugf(6)), the orbits of the point particle touch the
circles when E = U,¢¢(6). This happens when
2
2m R2
This is a cubic equation for cos, which has 3 roots. On physical grounds

+ mgR cosB(1 — cos?#) = E(1 — cos? ).

there should be two roots which are real and lie between —1 and +1, corre-
sponding to the upper circle on the sphere (where cos  can be positive, zero



or negative) and the lower circle (where cos 8 < 0). The third root must then
also be real, but it can not be a turning point for the motion of the point
particle, so it should be a real root, which lies outside (—1,+1).

2
To work this out, introduce dimensionless variables migR = ¢ and 2(9];14—22123 =c,

and denote cos 6 by x. Then the equation becomes

X —ex? —x+(e—c)=0.
If at t = 0 the particle bounces off the equator with energy € = ¢, one
expects that one circle is the equator x; = 0, and the other circle is given

2_x=0arex = 0and

by —1 < x < 0. The three solutions of x> — ex
x = £71/1+ (§)% and the first two roots indeed yield these two circles.

The third root x5 is indeed real, and x3 > 1.



Classical Mechanics 3

Rope sliding off a table

An ideal (flexible, uniform, frictionless, etc.) rope of the length | and mass M
starts sliding off an ideal frictionless table as shown in the figure (the rope is
initially at rest, the gravitational acceleration is g, the size of the piece of the rope
initially hanging off the table is ).

. l

=

a) (2 points) Introduce some generalized coordinate and write down the La-

grangian of the system.
b) (2 points) Derive the Euler-Lagrange equations of motion.
¢) (2 points) Write down the energy of the system.
d) (6 points) Calculate the time T for the rope to slide half way off the table.

e) (8 points) Compute the horizontal component of the reaction force of the
table at the moment when the rope is exactly half way off the table. Hint:
calculate the rate of the change of the momentum of the rope.

Solution

a) Let y be the amount of rope hanging over the edge of the table,which will then

have mass, my = # Then the potential energy of the rope is U = —%mygy =

2
—Mz% and the Lagrangian:

1 1
L= -Mi?+ — 2
2My + 2 Mgy
b) Using standard formulas we obtain

j=wy,



where w = /g/1.

c) The energy is given by the sum of the kinetic and potential energies

1o, 1
E—ZNW ﬂN@y

2
d) Smce =0, E is conserved. Thus E = —% = _Mlef + %My‘Z. This gives
a first 1ntegra1 of the motion,
7=y = o)
Then integrating [ dt = [(dy/y) we get

T wl/yl/zﬁ \[ <\/2yo \/2yo )

However, the integrals are more elementary if we use ij = w?y to write

y(t) = Ae“! + Be !

The initial conditions y(+ = 0) and y(0) = yy tell us that A = B = /2, so

l l
t) = 1o cosh(wt) and wt = cosh™! A and T = /= cosh™! ——.
418) = yocosh(wt) Lanat = [L ot 5L

This is in fact the same as the more complicated looking natural log found by
integration of the conserved energy.

e) The horizontal component p, of the momentum of the rope is changing
(increasing, initially) in time, and this p, is the “reaction force” F, that the table
exerts on the rope. The horizontal momentum consists of the mass of that fraction
of the rope which moves horizontally on the table, times the horizontal velocity
which equals the vertical velocity y,

] —
pr = M.

Taking the time derivative of the momentum and using equation of motion and
energy conservation, we have

dpy M [
dt l

(1= y)i — 7]
-¥{U—ww@—w%f—y®}

= M&gb( -y - -] -

10



This is the horizontal component of the reaction force. Taking it aty = [/2 we
obtain

2
Fo= Mgl

It is interesting to note that at the point y(t) where ddit" = 0, that is at right after
y = 1/2 if yq is small, the horizontal reaction force will vanish. This means that
the rope will depart from the table and after that the equations we derived are

invalid.

11



Electromagnetism 1

Torque on a cylinder

The constitutive relation is a relation between the macroscopic electrical current
density in a medium and the applied fields. Recall that for a normal isotropic
conductor at rest in an electric (E) and magnetic field (B) the constitutive relation
in a linear response approximation is known as Ohm’s law: | = ¢E.

a) (2 points) For most materials, a symmetry principle forbids a generalized
Ohm’s law in the rest frame of the material of the form:

] =cE+ 0gB. (1)

Explain.

b) (6 points) By making a Lorentz transformation for small velocities, deduce
the familiar constitutive relation for a normal conductor moving non-relativis-
tically with velocity # in an electric and magnetic field from the rest frame
constitutive relation, Eq. ().

