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Abstract of the Dissertation

Study of Correspondences in
Supersymmetric Quantum Field Theories
by
Saebyeok Jeong
Doctor of Philosophy
in
Physics
Stony Brook University

2019

In this dissertation we study correspondences of supersymmetric field theories with var-
ious objects in theoretical physics, by explicitly computing the relevant field theoretical
quantities and investigating their mathematical properties.

In the first part, we consider a distinguished set of half-BPS observables in four-dimensional
N = 2 supersymmetric gauge theories, called gg-characters. The regularity property of their
gauge theory expectation values leads to the exact relations of four-dimensional N = 2 gauge
theories with quantum integrable systems, conformal field theories, and flat connections on
Riemann surfaces. In particular, we investigate the splitting behavior of degenerate lev-
els in quantum integrable system in the context of the correspondence with gauge theory,
searching for its field theoretical implications. Also, we provide an exact derivation of the
identity between the gauge theory partition functions and the conformal blocks of Liouville
field theory in a specific subsector of the parameter space. Finally, we verify that the twisted
superpotential which governs the effective dynamics of the N = 2 theory subject to the two-

dimensional 2-background is equivalent to the generating function of a particular complex

il



Lagrangian submanifold, called the variety of opers, in the moduli space of flat connections
on a Riemann surface.

In the second part, we attempt to re-assemble the constructs used in the first part in an
algebraic point of view. We consider the five-dimensional uplift of the gauge theory defined on
an orbifold. We introduce a new quantum toroidal algebra as a deformation of the quantum
toroidal algebra of gl(p). We show that it has the structure of a Hopf algebra, and present two
representations, called vertical and horizontal, obtained by deforming respectively the Fock
representation and Saito’s vertex representations of the quantum toroidal algebra of gl(p).
We construct the vertex operator intertwining between these two types of representations.
This object is identified with a deformation of the refined topological vertex, allowing us to
reconstruct the partition function and the gg-characters of the quiver gauge theories.

At last, in the third part we investigate an alternative approach to the correspondence
of four-dimensional N = 2 superconformal theories and two-dimensional vertex operator
algebras, in the framework of the (2-deformation of supersymmetric gauge theories. The
two-dimensional 2-deformation of the holomorphic-topological theory on the product four-
manifold is constructed at the level of supersymmetry variations and the action. The super-
symmetric localization is performed to achieve a two-dimensional chiral CFT. The desired
vertex operator algebra is recovered as the algebra of local operators of the resulting CFT.
We also discuss the identification of the Schur index of the N = 2 superconformal theory
and the vacuum character of the vertex operator algebra at the level of their path integral

representations, using our {2-deformation point of view on the correspondence.
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Chapter 1

Introduction

Quantum field theory is a fundamental framework in modern theoretical physics of un-
derstanding various physical systems, such as elementary particles and condensed matter
systems. It is therefore important to study methodologies of computing field theoretical
quantities, such as correlation functions of observables, to obtain better descriptions of those
physical systems. When Lagrangian description is available, a primary methodology is given
by the path integral over an infinite dimensional space of field configurations. A typical way
to proceed is to work in a certain weak-coupling regime, applying the perturbation theory
to express those quantities as series expansions in coupling constants of the given theory.
While the perturbation theory has been proven to have a good phenomenological pre-
diction power, the study of non-perturbative dynamics is necessary to understand the full
aspects of quantum field theory. When a theory admits multiple saddle-points of the action,
for example, we have to take account for the instanton effect which corrects the correlation
functions even in the weak-coupling regime with exponentially suppressed contributions.
Even though for some cases in quantum mechanics it is known how to exactly determine
those non-perturbative effects, for instance by the resurgence in trans-series expansions, these

methods are not directly applicable to general quantum field theory, and the study of the



non-perturbative dynamics mostly remains to be a difficult task so far.

The difficulty is significantly alleviated when we introduce some amount of supersym-
metry. Supersymmetric field theories often allow exact evaluations of important field theo-
retical quantities such as indices, partition functions, and correlation functions of local and
non-local observables, which effectively encode the non-perturbative dynamics of the the-
ory. Moreover, supersymmetry facilitates embedding the quantum field theory into various
string/M-theoretic setups, where the field theory is realized as the low energy effective theory.
In this construction, the intricate and wealthy structures enjoyed in string theory and M-
theory descend to the supersymmetric field theory, which in turn enrich the understanding
of the dynamics of supersymmetric field theory with unexpected dualities and correspon-
dences. The correspondences of supersymmetric field theories, especially, relate them even
with seemingly distinct objects — e.g., (non-supersymmetric) conformal field theories, topo-
logical vertices, matrix models, integrable systems, quantum algebras, flat connections on
Riemann surfaces, and isomonodromic deformations of Fuchsian systems — and sometimes
the knowledge of supersymmetric field theories conversely provides new perspectives on these
objects through the correspondences. Therefore, it is interesting to study dualities and corre-
spondences in supersymmetric field theories, possibly motivated from the string/M-theoretic
background, by exactly evaluating the relevant field theoretical quantities and investigating
their mathematical properties. This is the main theme of this dissertation.

In particular, the dissertation is devoted to making attempts on discovering, verifying,
and extending dualities of supersymmetric field theories and correspondences of them with
other objects in theoretical physics, at least for several cases in which supersymmetric local-
ization can be manipulated as a powerful tool. According to the objects responsible for the
correspondence, the dissertation is divided into three parts: the Part [ Quantum integrable
systems, conformal field theories, and classical symplectic geometry, the Part [T} Quantum
toroidal algebras, and the Part [[T[} Vertex operator algebras. We briefly summarize the

results and the plan of each part below.



1.1 Quantum integrable systems, conformal field the-
ories, and classical symplectic geometry

The low-energy descriptions of four-dimensional N = 2 gauge theories of class 8 are associ-
ated with the algebraic integrable systems of Hitchin type. According to the Bethe/gauge
correspondence, the quantization of the Hitchin integrable systems can be accomplished by
putting the class 8 theory on the two-dimensional 2-background, which retains the N = (2, 2)
supersymmetry. On the other hand, there is an already existing quantization procedure for
the Hitchin integrable systems in the realm of the classical symplectic geometry of flat con-
nections. Here, the holomorphic functions on a complex Lagrangian submanifold, spanned
by certain differential operators called opers, in the moduli space of flat connections are
identified with the (off-shell) spectra of quantum Hitchin Hamiltonians.

It is important to understand in which sense the aforementioned quantization procedures
for the Hitchin integrable systems are equivalent, both to give a gauge theoretical appreci-
ation on the mysterious quantum/classical duality and to have a concrete example of the
quantization via gauge theory. Based on [I], we give a gauge theoretical derivation of a cor-
respondence which reveals the precise relation between those quantization schemes. Firstly
conjectured by Nekrasov, Rosly, and Shatashvili for the lowest rank case, the correspondence
states that the effective twisted superpotential of the class 8 theory on the two-dimensional
-background is identical to the generating function for the space of opers in a specific

Darboux coordinate system. The derivation involves the following key ingredients:

o The half-BPS codimension-two (surface) defects in the class 8 theories are used to

construct the opers and their solutions, expressed in exact gauge theoretical terms.

o The surface defect partition functions in different convergence domains are connected
to each other by analytic continuations, enabling the computation of monodromies of

opers.



o A Darboux coordinate system on the moduli space of flat connections, which generalizes

the NRS coordinate system to arbitrary ranks, is constructed.

The direct comparison between the holonomies of flat connections expressed in the proposed
Darboux coordinates and the monodromies of opers expressed in the gauge theoretical terms
establishes the desired equality.

The correspondence is mutually beneficial; not only do the gauge theories help us un-
derstand the quantization of integrable systems, the quantum integrable systems conversely
improve our insights on the gauge theory dynamics. Based on [2], we study the Bethe/gauge
correspondence at special loci of the Coulomb moduli space where the Nekrasov-Shatashvili
limit of the partition function develops extra singularities. The effective twisted superpoten-
tial is not well-defined in the usual sense, but the corresponding quantum integrable system
provides a hint for the resolution of the singularities. At the special loci, the integrable system
develops degeneracies in the spectra of Hamiltonians which are split by the quantum effects.
It is shown that the partition function in the presence of the regular surface defect, which
provides solutions to the Schrodinger equations by the non-perturbative Dyson-Schwinger
equations, splits correspondingly, recovering the Bethe/gauge correspondence from each split
piece.

The six-dimensional point of view on the class & theories give rise to still another cor-
respondence to two-dimensional non-supersymmetric conformal field theories. The class 8§
theories are in general engineered by compactifying six-dimensional N = (0, 2) supercon-
formal theories on Riemann surfaces. The famous AGT correpondence thereby identifies
the four-sphere partition functions of the d = 4, N = 2 gauge theories with the correlation
functions of the primaries in the Liouville/Toda CFT. The main obstacle for the exact proof
of the correspondence is the absence of the analytic control on the gauge theory partition
functions. However, it is sometimes possible to sacrifice the generality, by restricting our
attention to a particular sector in the parameter space, to achieve some analytic control in

compensation. Based on [3], we show that the non-perturbative Dyson-Schwinger equations



for the linear SU(2) quiver gauge theory in the presence of a particular surface defect is
identical to the null-vector decoupling equation for the Liouville correlation function with a
next-to-simplest degenerate field. The result thus proves the AGT correspondence for this

special sector in the parameter space.

1.2 Quantum toroidal algebras

Supersymmetric gauge theories can be enginnered as low-energy effective field theories in
various string/M-theoretic setup. The five-dimensional uplifts of the four-dimensional N = 2
gauge theories admit a very useful construction in the IIB string theory: the web of NS5/D5-
branes. Here, all the branes on line segments are joined together via trivalent vertices,
forming the brane web. The brane web can be thought of as the toric diagram for the
Calabi-Yau threefold on which the topological string theory is compactified to engineer the
five-dimensional N = 1 gauge theory. Hence, the brane web construction establishes an
equivalence between the gauge theory partition function and the topological string amplitude.

The very web diagram can be viewed in a slightly different point of view, linking quantum
toroidal algebras to the story. For each edge of the diagram we associate suitable represen-
tation of the quantum toroidal algebra of gl(1) (also known as Ding-Iohara-Miki algebra).
More precisely, we introduce a horizontal representation for each NS5-brane and a vertical
representation for each D5-brane. Then the topological vertex is replaced by an intertwiner
which connect two horizontal representations and one vertical representation. The gauge
theory partition function, or equivalently, the topological string amplitude, is then identified
with the vacuum amplitude of these intertwiners.

Based on [4], we discuss the generalization of this correspondence with quantum toroidal
algebras to the gauge theories on orbifolds. We introduce a new quantum toroidal algebra as
a deformation of the quantum toroidal algebra of gl(p), and prove its Hopf algebra structure.

We construct analogs of the horizontal, the vertical representations, and the intertwiner for



this case. The gauge theory partition function is recovered as the vacuum amplitude of
the intertwiners. We also provide an algebraic representation of gg-characters and show the

regularity of their expectation values.

1.3 Vertex operator algebras

Supersymmetric field theories enjoy non-trivial protected sectors of observables. For four-
dimensional N = 2 superconformal theories, there exists a protected sector defined as a
cohomology of certain combination of supercharges, roughly in the form Q 4+ §. This pro-
tected sector is particularly interesting since the local operators in the cohomology with the
operator product expansion comprise a two-dimensional vertex operator algebra. A natural
question is whether we can understand this vertex operator algebra as a non-commutative
deformation of a commutative algebra of local operators in some conformal field theory.

Based on [5], we present here how this question can be answered at least for the La-
grangian N = 2 superconformal theories. The key idea is to view the non-commutative defor-
mation as being implemented by an 2-deformation. There exists a holomorphic-topological
twist of the N = 2 superconformal theory, in which the algebra of protected local operators
becomes a commutative chiral algebra on a plane. When the (2-deformation is implemented
at the level of supersymmetric variations of fields and the action, we can perform supersym-
metric localization with respect to the (2-deformed supercharge. The localization locus is
two-dimensional field configurations whose target are given by certain gradient flows emanat-
ing from the fixed points of some superpotential. Thus, the four-dimensional path integral
reduces to a path integral of two-dimensional CFT, whose algebra of local operators recovers
the vertex operator algebra that we desired.

The correspondence with vertex operator algebras indicates intriguing consequences on
the four-dimensional superconformal theory. We provide a path integral point of view on

the identification between the Schur index of the four-dimensional theory and the vacuum



character of the vertex operator algebra, which would imply, among other things, non-trivial

modular property of the Schur index.
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Chapter 2

(Generalities

2.1 N =2 supersymmetric quiver gauge theories

We give a brief review on the partition functions and the chiral observables of the four-
dimensional N = 2 supersymmetric quiver gauge theories. For more details on this subject,

see [0} [7, 8, 9] T0].

2.1.1 Partition functions

For an oriented graph v, we denote the sets of its vertices and edges and Vert, and Edge.,
respectively. We define s,¢ : Edge, — Vert, as the maps which send an edge to its source

and target, respectively. For each vertex we assign two integers,
Vert Vert
n = (1)ievert, € (Z>O) ", m= (m;)ievert, € (ZZO> " (2.1.1)

The N = 2 quiver gauge theory associated to - is the four-dimensional N = 2 supersymmetric

gauge theory, whose gauge group is

G,= X Ulm). (2.1.2)

ieVerty



and whose flavor group is

Gf:( X U(mi)xU(UEdgev) /U(1)Vertw. (2.1.3)

icVerty

Here the overall U(1)Ve™* transformation has been mod out due to the gauge symmetry,

(ui)ie\/e]rt.Y : ((gi)ieVert—ya (Ue)eeEdgev) — ((uigi)ie\/ert.ya (us(e)ueu&éﬂeeEdgew) . (214)

The field contents of the theory are the following: the vector multiplets ® = (®;)ievert, in
the adjoint representation of G, the fundamental hypermultiplets Qg = (Qi)ievert, in the
fundamental representation of Gy and the antifundamental representation of G'¢, and finally
the bifundamental hypermultiplets Qyipyna = (Qe)eckdge., in the bifundamental representation
(Tis(e); Me(e)) of Gg. The N = 2 supersymmetric action is then fixed up to the gauge couplings,

191 47

g

q;i = exp(2mit;) (Ti = ) , i€ Vert,, (2.1.5)

and the masses of the hypermultiplets,

m = ((mi)iEVCrtfw (me)eeEdgC,Y)7

m; = diag(miq, -, Mim) € End(C™), me € C. (2.1.6)
The global symmetry group of the theory is
H =Gy x Gy x Gy, (2.1.7)

where G, (2.1.2)) is the group of global gauge symmetry, G (2.1.3)) is the group of flavor

symmetry, and G,o, = SO(4) is the group of the Lorentz symmetry. We turn on equivariant

parameters for the maximal torus Ty C H. The equivariant parameters for G is the vacuum

10



expectation values of the complex scalars,
<CI)1> =aj, a;= diag(ai,l, R ,aw) € End(C”‘), ie Vertw. (218)

The equivariant parameters for G is the masses of the hypermultiplets . Finally
the equivariant parameters for G, is the (2-deformation parameters €1,e,. The partition
function of the theory is a function of these parameters (a, m,e) € Lie(Ty). In expressing
the partition function, we abuse our notation and denote the vector spaces and their Tp-

equivariant characters in the same letters. Hence we write
i my
No= Yo et M= et (219
a=1 f=1

It is helpful to use the following notation for abbreviated expressions,

QiEeBEiu Pzzl_QZ i:1727

(2.1.10)
Q12 = q1q2, Pro=(1—-q)(1 —q).
The action S, of the N = 2 supersymmetric y-quiver gauge theory is given by
S Ly R [ Trw Fa A
= —— iRer; rn;, Fa, .
’ 87T2 icVert " X M .
+ Imr / Try, Fa, A *Fa, + Try, D, ®; A*D g, ®; + Tr, [05, B3)2 + - - - (2.1.11)
X
+/ /d20 W, + ce,
b's

where we suppressed the fermion terms. The superpotential contains the mass terms and

the cubic coupling terms,

W’YZ Z TI"Mi (miQiQi)—i- Z meTrNS(e)QeQe

i€Vert ecEdge, (2 1 12)
+ Z TrMi (QI(PIQI) + Z TrNs(e) (Qeq)t(e)Qe - QeQe(I)s(e)) .
ieVert ecEdge,,

11



It is possible to express the action in the Q-cohomological field theory, where Q is the
Donaldson-Witten topological supercharge, as

l

82

S, = 3 Ti/XTrNiFAi AFy+9Q() (2.1.13)

i€eVert~

The Q-deformation is implemented by modifying the theory to a Q.-cohomological field
theory, where Q. is the 2-deformed supercharge which is suitably defined to square to the
global symmetry generated by a generic element of (a, m,e) € Lie(Ty). The Q-deformed

action can be simply written as

?

82

S’y,z—: = Z Ti/XTrNiFAi A FAi + Q. ( . ) . (2114)

ieVert

It is possible to understand this deformation as a supergravity background [7], but we do
not elaborate on it here.