¢) (4 points) Now consider a solid conducting cylinder of radius R and conduc-
tivity o rotating rather slowly with constant angular velocity w in a uniform
magnetic field B, perpendicular to the axis of the cylinder as shown below.
Determine the current flowing in the cylinder.

d) (8 points) Determine the torque required to maintain the cylinder’s constant
angular velocity. Assume that the skin depth is much larger than the radius
of the cylinder.

YYVYY VY

12



Solution

a)

b)

Parity forbids a constitutive relation including a magnetic field. Specifically,
o would have to be a pseudo-scalar, since J is a vector and B is a pseudo-
vector. But, if the interactions of the medium are invariant under parity, and
the ground state is parity symmetric, then medium expectation value of any
pseudoscalar quantity is zero.

In a frame where the conductor is at rest

J] =0E (2)

the charge density p = 0. Make a Lorentz transformation from the con-
ductor’s rest frame to the lab frame, i.e. a frame moving with velocity —u
relative to the conductor, so that the lab observer sees the conductor moving
with velcoity u. We have

Jh=ALJ. (3)

Here the | are the currents in the conductor frame, | are the currents in the
lab frame.

To first order in u the Lorentz transformation matrix is

(-0
yu oy u 1
Thus

J=u p +]=0E (5)

We need to use the Lorentz transformation rule to relate E to E and B.

The transformation rules for the E and B fields are

E| =E (6)
B =B ?)
E, =yE, —yu/cxB (8)
B, =yB, +yu/cxE )

13



d)

and the inverse results

E) =E (10)
B =By (11)
E, =vE, +yu/cxB~E, +u/cxB (12)
B, =yB, —yu/cxE (13)

So the constitutive relation becomes to first order
u
J=o(E+ - xB) (14)

Clearly the constitutive relation takes the form | = o f where f is the Lorentz
force.

Using the result
J=oc(u/cxB,), (15)

we find in cylindrical coordinates

J(o,¢) = —E=2 cos p2. (16)

We see that the electrons (which carry negative charge) flow up the cylinder
at ¢ = 0 and down the cylinder at ¢ = 7.

wpB,
c

The Lorentz force on the current induces a torque:

T=/d31’1’><<£><30), (17)
:L/pdpd(p {%(” +By) — (r- ]/C)Bo} , (18)

where L is the length of the cylinder. The second term in square braces
integrates to zero while the first terms gives

T:L/Odep/dcp [(—0

_(mowR*B2)
= — LZTO . (20)

This is the torque by the magnetic field on the cylinder. To maintain a

wszo cos ¢2)(p cos chO)} , (19)

constant angular velocity we need an external torque per unit length of

T _ (mowR'EG)

L 4c? (21)

14



Notes:

* An alternative way to derive this is to equate the work done per time by the
external torque, T - w, with the energy dissipation

T W :/d3r¥ (22)
2
ow
:LEBgnR‘* (23)

* We next evaluate this numerically for copper. Expressing the torque in terms
of the skin depth (which is taken from Wikipedia):

[2c?
6= o = 6.5cm/\/ fHz (24)

We find
T KRBT (25)
L~ &2 2 >
Converting to MKS and Tesla
B2 ] B, \2
2 Zo _ 1.1 5 0
B — ” 1 3 8 x 10 (Tesla) (26)
So we find
T R\* f B, \* 6.5 cm
RPN - = ith R<K——m
L SN <cm) (Hz) (Tesla) Wi < \/m 27)

It is also interesting to calculate the current flowing through each hemi-cylinder

of the wire.
I /2
- = / pdp / dpJ(p,¢)/c (28)
C —7t/2
=— %UWR3BO,2 (29)
3 c2 9
4 R3B,
T (30)
Or in MKS
I
- Vol (31)
B
B — (32)
Vo

15



which evaluates to a shockingly large current

4 R3B,
_ SN[ B\ (RY
=310Amps (Hz Tesla / \ cm (54)

16



Electromagnetism 2

Oscillating current on a ring

A current is driven through a ring of radius R in the xy plane (see below). Us-
ing complex notation, the current has a harmonic time dependence, J(t,r) =
e~ @] (r), and the spatial dependence is J(r) = Iysin(¢) 5(p — R)5(z)¢p .

a) (4 points) Sketch the current flow at time t = 0 and t = 7/w, and determine
the charge density p(t, 7). Show that it corresponds to an oscillating electric
dipole, and determine the electric dipole moment.

b) In the long wavelength limit, and in the radiation zone, determine each of
the following quantities in the xz plane aty = 0:

(a) (6 points) The vector potential A(¢,r) in the Lorentz gauge.
(b) (4 points) The magnetic field B(t,r).

(c) (4 points) The (time averaged) angular distribution of the radiated power,
dP/dQ.

¢) (2 points) What is the polarization of the radiated electric field when viewed
along the z axis ?

17



Solution

We use Heavyside-Lorentz units.

a) Using current conservation, d;p + V - J = 0 and a harmonic time depen-

dence, p(t,7) = e~ “o(r),
—iwp(r) ==V -J(r) = _E%ﬂ)
Thus I
» COS
p(r) = —22L5(2)3(p - R)

Note, the charge distribution gives rise to a net dipole moment

p=[drolryr= 2 (~n)

—iw

(1)

(2)

(3)

pointed along the negative & direction. If this is recognized then the remain-

der of this problem is just quoting the results of the electric dipole radiation.

b) a) In the dipole approximation we have

—1wt+zkr
A(t,r) = /d r'J(r

 4mr

e—zwt—i—zkr

- —/pdpdcpdz¢(10/c) singé(p — R)d(z) .

With ¢ = — sin ¢£ + cos ¢} we obtain

efzthrzkr

A(tr) = 4—mR(Io/c)ﬂ(—x),
e—in—ikr —iw
o 4rtr c P
b) Then
B — v X AI
10
e —iwt+ikr .
= 4—m(n x —%)(—ikR)(Ip/c)
e—in—ikr
= Wcos@(—y)(—iknR)(lo/C)

18

(4)

(5)
(6)

(7)
(8)

9)
(10)



c) The radiated power is

E—ERQ(T n(EXB)) (11)
With E = —n x B, we have
n-(—nxB) x B* = |B|?, (12)
and
dP ¢ 5 0
a — 2 | B (13)
- cos’ 0 (7TkRIo/c)2 (14)
3272

It is perhaps useful to convert to MKS units:

I
?0 — VMol (15)
1
c — 16
e (16)
and using /4, /€, = 376 Ohm we find
P I \? (kR?
10 - 376 Watts (amps> 0 cos” 6 (17)

Since the magnetic field is in the —# direction, for light propagating along
the z axis the electric field is in the —% direction, i.e. along the direction of
the dipole moment.

19



Electromagnetism 3
Parameters of an electron tube

Consider an idealized electron tube (diode) consisting of infinite planar cathode
and anode separated by a distance D in the z direction (see below). The cathode
(at z = 0) may be regarded as an infinite supply of free electrons at rest. The
anode (at z = D) is at potential 4V relative to the cathode. (V is sufficiently small
that Newtonian physics applies.) The device is evacuated, so that only electrons
are between the two electrodes. The current through such a device is determined
by the flow of the charge of these electrons from the cathode (z = 0) to the anode
(z = D).

+V

o | 0

a) (10 points) Use Poisson’s equation, the equation of continuity, and the con-

servation of energy to derive a differential equation for the electric potential
®(z) in steady state. Make sure you have the sign correct, and state the
boundary conditions explicitly.

b) (6 points) Find ®(z) and use it to determine the current density | as a func-
tion of the parameters of the problem and physical constants. Hint: Try a
scaling solution of the form ®(z) « zP.

¢) (4 points) Put in numbers for a centimeter-sized device and an anode poten-
tial of 300 volts to estimate the impedance typical of electron tube circuits.

Solution

a) Let v(z) = speed of electrons at distance ¢ from the cathode.

Total energy of electron = mv(z)?/2 — e®(z) = 0, s0 v(z) = (2e®(z)/m)'/2.

20



Continuity: Current density | = v(z)p(z) is constant, independent of z.
0

Poisson: V2® = - (1)
€0
i*o JI Tl [m ~1/2
Z - Teww [a\/ z] @) )

Boundary conditions are ®(0) = 0, ®(D) = V. Note that there is no bound-
ary condition on ‘% atz = 0.

b) Hypothesize a solution of the form ®(z) = AzP.

‘;273’ = AP(B—1)zP72 = KATI2p71/2 (3)

(Here K is the factor in square brackets in equation 2.)

This works if  —2 = —1/2,ie.,p=4/3 and %A3/2 = K. The solution is

P(z) = (E) <2—e> Z (4)
The boundary condition that (D) = V leads to
4eq [2e VB/2
] = <5V DT (5)

c) To substitute units, insert a factor of c = 1/, /3,€,, note that
mec® = 0.5MeV = 0.5 x 10%eV,

and recall that \/u,/€, = 376 (). We find (using (e - V = 300eV)

4/ V \1 [22V
7= §(376Q)ﬁ mc2 (©)

Amps Vv 3/2  emy2
= 121 s
meter? (300 Volts> < D > (7)

So taking the plate area to be 1cm?