The partition function is an Euclidean path integral given by the 2-deformed action:
2 (a,m.e,q) = /DAD(I)DQDQ[- ]S (2.1.15)
with the boundary condition
O(x) —a, = — 0. (2.1.16)
The partition function factors into the classical, the one-loop, and the instanton parts:

2, (a,m, €, q) = Zasical gl oop grinst, (2.1.17)

12



The classical part is given by

chassical 251152 Ea 1 12a
: (a,e,q9)= [[ . (2.1.18)

icVerty

The one-loop part is obtained by integrating out the quadratic fluctuations around the trivial

vacuum:
Zl—loop(
S a,m,e)

! (2.1.19)
- (1 B 6_681)(1 o 6_ﬁ82> Z (Mi B Ni)Ni* + Z eﬁmeNt(e)N:(e) )

i€ Verty ecEdge,

where the e-symbol is defined by

d 1

which converts a character into a product of weights. In particular, the e-symbol regularizes

-]] , (2.1.20)

an infinite product of weights such as (2.1.19) by the Barnes double gamma function,

d
[o(x;e1,69) = exp [—

ds (1 —ePer)(1 — e Fe2)

e B
] ) (2.1.21)

S=

The instanton part Zﬂ;‘St is computed by a Ty-equivariant integration over the instanton

moduli space:

Wt amieg) =30 [[ a7 / o T (ODS2). (21.22)

k i€Verty n,k)

Given the vector of the instanton charges k = (k;)icverr, € Z=°, the total framed noncom-

mutative instanton moduli space of the quiver gauge theory for ~ is

M,(n, k)= X M(m, k), (2.1.23)

ieVert
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where M(mn;, k;) is the ADHM moduli space

BLQ:K—>K7 [Bl,BQ]+[J:O,
M(n, k) = / U(k).
I:N K J:K—N |[BL,B+ BB | +1I"—JJ=¢(
(2.1.24)

(N=C", K =CF

Here, ¢ € R is a real parameter which originates from the non-commutativity of the spacetime
C2. When a stability chamber is chosen as, say, ¢ > 0, solving the real moment map equation
[By, Bi'] + [By, Bo'] + IIT — J'J = ¢ and dividing by the compact U(k) is equivalent to

imposing the stability condition and dividing by the complex group GL(k),

BLQCK—)K, [BI,BQ]‘F[J:O,
M(n, k) = /GL(k). (2.1.25)
I':N—>KJ:K—>N K = C[By, Bo] I(N)

The obstruction sheaf Obs,, over M., (n, k) is defined by

Obs, = Rm, € Hom (€, i) © €D Hom (&, My), (2.1.26)
e€Edge., i€Vert,
where &; is the universal i’th sheaf over M, (n, k) x P? and 7 : M, (n, k) x P? — M, (n, k) is
the projection. er, (- --) denotes the Ty-equivariant Euler class.
The Ty-equivariant integration over the instanton moduli space localizes on the
set of fixed points of Ty-action, M, (n, k)?#, which is the set of colored partitions A =
(AN Yievert, » where each A5 is a partition,

/\(i,a) _ (Agi,a) > )\gi,a) > ... > /\(i,a?

(i) _
(AGa)y = )‘l( = 0) ) (2.1.27)

G4l T
with the size |\G®)| = Zﬁ(jf’a)) Ade) kio constrained by ki = Y, kia = [AY| [6, 7). At

14



each fixed point A, the vector space Kj; carrys a representation of Ty with the weights given

by the formula

i
Z Z (2.1.28)
a=1[e\l
where we have defined the content of the box,
h=aa+eli—D4e(i—1) for O=(4,j) et = 1<j<A"  (2.1.29)

The tangent bundle and the matter bundle comprise the character

(.T,Y[A] = Z (NIKI* —f-quNi*Ki — PIQKiKi* — Mi*Ki)
i€Vert
— Y e (Nye) Ky + 012Ny Kige) — PraKue) Ke)) (2.1.30)
ecEdge,,

assoicated to each fixed point A € M, (n,k)”#. At last the instanton part of the partition

function is evaluated by

ins ®
2taimiesq) =Y. [ af | e[TA], (2.1.31)

A ieVert,
where we have used the e-symbol (2.1.20)). Note that the one-loop part and the instanton

part can be combined into

Z}Y'IOOP(a, m,e) Z.;“St(a; m;e;q)

o) 1 " Me *
_Z H )‘ | ¢ (R ==y ( Z (M; — S;)S; + Z eP St(e)Ss(e)

A ieVert, ieVert eeEdgew

with the character S; = N; — P K.

We conclude this section with a remark on the identity that the 1-loop part of the A;-

15



theory partition function satisfies, which will be useful in section . The formula ([2.1.19))

tells that
N o Tsy(ag —ag; €1, €
24" = =y Lz =1 Tal0 — agi€1,) . (2.1.33)
[Iop=1 Fa(aa — aop; 1, €2)la(az o — ap;e1,€2)
Note that we have the following identity,
0 li log I'y(x; = —log ' (x; 2.1.34
B (5213)62 og 2(1:,61,52)> = —log'y(x;e), (2.1.34)
where we have defined
. 1 —Bz 1/271'/81
['y(x;e1) = exp / agp o : (2.1.35)
— e Pel e1 x
T (2)
Thus for the 1-loop part of the effective twisted superpotential,
WLIOOP = hm0 ey log 2 IOOP, (2.1.36)

we derive the identity,

(2 Vi g gy ) p PO () ()

8aa aCLB ot (tl /Elaa) 623 T <a5aﬂ> e

which is used in section to absorb the 1-loop contribution W-leop jnto Wil

2.1.2 Chiral observables

The Coulomb branch chiral observables are generated by the gauge invariant polynomials
Oir = Try, ®F, i€ Vert,, k> 1. (2.1.38)

16



The gauge theory expectation values of them can be computed again by equivariant local-

ization,

<O’ >7 Z,lns ; H q|i)‘(i)| € [‘I’Y[AH ) (2139>

1€Vert7

where the chiral observables are represented on the colored partitions as

1a+ Z ( C|:|—|—€1 +(CD+82)k—CE— (C[]—l-é)k) . (2140)
Oea)

Consider the following regularized characteristic polynomials of the adjoint scalars, called

the Y-observables:
— M — 1 !
Yi(z) = x epo—ﬁTr Do, (2.1.41)
=1

Their expressions at the fixed point A are written as

ﬁ( —aw) I (I—CD_51)<J]—CD_€2)>. (2.1.42)

OeAa) (:L’ - CD)(J: — g — 5)

which shows that upon the regularization, the instanton contribution makes the characteristic
polynomials into rational functions of the auxiliary variable x. The Y-observable can be

simply written as
Yi(2)[A] = B e[—e™ S]], (2.1.43)

Note that the Y-observables are the generating functions for the chiral observables.
The gg-characters for the quiver gauge theories are given as certain Laurent polynomials

(or Laurent power series) of the Y-observables, as we now describe below.
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2.2 qg-characters

In this section we introduce an important class of half-BPS chiral observables in the N = 2
v-quiver gauge theory: the gg-characters [10]. As the name suggests, the gg-characters can
be thought of as generalizations of Yangian ¢-characters of finite dimensional representations
of Yangian Y'(g,), constructed for finite v in [I1], in the sense that the gg-characters reduce
to those Yangian g-characters in the limit €5 — 0. An analogous story is present for the K-
theoretic uplift, namely, the g-characters for the quantum affine algebras U,(g.) constructed
for finite 7 in [I2] and for affine v in [13]. The gg-characters of the five-dimensional uplifts
of the y-quiver gauge theories compactified on a circle reduce to those g-characters in the

form appearing in [9], in the limit ¢ — 1 and ¢; = q.

2.2.1 Crossed instantons

The physical origin of the gg-characters is the mutually transversally intersecting D3-branes
in type-1IB string theory [10], which we briefly describe below. Consider IIB string theory
on the ten-dimensional manifold R? x X x Y/T', where X = R* Y = R%, and T is a McKay
ADE subgroup of SU(2). We can introduce a stack of N D3-branes at 0 x X x 0, to realize
the N = 2 supersymmetric y-quiver gauge theories as the low energy effective theory on the
D3-branes, with affine ADE quivers 7 corresponding to I'. To construct the gg-characters,
we need to introduce an additional stack of D3-branes lying along Y/T", so that they intersect
with the previous stack of D3-branes at the origin of X x Y/I". To fully specify the gauge
theory living on this additional stack of D3-branes, we need to choose the holonomy of
its gauge field along the non-contractible loops on the boundary at infinity, S®/I". This is

equivalent to the choice of w = (wj) € Z\;E)rt”. Also, we go to the Coulomb branch

ieVert

of this theory by choosing non-zero positions of the D3-branes in R? as v = (& + x)ieVem
where 74 € C* (in other words, x is the center of mass position in R?).