1% [mc2 D?
— = 1. 76 )\ —— 8
I 59 % 376 e-V Area ®

2
_ 250000) /300‘\//olts (D /frea) ©)
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Quantum Mechanics 1

Spin- resonance and neutron interferometry

I. An electron of charge e and mass m, is subject to a uniform magnetic field ByZ
and has its spin along the positive z-axis. Att = 0 an additional time-dependent
magnetic field is switched on in the transverse plane with

B (cos(wt)x + sin(wt)y (1)

a) (8 points) Write down the Schrodinger equation for this time-dependent
problem and solve it.

b) (3 points) What is the probability in time to find the electron with its spin
along the negative z-axis, and for what frequency is the spin flip maximum?

¢) (3 points) Neutron spin flippers are based on this magnetic set-up. Denoting
by t, the time that a neutron is in the field, find the minimum value of ¢,
for a maximum spin flip to occur. Explicitly write down the neutron state at
this time. The neutron magnetic moment is ;.

II. Now in a neutron interferometer, a neutron beam is split into two beams la-
beled (1) and (2). In beam (1) the neutrons are subject to the spin flipper with the
time of flight adjusted for maximum spin flip. In beam (2) the neutrons acquire a
spin-independent phase ¢ by a mechanism which we do not specify. There is no
magnetic field acting on beam (2). Both beams are recombined and an interference
pattern is observed. Let the initial neutron state at t; = 0 be

1
X|¥;) = —= ((¥ + (X 2
(x¥i) = 75 (Flen [ 1) + (Fle2) 1) (2)
Here (X|¢1,) are fixed and normalized spatial states along route (1) and (2) re-

spectively.

d) (6 points) Determine the final neutron state (¥|'¥s) as the neutron beam
recombines in the interferometer and calculate the expectation value of the
neutron spin S, in this final state.

22



Solution

a. The Schrodinger equation in the spin—% basis is

_o[¥(t)  en By Bjeiw
h—5 ~ 2m, \ Bewt —B, ¥ () G)

with the initial condition |¥(0)) = | 1). The solution is

e 10t/ 2(cos(t/2) +i((w — 2wq) /v )sin(yt/2
—2ie (w /y)sin(yt/2)
with wy = |e|By/2m, and w, = |e|B| /2m, and
%
7 = (@ = 2w0)* +4a? ) (5)

b. The spin flip probability in time is

P/(t) = 4o sin? (lt> (6)

ST (w = 2w0)2 + 4w 2

The spin flip is resonant or maximum for w = 2wj.

c. For the neutron wy = pu,By/2 and w, = p,B, /2. The time of flight t, for
maximum spin flip is set by the resonance frequency at

P (ty) = sin?(w  t,) =1 (7)

with a minimum value t, = 71/2w . The neutron spin state is

¥ (tn)) = —ie®] 1) 8)
with 0 = wyt,, = mBy/2B .

d. The final neutron state at the interference point is

23



i0

¥ = = (=ilon)] 4 +¢C g 1)) ©)

The averaged neutron spin S, = %(Ye at the interference point is

(¥([8.¥7) = 1 (aln) (sin(s — 0)3 + cos(6— 6) ) (10)

24



Quantum Mechanics 2

Pairs of Hamiltonians in one dimension

Consider a particle on the x-axis with potential U(x) such that U(x) vanishes
as x — oo, and U(x) is everywhere negative and nonsingular. Recall that the
ground state for such a system is always a nondegenerate bound state.

a) (4 points) Define V(x) = U(x) — Ep where Ej is the ground state energy.
Write the Hamiltonian in factorized form as H = A'A + Ej where A =
¢k + W(x) and c is a constant. Determine ¢ and W(x). (Hint: Express V(x)
in terms of the ground state wave function ¢o(x) and try the logarithmic
derivative of ¢y(x) for W.)

b) (4 points) Show that A annihilates ¢o(x). Show that H; = ATA + Ey and
H, = AAT + Eg have the same non-vanishing eigenvalues E, > Ey. Draw a
picture of the eigenvalues of H; and H», both the discrete and the continuous
ones. (Hint: Act with A on H;.)