The gg-character Xy ,(x) is the local observable in the original gauge theory on the
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D3-branes along X, which is obtained by integrating out the degrees of freedom on all the
transversal D3-branes, in the vacuum determined by the asymptotic holonomy w of the
gauge field and the vacuum expectation values v of the scalars in the vector multiplet on
Y/T.

As for usual N = 2 partition functions, we need to introduce a suitable 2-deformation to
regularize the infrared divergence in the expectation values of gg-characters. The subgroup
of Spin(8) of X x Y which commutes with the action of I' generically has rank two, which
enhances to three for I' of A-type. We will only deal with I' of A-type throughout this disser-
tation, so we restrict our attention to this case from now on. The (2-deformation parameters
corresponding to the rank three Cartan torus of the preserved subgroup of Spin(8) can be
introduced as complex numbers € = (£1,¢e9,£3) € C3. It is convenient to further introduce
€4 S0 that we have Zizl g, = 0. We also often denote € = 1 + 5.

Also, we need to properly turn on the B-field which makes D(—1)-instantons bound
to the two orthogonal stacks of D3-branes. Such field configurations, instantons bound to
two transversal gauge theories, are called crossed instantons. In the point of view of the
worldvolume theory on the D(—1)-instantons, the Higgs branch opens up when they become
bound to the D3-branes, which is identified with the moduli space of crossed instantons.
The crossed instanton partition function is precisely the equivariant integration over this
moduli space. As shown in [I4], the moduli space of crossed instantons can be viewed as
a certain fibration over the moduli space of ordinary instantons of the gauge theory on X.
Recalling the definition of the gg-character as integrating out the degrees of freedom on the
transversal D3-branes, we obtain the gg-character Xy, (z) of the quiver gauge theory on
X by performing the equivariant integration only along the fiber. The further equivariant
integration on the base, which results in the full crossed instanton partition function by
construction, is nothing but taking the gauge theory expectation value <f)Cw,,(x)> of the
very qgq-character.

As a remark, we point out here that two transversal stacks of D3-brane configurations
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just described can be generalized at most to mutually transversally intersecting six stacks
of D3-branes by inserting one for each choice of two-planes inside C*, (;L) = 6. The D(—1)-
instantons bound to these six stacks of D3-branes are called spiked instantons [10], 14]. The
spiked instanton partition functions enjoy the same regularity property that the crossed
instanton partition function possesses [14], and thus produce useful half-BPS observables on
the gauge theory on one of the stack of D3-branes. However, we do not make use of spiked
instantons throughout this dissertation, and refer to [14], [15], [16] for further studies of them.
We also remark that we can recover finite quiver gauge theories from the affine ADFE quiver
gauge theories discussed in this section by taking various limits of parameters. For example,
the A, linear quiver gauge theory with the identical ranks of gauge groups at all vertices,
which is the main concern of this dissertation, can be obtained from the /Alrﬂ—quiver gauge
theory by taking the limit of the gauge couplings qo — 0 and q,4,1 — 0. We refer to [10] for

further discussions.

2.2.2 The main property

The characteristic property of the gg-character Xy, () is that its expectation value <DCW,,(37)>
is regular in x. Physically, this means that the combined system of transversal stacks of D3-
branes does not experience any phase transition or runaway zero-mode at any value of z,
in the presence of the 2-deformation. Mathematically, the suggested regularity follows from
the compactness of the moduli space of crossed instantons, which is rigorously proven in [14].

More specifically, Xy, () is given by a Laurent polynomial (or a Laurent power series

for affine «y) of Y-observables, with possibly shifted arguments of Y;(z), which begins with

Y 9 = T TI%(x+ i t2) +O). (22.1)

ieVerty [=1
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The main property described above is that the y-quiver gauge theory expectation value,

(Xsl)) = g W) T o TN = Tosle). (222

A icVert~

is a polynomial in x. The degree of the polynomial is given by

degTwp(z) = > wim. (2.2.3)

icVert~

From the regularity of the expectation value (2.2.2)), it follows that when it is expanded in

large x the coefficients of negative powers of x identically vanish:
"] <xw,u(q;>> —0, n>1 (2.2.4)

These identities contain non-trivial analytic information of the partition functions, and we
call them non-perturbative Dyson-Schwinger equations.

For the case of w = (d;3) and v = 0, we denote the corresponding gq-character by

j€eVert,,
Xi(x) and call it the i’th fundamental gq-character. Throughout the dissertation, we will
only concern the fundamental gg-characters of the A,-quiver gauge theory, which can be

simply expressed as follows. Define r 4+ 1 complex numbers z;, i = 0,1,--- ,r by
Zi = 2091 " " Yi, izl,"',’l“. (225)

Let us also define
_ 9i+1($ + E)

El(l,’) %1(1‘)

(2.2.6)

The i’th fundamental gg-character X;(x) of the A,-quiver gauge theory can be written as
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[10]

() = 0@ el =) S TS @ +e(uG) +1-1)], i=1--,r (227)

201 "t Ri-1

IClo,r]jel
\I|=i
where [0,7] = {0,1,2,--- ,7} and h(i) is the number of elements in / which is less than i,
namely,
hi(i) = |{i'|i € I, 1 < i}|. (2.2.8)

Note that the regularity of the expectation values of the fundamental qg-characters of
the A,-quiver gauge theory can be directly proven without using the compactness of the
moduli space of crossed instantons, by studying the pole cancellation between the measure
factor and the gg-character in . For more complicated theories, however, such a direct

method would not be applicable.

2.3 Surface defects

Surface (codimension-two) defects in four-dimensional supersymmetric field theories are non-
local observables supported on two-dimensional submanifolds in the four-dimensional space-
time. The non-locality of surface defects makes them very interesting objects to study.
Their appearance in the path integral is fundamentally different from how local observ-
ables enter, and sometimes their correlation functions contain significant information on the
non-perturbative dynamics of the bulk theory in four-dimension.

Surface defects in four-dimensional gauge theories are special, since the dimension of
the support D of the surface defect in the four-dimensional spacetime X is the same with
its codimension, and it is also identical to the degree of the gauge curvature 2-form F.

Hence when the gauge group is U(1), the surface defects are characterized by the continuous
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parameters («,n) [I7]. Here o determines the singular behavior of the gauge field around D,
A=adf+---, (2.3.1)

where (7,0) are local radial coordinates in the plane normal to D C X, while n determines

the contribution of the flux on D to the path integral by

exp (m/DF) (2.3.2)

Note that (2.3.1]) assumes that the codimension of D is two while (2.3.2)) assumes that the
dimension of D is two. When the gauge group G, is non-abelian, the surface defects are
further characterized by the choice of the subgroup . C G, preserved in its presence. The

continuous parameters should be suitably generalized to W -invariant pair [17]
(a,n) € T, x T, (2.3.3)

where T}, is a maximal torus in G, “T}, is a maximal torus of the Langlands dual group “G,,
and W, is the Weyl group of L.

We have described a way of constructing surface defects in which the singular behavior
of the gauge field around the surface is explicitly prescribed. In this case, the field configu-
rations for which the path integral is performed are modified by the presence of the surface
defect. There is another way of constructing surface defects where such modifications of field
configurations do not manifestly occur. It is coupling two-dimensional theory to the bulk
four-dimensional gauge theory, by gauging a flavor symmetry of the two-dimensional theory
to the bulk [17,[I8]. To summarize, we discussed two distinct methods of introducing surface

defects:

o Prescribing singular boundary conditions for the four-dimensional gauge field along a

surface
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» Coupling a two-dimensional theory living on a surface to the bulk theory by gauging

the flavor symmetry with the bulk gauge field

It is interesting to study the relations between the two constructions and whether the surface
defect of one type can be realized as the other. We address some of these questions in the
Part [l

When the surface defect is half-BPS; i.e., preserving half of the supersymmetries present
in the bulk theory, the amount of supersymmetry after the insertion of the surface defect is
usually sufficient to apply supersymmetric localization to various path integral computations
regarding the bulk theory with the surface defect insertion. It is the half-BPS surface defects
in four-dimensional N = 2 gauge theories which play crucial roles throughout the discussion
in the Part [ and we will focus on these from now on.