¢) (6 points) Consider now two systems, one with Hamiltonian H; = AYA+E,
and another with Hamiltonian H, = AAT + Ej. Let ATA = —%% + V; and
AAT = —%% + V5. Construct the W(x) which gives V; = a2, where a is
a constant, and construct the corresponding V,(x). Plot V;(x) and Vi(x) as
functions of x. (Hint: The solution of the Riccati equation %y +y? =1is

given by y(x) = tanh x.)

d) (6 points) If A" A has a constant potential V; = a2, the solutions for H; are
plane waves. Prove that then the potential V,(x) of Hj is also reflectionless.
(A potential is called reflectionless if every incoming plane wave of the con-
tinuous spectrum is transmitted without reflection. In other words, there is
total transmission.)
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Solution

a)

b)

Assuming H = —;‘—d—Z + U can be written as H = ATA + Ey we get

H=ATA+E = (—%er) <c%+W>—|—E0
——c{f—é—c(‘%)thz—i—Eo
n 42
=-L& U
2m

Clearly 2 = 2 and —¢ (‘%V) +W? = U—-Ey = V. Since H¢o = Ep¢o

implies —ﬁ(p” = (Eg—U)¢pg = — V¢, we have V = 2m (i{)/) We must now

find the function W that yields V. As suggested wetry W = ocgo where a is a
¢ %0 2( %
constant to be determined. Then —cZ¥ + W? = (‘P_(()) — (40) ) +a (¢—8) :
For & = —c we indeed get 02(5)—0 = V. So
0
2 /
2 = h—; W = —c% ,
2m (P()

2
and H = —% (%) + U can indeed be written as H = ATA + Ej where

R d ¢
A‘V%(%‘%)'

The operator A annihilates the ground state as is clear from

o= (o) (.

So Hipy = (ATA+ Eg) ¢o = Eogo. If Hipy = En¢py for n > 0, then acting
with A on this equation, we get AAT(A¢,) = (E, — Eo) (A¢,) and Ag,
is nonzero because A+A4)n = (E, — Eo)¢pn # 0. (¢ and E, — Eg are both
nonvanishing.) So then Hy$, = E,p, where ¢, = A¢p,. Conversely, if
Hypy, = Eny for n > 0, then

ATHyp, = ATA(A'$y) + EgATdy = E4 ATy,

so then Hi¢, = E ¢, with ¢, = ATd,. In a picture
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d)

<~ = }  continuous spectrum

Er: ¢p=A'¢r & Adpp=¢
Ei: p1=A"¢p1 & Apr = bound states
Ep: $o —

So H; and H; form conjugate pairs, and they have the same spectrum except
that one of them has a normalizable ground state with energy Eq, while the
other has no eigenvalue Ey.

We consider now a special case: V; = a?. Recall
2 32
H, = (—c%+w> (c%—l—W) +E= —zh—mdd7+u1
2
Hy = (c% n w) (—c% + w) +E=-LL
Vi = —cW + W2 Vo 4V = 2W?
'w_cw+ww Vo — 1y =2c2W
If Vi = a? then —c¥ + W2 = a2,

AW _ ax _
R+l =1s =y, Tz

Then £y +y?> = 1= y(z) = tanhz. So W(x) = —atanh (%). Then

N

Vo =2W2 - ¥y = 2atank? () —a? = |1- —5 | @,
¢ cosh” (%)
Clearly, H; has only a continuous spectrum, but H, has both a continuous

spectrum and at least one (in fact, precisely one) bound state. So, H;(H;)
here corresponds to Hy(Hj) in part a).

2 i(kx—wt)
7

The eigenfunctions of H; with V; = a*° are plane waves ¢;(k) = e

and the eigenfunctions of Hj are obtained as ¢»(k) = A¢q(k). Since A =
(c% + W) we get, using W = —atanh %,
¢2(k) = (ZCk — atanh %) ei(kx—a;t)

x—=to0 (ick T a)ez’(kx—wt) _ (Ck)2 + g2 ei(kx—wtj:é"/z)
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where ¢ is the phase shift.

The crucial point is that there are no terms with e~**~! for x — —co. This
means there is no reflection.

Comment: There is an infinite set of pairs with potentials V; = %az, We
studied the case I = 1, which corresponds to the sine-Gordon soliton. The case
I = 2 corresponds to the kink solution. They are all reflectionless. If one adds a
two-component fermion with a Yukawa term such that the action becomes super-
symmetric, then after iteration H; is the Hamiltonian for one component and H,
is the Hamiltonian for the other component. Then the zero-point energies of the
boson cancel the zero-point energies of the fermion (the “cosmogical constant”
vanishes). Because H; and H; are “isospectral” one can calculate various quanti-
ties in closed form. The theory of such systems with conjugate Hamiltonians is

called supersymmetric quantum mechanics.
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Quantum Mechanics 3

Shell model for atomic nuclei

Atomic nuclei can be described by the shell-model which consists of spin-1/2
protons and neutrons filling the states of a spherically symmetric potential V(7).
A simple approximation is V(r) = tmw?(x2 + y? + z%), with energy levels of the

form

En = <N+ ‘;’) hew (1)

a) (2 points) What is the degeneracy of Ey as a function of N (including spin)?
As a check, list the single-particle states within the first 3 shells N =0, 1, 2.

b) (6 points) We introduce a radial quantum number n and orbital quantum
number [ through N = 2(n — 1) + 1. Write the explicit expressions for the
energies, parities and degeneracies (including spin) for the first 5 shells.
Identify the magic numbers corresponding to closed shells by analogy with
the noble gases.

¢) (6 points) The spin-orbit interaction between the nucleons
Veo=as-1 , a<0 (2)
splits the states within a given shell. Calculate the first-order energy shifts
caused by Vs, and the corresponding degeneracies for the first 5 shells.

d) (3 points) O' consists of 8 protons and ¢ neutrons. Identify its spectroscopic
nl; assignment (where ]_": I+ 5), and find its energy shift and parity.

e) (3 points) Nuclear data indicate that the fourth magic number is 50, in dis-
agreement with what you found in b. An intruder state from the 5th shell
got into the 4th shell. What are the quantum numbers of the intruder state?
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Solution

a. N = ny +ny, + n; with each n; = 0,1, ... For fixed N and n, the degeneracy is

N — ny + 1. Thus, including a factor 2 for spin, the degeneracy of the Nth level is

d(N) = 2 x % (N—ny+1) = (N+1)(N+2)

ny=0

(3)

For the N = 0,1,2 wave functions we define a®> = 1/ (mw) with H, the nth

Hermite polynomial
1 (24.2,.2

N=0 ny=0n,=0,n;=0 Yoo (¥) =e 2 V)

N=1 Ny = 1,7’ly = O,le =0 TO,IOO(f) ~ H1

N=2 ny=2,ny,=0,n,=0 ¥op00(¥) =~ Hz

The degeneracies are d(0) = 2,d(1) = 6 and d(2) = 12.

b. Each shell follows by summing over the available 2(2/ 4 1)

n=11=0 1s Eozghw P=+ dy=2d(0) =2 Nit=2

n=11=1 1p Elzghw P=— dy=2d(1)=6 Nit=2+6=238

n=21=0n=11=2, 2s,1d Ezzghw P=+ dy=2d(2) =12 Nyt =12+8=20

9
n=21=1n=11=3 2p1f E3=jhw P=— d3=2d(3) =20 Niot=20+20=40

n=1l=4n=21=2n=3,1=0 1g,2d,3s E4:%sz P=+ dy=30 Nit=70

c. The total angular momentum j = I + 5. Thus

aZ
%o:%(j(jﬁ)—z(z“)—fi)

(5)

(6)

with j =1+ % accessible. Since a < 0 the larger j states are pushed down. The

energy shifts follow through the nl; assignments of each state.
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d.O0' is doubly magic O'® plus a neutron. It should be the lowest state in the
third shell which is 1d5,, with P = + and j = (2 + )% and a spin-orbit splitting

2
AE, =T <(2+%)(2+§)—2(2+1)—Z) — an? ?)

e. The intruder state has the largest j and is thus 1g9,, with P = + and 10 states.
Thus the observed magic sequence is 2,8, 20, (40 + 10 = 50) instead of 2,8, 20,40
without spin-orbit.
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Statistical Mechanics 1

Thermodynamic properties of a ferroelectric crystral

Consider a ferroelectric system of N molecules in zero electric field £ = 0. Each
molecule has two energy states available, of energy —% x and ~|—% K respectively,
where x is a constant. If / molecules are in the excited state, then the energy of
the crystal is given by

Ezoxl,z:—%(N—l)KJr%lK, 1=0,1,2,...N, (1)

with degeneracy
N!
8N = zm (2)

In the presence of a non-zero electric field £ the degeneracies are partially split
by the energy-level changes:

AEN; = VI, (3)

where v is the electric moment of the molecules that couples to the external elec-
tric field.

a) (3 points) What is the ground state energy per molecule u((£) at T = 0, as
a function of the electric field £?

b) (2 points) Calculate the partition function Qn(7T,£) and the free energy per
molecule of this system *.

¢) (7 points ) Find the internal energy per molecule u(T,£) at finite temper-
ature T and electric field £, and show that, in the limit T — 0, u(T,¢)
approaches uy(€). Find u(T, ) as a function of £ in the limit T — oo.

d) (8 points) Find the entropy per molecule, s(T,&), for the two limits of the
temperature (I — oo and T = 0), paying special attention to the field values
& = £7. Relate your results to the Third Law of Thermodynamics.