There are several ways to construct half-BPS surface defects in four-dimensional N = 2
gauge theories. Practically, our main concern would be the partition function of the N = 2
theory in the presence of the surface defect on the Q-deformed R* = C., x C,, and there are
two constructions of half-BPS surface defects which nicely fit to the equivariant integration

for the N = 2 partition functions. These methods can be roughly described as [19, 20, 21]:
« Orbifold: Placing the bulk theory on an orbifold C x C/Z,

o Quiver: Starting with a large quiver gauge theory and partially higging some of the
gauge groups by imposing constraints, in such a way that some two-dimensional degrees

of freedom in the gauge field survive

For the orbifold construction, the surface defect is constructed as a prescription of per-
forming the path integral only over the Z,-invariant field configurations. Indeed, under the
map (z1,22) — (21 = 21,22 = 25), the orbifold C., x (C.,/Z,) is mapped to C., x C,.,,
and the field configurations are allowed to be singular along the surface zo = 0. Therefore,
the resulting theory on C., x C,., can be interpreted as having a surface defect of singular

boundary conditions.
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For the quiver construction, the ITA brane realization [22] of the quiver gauge theory
immediately tells that such higgsing of gauge group leads to the emergence of two-dimensional
theory coupled to the remaining bulk theory via the Hanany-Witten transition of branes [23].
Therefore, the resulting theory can be interpreted as a surface defect of 2d-4d coupled system.

The parameters characterizing the surface defects, i.e., the subgroup L. C G, and the
continuous parameters (o, 1), are determined by the choice of orbifolding action and the
constraints of higgsing, respectively. We will see in the following chapters how these param-
eters natually appear in the process of evaluating their partition functions.

The qqg-characters have to be properly generalized in the presence of surface defects. For
the orbifold surface defect, each gg-character fractionalizes into p pieces according to the
p charges of the Z,-action. For the quiver surface defect, the gg-characters of the larger
quiver theory restrict to the gg-characters of the 2d-4d coupled theory once the mentioned
constraints on the gauge theory parameters are imposed. In the following chapters, we
will present the exact expressions of these gg-characters and investigate the implications of
their non-perturbative Dyson-Schwinger equations on various correspondences of the four-

dimensional N = 2 gauge theories.
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Chapter 3

Splitting of surface defect partition

functions and integrable systems

3.1 Introduction

Supersymmetric gauge theories in various dimensions exhibit diverse connections with in-
tegrable systems. The four-dimensional gauge theory with N = 2 supersymmetry is one of
the interesting cases to consider. The common feature of this class of theories is that the
low-energy description achieved in [24] [25] naturally reveals the structure of an algebraic
integrable system [26, 27]. The correspondence was promoted to the quantum level in [28],
by putting the N = 2 gauge theory into the general framework of the Bethe/gauge corre-
spondence [29, B0]. When subject to the Nekrasov-Shatashvili limit of the {2-deformation
(e1 = h,es — 0), the four-dimensional N = 2 gauge theory effectively becomes a two-
dimensional theory with N = (2,2) supersymmetry. The general Bethe/gauge correspon-
dence states the chiral ring is the set of quantum Hamiltonians, while the set of supersym-

metric vacua is identified with the (Hilbert) space of the corresponding quantum integrable
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system,
leigen) <— vac. (3.1.1)

In particular, the spectrum of the Hamiltonian is calculated as the gauge theory vacuum

expectation value of the corresponding chiral observable in the Nekrasov-Shatashvili limit,
(eigen|Hpleigen) = (O)|c,—0vac- (3.1.2)

The chiral ring is spanned by the gauge-invariant observables O, = Tr¢*, where ¢ is the
complex scalar in the N = 2 vector multiplet. In generic case, their vacuum expectation val-
ues are finite in the Nekrasov-Shatashvili limit, since they reduce to the vacuum expectation
values of the twisted chiral observables in the effective two-dimensional N = (2,2) theory.
Therefore the right hand side of the dictionary is well-defined, providing a way to com-
pute the spectrum of the quantum Hamiltonian from gauge theory perspective. Note that
the partition function of the gauge theory shows the asymptotic behavior logZ = g +O(9)
in the Nekrasov-Shatashvili limit, where W is the effective twisted superpotential of the
effective two-dimensional theory.

The equations which describe the vacua in the low-energy theory correspond to the
quantization conditions on the integrable system side. The Nekrasov-Shatashvili limit of
the four-dimensional N = 2 gauge theory leads to several inequivalent quantization schemes,
in particular, the type A and the type B quantizations [28, 3I]. In the present chapter we

mainly focus on the type B quantization, in which we impose the condition

exp (m‘i? _ wa) —1, 0, €][0,2n). (3.1.3)

Note that the #-angles can be introduced in a gauge-invariant fashion. Namely, for given

values of the gauge-invariant coordinates on the Coulomb moduli space, (O) = (Tr¢*), the
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Coulomb moduli a, are determined up to the permutations with each other. Therefore in
the real slice that we are choosing in the type B quantization, ‘E‘—? € R, the f-angles are
determined up to the permutations with each other. For the quantization condition (3.1.3)),
we look for the eigenfunctions which are quasi-periodic with the Bloch angles (6,). For
example, for the pure N = 2 theory and for the N = 2* theory with the gauge group U(N),
the formula (3.1.2)) under the condition (3.1.3) computes the spectrum of the Hamiltonians
of the N-particle periodic Toda system and the N-particle elliptic Calogero-Moser system
respectively, whose eigenfunctions are quasi-periodic with the Bloch angles (6,). Note that
the spectrum would have been (NN!)-fold degenerate in the non-interacting limit had we tuned
all the Bloch angles to be the same. For generic values of Bloch angles, the Sy-symmetry
of the 0-th order wavefunctions is completely broken, leaving non-degenerate level for each
spectrum.

We can revive some of the degenerate levels at the 0-th order by tuning the corresponding
Bloch angles, e.g. as 0, = 0. The integrable system is still well-defined, and the eigenvalues
are expected to be non-degenerate. However, we observe the missing link in the correspon-
dence with the gauge theory. According to the condition , tuning the Bloch angles as
6, = 05 is equivalent to investigaing the special locus of Coulomb moduli, {%ﬁ €Z\ {0}}
At the locus, the formula breaks down since the right hand side becomes divergent
due to the additional singularities in €9 — 0. The asymptotic behavior of the partition
function is no longer logZ = g + O(gY), and the effective twisted superpotential cannot be
properly obtained by just taking W = lim., 0 e2logZ. Inspired by the well-established corre-
spondence for the generic value of the Coulomb moduli, we now may attempt to recover the
correspondence at the special locus, especially by first investigating the perturbative series
in the integrable system side. This is the main subject of the present chapter.

We may try to approach the special locus of Coulomb moduli from the gauge theory

with partial (2-deformation and partial noncommutativity. Instead of turning on both -

1'We have excluded a,p = 0 since in this case the splitting of the degeneracy at the 0-th order does not

occur and (3.1.2)) works as it is.
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deformation parameters and then taking the Nekrasov-Shatashvili limit, we can from the
beginning turn on one of the parameters £; only. When the noncommutativity along the ;-
plane is turned on, the four-dimensional N = 2 theory can be described by a two-dimensional
N = (2,2) theory with an infinite dimensional gauge group. The investigation shows that
the only massless modes around the trivial vacuum are the diagonal components of the gauge
multiplet, which is consistent with the expectation that the low-energy effective theory is in
Coulomb phase without any matter. However, when the Coulomb moduli assume the special
values as <2 € Z\ {0}, additional massless matter multiplets seem to arise, signifying the
failure of the effective description.

The surface defect provides a tool for the investigation. The four-dimensional gauge
theory with a half-BPS surface defect can be viewed as the theory on an orbifold. The
equivariant localization computation applied for the bulk theory immediately generalizes to
compute the surface defect partition function [20]. The gauge theory observables are also
naturally generalized to the theory in the presence of the surface defect. In particular, an im-
portant class of observables, called the gg-character, has its fractionalized counterpart in the
theory with the surface defect [10]. In [I5], 21] the gg-characters with and without the surface
defect were realized as the orbifolded crossed instanton partition functions. The compactness
theorem proved in [I4] implied a certain vanishing theorem for the expectation value of the
qq-characters. The vanishing equations, called the non-perturbative Dyson-Schwinger equa-
tions, can be used to derive the KZ equation satisfied by the surface defect partition function
of quiver gauge theory [32]. In this chapter, we show that the Dyson-Schwinger equation in
the presence of the surface defect produces a Schrodinger-type equation satisfied by the orb-
ifold surface defect partition function of the pure U(N) gauge theory. Therefore the surface
defect partition function provides a constructive approach to the eigenstate wavefunctions
as well as the spectra of the Hamiltonians of the corresponding quantum integrable system.

The main observation of this chapter is that the orbifold surface defect partition function
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at the special locus {?—f €Z\ {O}} splits into parts, schematically,

T=> . (3.1.4)

This behavior accounts for the level splitting on the integrable system side. Each part
of the surface defect partition function shows the proper asymptotic behavior of log®., =
% + O(£9), and the dictionary is recovered to reproduce the spectrum of each split
level. It should be noted that each split part ¥ of the surface defect partition function shows
the series expansion in fractional powers of the gauge coupling, which correctly accounts for
the series expansions of the spectra of the split levels.