“Hint: (a +b)" = Y/, < Z > a"kpk
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Solution

a) For £ = 0, the ground state is | = 0 such that Exo = —%N x, and therefore

up(£) = E/N = —%K. (4)

For small &, the ground state remains unchanged, but for |£| > /v, = N
becomes the ground state, and

up(£) =E/N = (—%NK-I—N(K—VlgD) /N = (%K—vk‘)\) (5)

b) The partition function is given by

Q — Z e*,BEstate (6)

states

_ VO 8NI -B(EY HvIE) ENJ ,~B(EY~vIE)
Zl: 5e +Zl: 5e

BNk N! _B(k+vE) | —B(k—vE)l
— BB ;m[em ) 4 o Bl )}

_ eﬁgx [(1 4 efﬁ(xﬂ/é’))N +(1+ efﬁ(va?f))N] )

and therefore the free energy
A = —kTlnQ (8)
— _g,{ — kTln [(1 p e BHENN 4 efﬁ(vaé’))N] ©)

c) The internal energy per molecule is

u(T, &) = _alar’;Q X % (10)
K 1
= ——+ X

2 [1 +e—ﬁ(K+U5)]N+ [1 +e—ﬁ(K—U5)]N
(e—(K+v€)<K+V5)[1 +e—[3(1c+v€)]N—1
te—(—vE) (k—vE)[1+ e‘ﬁ("_"g)]N_l) (11)

Now as T — 0 we have f — oo. For small &, this means

u(T,|€| < %) — —x/2, (12)
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d)

whereas for £ > x/v we have e Bk—vE) _y oo but e PKHVE) 0, so

u(T, & > E) S (k —vE), (13)
v 2
and for £ < —«x/v,
u(T,8<—§):—g—|—(K—|—v8) (14)

which proves that indeed u(T,&) — uo(€) for T — 0.

On the other hand as T — oo, we have B — 0 such that e #* — 1+ O(Ba).
This means that

K [1-(k4+vE)-2N"14+1. (k —vE) - 2N71
u(T,€) = _§+ ( : 2N_|_2N( ) (15)
K K
= —5+5;=0+0(p) (16)
We have
JA 0
5 —ﬁ_ﬁ(kﬂng)
d
= kan—kﬁ@InQ
= kInQ+kpU (17)

As T — oo we we have B — 0 and the second term in S is negligible. Hence

S = k [ﬁgK +In [(1 + e*ﬁ(’f“/g))N + (1 + e*ﬁ(K*US))N}

= k[ﬁgx—kln [ZN(l—Ng(K+V5)+...)+2N(1—N§(K—VS)+...

= (N+1)kIn2+ O(B,€),

and therefore the entropy per molecule is
s = % ~ kln2 (19)
As T — 0, for small & we have ef(*=v€) 5 0. So with U = —N75 and

InQ = ,8% +1In2, we get
S = kInQ+kBU
Nx Nx

= kIn2, (20)

34

)

(18)



which means that

s:%—>0, (21)

while for £ > x/v we have e P—v€) s oo but e PKEHE) 5 o0, and U =
N[5+ (k—vE)]. So

InQ = ,B%—N,B(K—Vg) (22)
S = kInQ+kpU =0 (23)

and hence S
s = N 0 (24)

Similarly for £ < —x /v, where also s = 0.

Exactly at £ = «/v (or £ = —«/v), we have U = —Nx /2 and e Pl—vE) — 1,
SO N N
InQ = ,831( +In(2N) = ,351( + NIn2 (25)

and g
S=kInQ+kBU =kNIn2; s:N:kln2 (26)

Note that these results are really just saying that
St—0 = kIn (degeneracy of ground state) (27)

For small £ with |£| < x/v, the degeneracy of the ground state = 2, whereas
for || > x/v, the degeneracy = 1. But for & = «x/nu, the degeneracy ~ 2V,

The Third Law tells us that Sy_,g = 0, which we do not find here. However,
in any real physical system this degeneracy will be broken, so that S goes to
0.
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Statistical Mechanics 2

Two-dimensional, nonrelativistic Bose gas
A two-dimensional ideal, spinless and nonrelativistic Bose gas is maintained in
an area A with finite temperature T and chemical potential y, with z = e#/*sT,

a) (8 points) Calculate the grand partition function Z(z, A, T). Separate the

zero momentum part.

b) (5 points) Calculate the average density of bosons n(z, A, T). Show that z
must be less than 1 for any density.

¢) (2 points) Can the two-dimensional idea gas Bose condense? Explain.

d) (5 points) What changes in these arguments in three dimensions, and why?"