The rest of the chapter is organized as follows. In section , we explain the Bethe/gauge
correspondence and two inequivalent types of quantization. In section [3.3] we study the
special locus of Coulomb moduli in the four-dimensional gauge theory with partial -
deformation and partial noncommutativity. The investigation reveals the emergence of ad-
ditional massless modes, which indicates a failure of the effective description of the theory.
In section [3.4] we review the orbifold constructions of half-BPS surface defect, and com-
pute the surface defect partition function. We study the non-perturbative Dyson-Schwinger
equations in the presence of surface defects. We verify that the partition function of the
Aj-theory with a regular orbifold surface defect satisfies the Schrodinger-type differential
equations. In section (3.5 we observe that at the special locus of the Coulomb moduli, the
surface defect partition function splits into parts, recovering the correspondence with the
quantum integrable system. We conclude in section [3.6] with possible generalizations and

discussions.

3.2 Bethe/gauge correspondence

It has been known that the low-energy effective theory of (un-deformed) four-dimensional

N = 2 supersymmetric gauge theories can be described by classical integrable systems [26],
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27]. A well-established example is the correspondence between the class 8 theories and the
Hitchin integrable systems [33], 34], 35]. Setting the 6-dimensional N = (0, 2) superconformal
theory on R? x S x C,,,, where €, ,, is the Riemann surface with g genus and n punctures,
and reducing on S x €, in two different orders, we observe that the total space of the
fibration of the Jacobian of the Seiberg-Witten curve on the Coulomb moduli space of the
class 8 theory is identical to the phase space of the Hitchin integrable system on C,,. The
correspondence can be extended to more general four-dimensional N = 2 gauge theories
with less hypermultiplets by taking proper decoupling limits. In this chapter we are mainly
interested in the pure U (V) gauge theory. It is well-known that the corresponding integrable
system is the N-particle periodic Toda system [26], 36].

The N-periodic Toda system is the algebraic integrable system of N non-relativistic

particles in one dimension with the interaction
N
V(zy, - an) =AY emimri (3.2.1)
i=1

and the periodicity xy.1 = 1. The Lax operator for this system can be written as

1 A2er1—22 0 . .. AN 1
1 Do A%e®2773 0 0
L(z) = ! ! o Mmoo ! . (3.2.2)
0 .. . .. . 0
0 .. L o pyoy AZeswoi-on
A2 Nern—o1y 0 0 1 PN

from which we define the spectral curve

N(z,2): 0=Det(x — L(2)) = —AV(z+ 27 + 2V +uiz™ Fua™¥ 4 Fuy.
(3.2.3)
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The standard Lax formalism tells that the (classical) Hamiltonians,

N
== i, us=— ppy+APYem T (3.2.4)
=1

1<j %

mutually commute with respect to the Poisson bracket {p;,z;} = d;;, and thus establishes
the classical integrability. Note that the spectral curve is precisely the Seiberg-
Witten curve of the pure U(N) gauge theory, in which {uy = (Ox)|k = 1,---, N} spans
the Coulomb branch of the vacua. Therefore we observe the correspondence between the
low-energy description of the pure U(N) gauge theory and the classical N-particle periodic
Toda system. (See also [37, [38] for the earlier work in the case of Toda/pure N = 2.)

In [28] the correspondence between the vacua of N = 2 theories and integrable systems
was promoted further to the quantum level. Let us turn on the (2-deformation and take
the Nekrasov-Shatashvili limit (¢; # 0,69 — 0). Since we have used one of the two or-
thogonal rotations to deform the theory, the theory can be now effectively described as a
two-dimensional theory with N = (2,2) supersymmetry. The low-energy effective action of
this two-dimensional theory contains the twisted F-termf| from the effective twisted super-
potential W(a, €1, (), which can be computed by the supersymmetric localization for generic

(a,e1) as

W(a,e1,q) = hLHO eologZ(a, €, q). (3.2.5)
€2

The effective twisted superpotential becomes important for determining vacua and expecta-
tion values of the twisted chral observables, as we shall see below.
The space of vacua of the effective theory is a representation of the twisted chiral ring,

which is spanned by the gauge-invariant polynomials of the complex adjoint scalar, (2.1.40) E|

2In the reduction from the four-dimensional N = 2 to the two-dimensional N = (2,2), we are choosing
the convention in which N = (2,2) gauge multiplet is described by the twisted chiral superfield. Note that
the complex adjoint scalar in the N'= 2 vector multiplet becomes the one in the N = (2,2) twisted chiral
multiplet under this reduction. See section

3See footnote |2 and section The chiral observables in the four-dimensional gauge theory are reduced
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In [29] 30], it was shown that the twisted chiral ring of a two-dimensional N = (2,2) gauge
theory is identified with the Hamiltonians of the corresponding integrable system. Namely,

the problem of quantization becomes the spectral problem, with the identification

<ok> ’82—)0,36’0(10 = Ek’(a; 51)7 (326)

the eigenvalue of the corresponding quantum Hamiltonian H,. Here the equation for the
vacua of the two-dimensional effective theory corresponds to the quantization condition of
the integrable system. As noted in [28| B1], the Nekrasov-Shatashvili limit of the N = 2
supersymmetric gauge theory leads to several quantization conditions and correspondingly
to different quantum integrable systems. The choice of quantization condition becomes
manifest in the topological sigma model description of the quantization. We can interpret
the Nekrasov-Shatashvili limit of the Q-deformation as the cigar metric R x S! x Dg, in
which the cigar has the asymptotic behavior of Dr ~ I x S' with I = [0, R]. Then by
reducing the four-dimensional N = 2 gauge theory on R x I, the theory is reduced to the
topological A-model with the worldsheet with the boundaries and the target space being
the complexified phase space. We can make use of the brane quantization picture from this
topological A-model description [I§]. In particular, the quantization is realized by choosing
the boundary condition at 0 € I to be the canonical coisotropic A-brane and the boundary
condition at R € I to be the Lagrangian A-brane. There are two classes of the Lagrangian

A-branes that can be chosen, which lead to two different types of the quantization:

w
Type A: exp (27ra — ié’a> =1, (3.2.7a)
da,
Type B: exp <2m'za — i0a> =1, 0,¢€]0,2m). (3.2.7b)
1

In the original four-dimensional gauge theory on R x S* x Dg, they correspond to the choices

to the twisted chiral observables in the effective two-dimensional theory.
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of the supersymmetric boundary conditions at R € I. In particular, the type A condition
corresponds to the Neumann boundary condition for the vector multiplet. In this case the
four-dimensional vector multiplet is reduced to the two-dimensional vector multiplet in the
effective theory on R x S', which is N = (2,2) abelian gauge theory so that the vacua are
determined by the effective twisted superpotential as (we included the -shift). The
type B condition corresponds to the Dirichlet condition for the vector multiplet. The gauge
symmetry is completely broken and both vector multiplets and hypermultiplets of the four-
dimensional theory are reduced to chiral multiplets of the effective two-dimensional theory.
We impose the vanishing condition for the holonomy around the boundary 0Dpg to preserve
the supersymmetry, yielding the quantization condition . See [31] for more detail.

For the case of the pure U(N) gauge theoy, type A and B reality conditions correspond
to the following formulations of quantum periodic Toda system. In the type A quantization,
we are taking the real slice of x; € R. After decoupling the motion of the center of mass,
we look for the L2-normalizable eigenfunctions with real and discrete spectra. It was shown
that the vacuum equation precisely leads to the Gutzwiller quantization condition
for this type of spectral problem [39]. See also [40, [41], 42}, 43], [44] for previous works on the
type A periodic Toda system.

In this chapter, we mainly focus on the type B quantization of the periodic Toda system,
which shows quite a different interesting feature. Here we have (quasi-)periodic eigenfunc-
tions with the period 2mi. The spectra of the Hamiltonians are complex but still discrete.

With the 6-shift, the quantization condition is

Oa
I (na + 27r> €1, Ng €7, (3.2.8)

where 6, is precisely the Bloch angle for the shift of x, by the period 27i. The spectra of

the Hamiltonians can be computed as the expectation value of the observables in the twisted
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chiral ring, under the Nekrasov-Shatashvili limit with the condition 8)) imposed:

Ex(a,e1) = (Ok)|-0,628 = i 2 97 Oc[Alpa(a, €) ) (3.2.9)

Zinst
£20,(3:2:8)

where the statistical model form of the observable Ox[A] is given in (2.1.40)). In particular,

the spectra of two lowest order Hamiltonians Oy and O3 take simple form:

Es(a,e) = Za — 151/\86?27 , (3.2.10a)
B23)
w
Es(a, ) = Z 3 — ﬁ 0 — 621 lim &, > e (3.2.10b)
8/\ Dek B23)

For example, in the case of N = 2 the type B quantum periodic Toda system is reduced
to the Mathieu system, whose discrete energy spectrum has been well-studied. For generic
value of the Coulomb moduli a;s = a; — ay (on the integrable system side, generic value of
0, — 0) the gauge theory computation of the spectrum precisely reproduces the
known perturbative computation, order by order in the series of A*. We also checked that
the perturbative spectra of N = 3 periodic Toda system are reproduced by . The
generalization of the computation to the higher N is straightforward.