Solution

a. For an ideal Bose gas

~1
Z(z,AT) = H (1 — zefpz/(zkaT)) (1)

p
Define the squared thermal wavelength A\? = (27Th2) /(mkgT) and use the given

formula to perform the p-integration

InZ 1 2
- = _ _ —p /(2kaT)
A A Zp In <1 ze )
1 1 & zk

b. The number of bosons per unit area is

"Hint: for nonzero momenta you may use the following expansion to do the integrals:
k
In(1/(1-x)) = T2 &



1dlnZ 1 z 1 &k
Adnz ~AT—z T2k 6

n(z,AT) =

with the first contribution from the zero-momentum state is separated.

c. For fixed density n, Bose-condensation amounts to a finite density of bosons
n in the ground state which is the first contribution in (2). This is possible only if
z —1—#/A <1 for any density. Thus

1 z 1 &1
ATz bk @

The second contribution diverges implying no finite condensate in 2-dimension.

d. In 3-dimension the arguments are un-changed except for the substitution

=1 = 1
Z z Z ) (5)
k=1 k k=1 k
in (4). The RHS is now finite. Bose-Einstein condensation of an ideal Bose gas is
allowed in 3-dimensions.
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Statistical Mechanics 3

Mean-field theory of an Ising-type model in a transverse field

Consider the system of spins-1/2 on a lattice with g nearest-neighbors for each
site, characterized by the Hamiltonian

H=—][Y oo +gY o],
(i) J

in equilibrium at temperature T. Here O’Z(i), ,(Ci) are the Pauli matrices of the ith
spin, and the sum in the first term is taken over the pairs of the nearest-neighbor
spins. As usual, the dimensionality of the lattice does not affect the results in the

mean-field approximation.

a) (6 points) Adopting the standard mean-field approach, introduce the effec-
tive single-spin Hamiltonian Hy and calculate the thermal averages

my = (01) .

b) (6 points) Imposing the relevant self-consistency condition, find the tran-
sition temperature T, of the temperature-driven phase transition from the
paramagnetic (vanishing m;) to the ferromagnetic (non-vanishing m,) state,

and determine the range of the parameter g, when such a phase transition
exists. What is the expression for T; in the limit g — 0?

¢) (8 points) In the situation with vanishing temperature, T = 0, analyze m,
as a function of g from the same self-consistency condition. Determine the
point g. of a “quantum phase transition” into a ferromagnetic state, and find
m; and m, as functions of the small difference 6g = g — g.

Solution

(a) As usual in the mean-field approximation, the effective single-spin Hamilto-
nian Hj is obtained by replacing the spins interacting with it, by their average



values. In this way, Hy is obtained as:

(™ 2.
g —qmy

Equilibrium state of this Hamiltonian gives for the spin averages:

1 1
My = 2Tr{aze_f’3H°}, My = ZTI‘{U'XE_'BHO}, where Z = Tr{e_ﬁHO}, B=1/kgT.

One way of calculating the averages explicitly is to use the standard formula for
the exponent of Pauli matrices:

sinh BJ()

1/2
0 .

e PHo — oPIlam=0:487) — cosh BJO)+ (qmz0z+gox), Q= [(qmz)*+g°]

From this, we see that
Z =2coshBjQ},

and finally,
’ Iz tanh BJQY,  my = S tanh BJ Q2.
O e

mZ:

(b) Equation for m, obtained in part (a) provides the mean-field self-consistency
condition. At T > T, this condition is satisfied by vanishing z-component of
magnetization, m, = 0. It becomes non-vanishing if

1:%tanhﬁ]0.

Solving this equation for § we find:

11
ksT ~ 2]Q)

in [149].

qg—Q
To find the critical temperature T, we take m, = 0, i.e. (2 = g, in this relation and

get:
J 28

e g+ 9)/( 8]

From this relation, we see that non-vanishing transition temperature T, exists only

if ¢ < g. It also shows that in the limit g — 0, T; has the same mean-filed value as
for the regular Ising model:

_ )9
To=pl
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(c) For vanishing temperature, T = 0, the self-consistency condition takes the

form
qmz

[(qm2)? 4 g2]1/2”

my; =
and can be solved for m, explicitly:
me = [1 - /7]

As one can see from this equation, the non-zero solution exists only for g < g. =
g. For ¢ > g., only the vanishing solution, m, = 0, is possible. In the vicinity of
this “quantum phase transition”, when 6g = g. — ¢ < g, m, can be written as

| (208782, g < g,
my, =
0, g>gc-

This square-root dependence on Jg coincides with the mean-field result for the
order parameter in the temeprature-driven phase transition.

To find m,, one can notice that at T = 0, components of the magnetization
found in part (a) satisfy the natural condition

From this relation,
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