However, when the Coulomb moduli assume special values aj—f € Z\ {0}, the correspon-
dence breaks down as we now describe. A relation among the equivariant parameters implies
that the maximal torus Ty used for the equivariant localization becomes smaller than generic
cases. When the torus becomes smaller, the set of fixed points M(N)™# in general becomes
larger; as noted in [10], one may find a copy of P'’s or a even more complicated subvariety
instead of isolated set of fixed points with the reduction of symmetry group.

It can be shown that for the specific case at hand, “2* € Z\{0}, M(N)"" actually contains
products of PVs. Recall that before taking a:—f € Z\ {0} the isolated fixed points M(N)T#
are classified by N-tuples of Young diagrams {A}. The boxes in these Young diagrams

encode the weights of linearly independent vectors in the space K[A] in terms of Coulomb
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moduli and 2-deformation parameters, and these weights are all distinct. However, once
we introduce the new constraint “** € Z \ {0}, the weights now may overlap (or in terms
of the Young diagrams, two boxes in different Young diagrams may collide). This implies
two isolated fixed points disappear into an emergent fixed point set P! (so that when the
symmetry group action is refined by an extra U(1) as it used to be, we recover two isolated
fixed points on the emergent P'). Since we get an emergent P! whenever this overlap occurs,
the fixed point set M(N)T# now contains a product of mutiple P!’s.

Hence the integral that provides the instanton partition function remains finite due to the
compactness of M(N)T#. Nevertheless, the integral over the emergent P's gives additional
poles in g4, altering the asymptotic behavior of the instanton partition function in the limit
g9 — 0. Most importantly, the effective twisted superpotential is not properly obtained by
taking W = lim,, 0 e2logZ since the expression becomes divergent. Therefore we see that
(3.2.10) cannot work as it is stated. The main subject of the present chapter is to recover

the correspondence at this special locus.

3.3 (Gauge theory with partial ()>-deformation and par-
tial noncommutativity

To explore the gauge theoretical meaning of the special locus of Coulomb moduli, let us study
the pure N = 2 U(N) gauge theory with partial Q2-deformation and partial noncommuta-
tivity. The four-dimensional N = 2 supersymmetry can be described by the super-covariant

derivatives in the covariant basis,

(VA V) = —i6" 5V s
(v, Vit =ie'Pes®

{Via, Vst = ieape®, (3.3.1)
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where we are using the convention o/, = (lag, Taa). Here ® is the N = 2 chiral superfield
constrained by V4V, ® = -V Bd?i@ due to the Bianchi identities. The action for the

pure N = 2 gauge theory can be written in the N = 2 chiral superspace as
c- Ly /d491T<I>2 (3.3.2)
= —Im —7Trd=. 3.
8T ZT

The partial Q-deformation (g1 # 0, 5 = 0) breaks the N = 2 supersymmetry, but preserves

a N = (2,2) subalgebra on the (2°, 3)-plane,

(ViV} =—iV = —i(Vo+ Vy)

{V? V) =—iV_: = —i(Vy—Vs3). (3.3.3)
Let us choose the following convention for the reduced algebra

Vi =V,., vi=v_,

V.=V, V,=V_, (3.3.4)

so that the restriction of the N = 2 chiral superfield & = ®| = i{V,, V_} is a twisted chiral
superfield in the reduced N = (2,2) supersymmetry. Note that ¥ contains the complex
scalar of the N = 2 vector multiplet as its component field. Also it is important that we

have the following relations from the Bianchi identities,
Vi, V_i]=0. (3.3.5)
The N = 2 superspace action is reduced to the N = (2,2) superspace,

1 P T 2% , =
L=—3a [ 155 — {87? [ 0T (1Y V] - [V, V[V, )

(3.3.6)
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Now let us turn on the noncommutativity on the (z', z?)-plane, [z',2?] = i(, while leaving

the (2°, 23)-plane commutative. Define the raising and the lowering operators:

1
c=——=(2' +iz?), =

b —iz? e, cll=1. 3.
VoIS ( ), led]=1 (3.3.7)

A

The effect of the noncommutativity is that the covariant coordinate

1 1
d=—i—c— —

7 \/5(,41 +idy) (3.3.8)

can act by commutator as the covariant derivative along the noncommutative direction
[45],146]. Namely, we can make a substitution V_j — V2® except in the commutator of two

such covariant derivatives,

[V_i, V., -] =2[®, 0] - z (3.3.9)

where we have the extra term from the commutator of ¢ and ¢. Note that ® is an adjoint

chiral superfield in the N = (2,2) supersymmetry by the relation (3.3.5). The fields are
now promoted to endomorphisms of the Fock space H that represents the algebra (3.3.7)),
on which the dependence of the fields on the noncommutative coordinates are encoded. The

integration along the noncommutative directions is replaced by the trace over the Fock space,

/dxldx2(~ ) = CTep(- ). (3.3.10)

Thus, with the Wick rotation, we arrive at the Euclidean two-dimensional N = (2, 2) super-

space action of the four-dimensional theory with the partial noncommutativity

| ~ o
L= (7 [ @Tngaens +ce) + & @ men S8 v acve] . s
T g
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with the following superfield Contentsﬂ

Twisted chiral : X = (o, A\, A_, 1D + F3) (3.3.12a)

Adjoint chiral : & = (¢, 94, F). (3.3.12b)

As is apparent from the definition of ® as the covariant coordinate, the U(1) = SO(2)12 C
Grot Spacetime rotation becomes the flavor symmetry rotating the chiral multiplet ®. The
partial {2-deformation (g1 # 0,9 = 0) is simply weakly gauging this U(1) flavor symmetry

to generate the twisted mass for the chiral multiplet,
V., = —e1070" — 670" (3.3.13)
Thus the final form of the action is
L= 827r (T/dzéTrH®CNZ + c.c) + ;/d‘l@TrH@CN [—;EE + 0 : (3.3.14)

which can be expanded to an z-space action,

1 1 1 1
L= %Trmm [2 Fig+ Dyo'D'o + 5D* = iD((, 6] - o T3l ol + FF!
g

+ D' Do+ |[0, 6] + e19]* + [0, 9] — 219
+ 2N DAy — 2A_DsA_ 4 2itp, Dby — 2ip_Dsip_
+ V2 [0, A ] = V2[eT A Ay + V20, ([of, 0 ]+ &) + V20 ([0, 0] + ey
—ivV20, A, ¢l +ivV2U_ Ay, 6] — iv2[8h, A e +iv2let A Ju, ]
X,

—@TTH®CNF43. (3315)

4Here we are denoting the complex scalar which descends from the N = 2 vector multiplet as ¢, which
has been denoted as ¢ so far. The convention may be confusing but is more traditional in N = (2, 2) context.
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The bosonic part of the action can be written as

T
Lios = _ETI’H@(CN Fus
¢ 1 1\
2 Truec |5 (F 1+ (0,07 - g) +4[Dz6 + Do Do + FF!
1 1\ 1
+3 (D= i(1001- 1)) + 1ol +er0 +1io o1 - 0P + o 0*12] ,
(3.3.16)
from which we read off the vaccum equations
n_1 : ol
F43+[¢7¢]_E:O7 Digb:()a D —i [¢’¢]_E :07
D,o=0, [0,0/]=0, [0,¢]+¢e1¢=][0,0"]—ei1¢' =0. (3.3.17)

We focus on the trivial sector where Fy3 = 0. Then the vaccum equations are solved by

D=0,
o =cicle® leny + 1y @ diag(ar, as, - -+, ay),

b= \}Z(’@ T, o = \}ZCT ® o, (3.3.18)

where a, are moduli that parametrize the vacua. Since o is the complex scalar in the N = 2
vector multiplet, a,, are nothing but the Coulomb moduli in the four-dimensional perspective.
The low-energy effective action is obtained by integrating out all the massive modes and high
energy modes around the vaccum (3.3.18)). Thus we split the vacuum expectation value and

the quantum fluctuation,

c=00+6, &=dy+ 0, (3.3.19)
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and expand the action in fluctuation modes. We introduce the following gauge fixing term

Ly = QCgQTr’H@(CN {aMAM - i[O-(T)a 6] - i[007 5-T] - Z[Q%v gﬂ - i[¢0, QAST” i ) (3320)

to cancel the mixing terms in the quadratic order. Then we are left with

Ebos + ['ﬁx

1 A ~ 1
:;TTH@@(CN {2F423 + |[Auv ‘70]|2 + |[A/m ¢0”2 + DM&TDM& + D/@TDMCb + i(auAu)Q + FFT

DI, 81 + 5 (D~ illon, 81+ [B.64))" + 20[b. al)1 + 5[50

+16,6'] ([0, '] + [, 0)) + 2113, )2 = [y, oLI[A", 6] — [Ays 61][ 4%,

— [, 6LIIA", 8] = [Aus H114% 60 + [[0,8] + €102 + [0, 1] — 11

13, 602 + 116, 8811 + (6, 8118k, 5] + 181, 611(6, 6ol + [3, 811w, 5] + [, 671[6, 6]

1
— @TYH®CNF43 (3321)

For generic values of Coulomb moduli, the only massless fluctuations are the modes of the

abelian twisted chiral multiplet,

A

S =6+ =1y dag(E, o, -, Sn). (3.3.22)

All the other modes are integrated out in the effective theory, possibly contributing to the

effective twisted superpotential W(Ea). Therefore the effective two-dimensional theory is a

pure abelian gauge theory of rank N with a certain effective twisted superpotential.
However, we discover that additional massless modes emerge at the special locus of

Coulomb moduli, {a,s = me; | m € Z\ {0}}. Namely, the mass term for the chiral
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multiplet mode

(CT)mfl X E@aq)ag, if m>0

K>
Il
AS S
_l_
Il

(3.3.23)
()™ 1@ B, 5Pos, if m<0

vanishes at the locus. Here, E, 3 is the N x N matrix whose elements are all 0 except 1
for the element in the ath row and the Sth column. A massless mode of chiral multiplet is
generated for each such a pair of («, 3). The emergent massless modes signify the failure of
the effective description of the theory. In [47], it was argued that this failure is cured by the
appearance of solitonic particles, which prevent the massless modes to occur through the
wall-crossing. It would be nice to directly see how this wall-crossing phenomenon interplays

with the insertion of surface defects discussed in the following sections.

3.4 Surface defect

3.4.1 Construction

As non-local gauge-invariant observables, the surface defects enrich the study of N = 2
supersymmetric gauge theories and Bethe/gauge correspondence. As discussed in section
2.3 there are two ways of constructing the half-BPS surface defects in the context of the
N = 2 gauge theory. One of them is orbifolding the four-dimesional spacetime with respect
to the action of the cyclic group Z, as C., x (C.,/Z,). This type of surface defect is referred
as the orbifold surface defect. The second way is inserting a degenerate gauge vertex in the
quiver which defines the quiver gauge theory of interest. Even though these constructions
seem to be distinct, we shall see in the Chapter [5| that for some cases there is an exact
equivalence between the two types of surface defects, which generalizes the IR duality of
[48] (at least in the A; case) between the two types of surface defect that descends from the

M-theory brane transition. We mainly utilize the orbifold surface defect for the purpose of
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this Chapter, so we will only discuss the orbifold construction in this chapter. More results

regarding the quiver surface defects will follow in the subsequent chapters.

3.4.1.1 Orbifold construction

Throughout the discussion, let us restrict our attention to the pure U(N) gauge theory. The

orbifold surface defect Dz, , is constructed by specifying the embedding
p:Zy — H =Gy x G, (3.4.1)

from which we define the surface defect as the prescription of performing the path integral
over the space of Z,-invariant fields. The rotation group part of the embedding is always

chosen to be

QQ) : (z1,22) = (21,(z2), for (=exp (T) . (3.4.2)

To fully characterize the surface defect we need to further specify the gauge group part of

the embedding p. It is assigned by the coloring function
c:[N={0,--- N =1} — Z,, (3.4.3)

from which we define the gauge group part of the embedding p such that the vector space

N decomposes as

N=>e"Ruay= > NR, = N,= > e, (3.4.4)

WEZp acc 1 (w)
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where R, is the one-dimensional irreducible representation of Z, of weight w,

Z, — End(R,)

¢— (Y. (3.4.5)
Then we also decompose
K = Z K,R,, where K, = Z Z eflaatei(i=l)+e2(i=-1)) (3.4.6)
WEZLp «a (i,5)eX(®)

¢(a)+j—1=w mod p

We can identify the spacetime C? with the orbifold C?/Z, through the map (z1, 22) — (1 =
21, 29 = 25). This map is singular along the surface z = 0. Therefore the path integral over
the space of the Z,-invariant fields on (z1, z2)-space is interpreted as the path integral over
the (21, Z23)-space with the insertion of a defect along the surface Z5 = 0.

An orbifold surface defect is called regular for the special case when p = N and ¢ € Sy,
where Sy is the permutation group of [N] = {0,--- N — 1}. This special kind of surface
defects plays an important role in constructing the eigenstate wavefunctions of the integrable

system in section |3.4.2.1| and section |3.5

3.4.1.2 N = 2 supersymmetric gauge theory with orbifold surface defect

We now investigate the N = 2 gauge theory in the presence of the orbifold surface defect.

In the presence of the surface defect, the coupling constant is fractionalized

g, =AY we, (3.4.7)

Zw—1

with z,4p, = 2,. The surface defect partition function is the path integral over the space

of Z,-invariant fields, which can be easily obtained from the bulk partition function. From
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(2.1.31]), the instanton part of the surface defect partition function is immediately obtained

U™ a,e,q,z) = > ][] gk e(TIA2°), (3.4.8)

A WEZy

where k,[A] = dimK,[A] is the fractionalized instanton number and (- - - )Z»¢ is the prescrip-
tion of keeping the Z,-invariant piece for the given coloring function ¢ only. The Z,-invariant

piece of the character (2.1.30)) is given by

TN = 3 [NoK + @12 N3 Kooy — (1= ) Ko K5 + (1 — ) KWK (34.9)
WEZLyp

In the special case that the coloring function ¢ : [N] — Z, is chosen to be surjective, (3.4.8)

is identical to the computation from the chain-saw quiver [20]. Note that the instanton part

of the surface defect partition function also defines a statistical model on the set of colored

partitions {\}, with the measure py”“(a, &) = [oez, alee(T[A]"°).

3.4.2 Consequences of the non-perturbative Dyson-Schwinger equa-

tions

We now derive the differential equations that surface defect partition functions satisfy, using
the non-perturbative Dyson-Schwinger equations. For generic quiver gauge theories with
half-BPS surface defects, the non-perturbative Dyson-Schwinger equations derived in [21]
can be used to prove the KZ equation and the BPZ equation satisfied by the partition
functions [32]. In this chapter, we study the surface defects on the pure U(N) gauge theory
which is relevant to the periodic Toda system. The orbifold surface defect partition function
is shown to satisfy the Schrodinger-type equation, while the degenerate gauge vertex partition
function satisfies the Baxter-type equation. Note that those differential equations are valid
for all values of € = (e1,¢3), as the fact will be crucial for investigating the special locus of

the Coulomb moduli.
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3.4.2.1 A;-theory with orbifold surface defect

Let us consider the Aj-theory with the gauge group U(N) in the presence of the regular
orbifold surface defect Dz, ,, with the coloring function s € Sy. With respect to the

representations of Zy, the Y-observable factors as:

Ya) = [ Yolo), (3.4.10)

WEZN

where

Yol@) A = (2 — as1i) [] rT e 11 s (3.4.11)

Oek, YT~ pek,, T @€

In terms of these Y, ’s we also have the fundamental refined gg-characters, which are obtained

as the orbifolded crossed instanton partition functions [15],

Azt
Xo(z) = Ypur(x + ) + —24— 3.4.12
( ) +1( ) 9‘0(1,) ( )
whose expectation value in the gauge theory in the presence of the surface defect,
1 s
<DCW($)>S = W Z ché[)‘])q‘/\lp’?m (av 5) = TS,w(x)v (3-4-13)
s A

is a polynomial in z by the compactness theorem proven in [I4]. In particular, we have the

vanishing equations,

27" (X (2))s =0, n € Zsy. (3.4.14)
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We study the coefficients of ™" of the fundamental refined gg-character in the large x limit.

The lowest order coefficients are given by:

_1 As=1(w+1) 2 1 2 2
[l‘ ]xw = — kw — kw+1 - T - ias_l(erl) —+ €1€2k + A 2wy, 1

(k; —kyi1) + €1 ( Sooemg— > c@> , (3.4.15a)

DeKw OeKu+1

g3 €3
[3:72]%(.‘; = El(kw - karl)S - gl(kw - kw+1)2 =+ 5%52kw+1<kw - karl)

2 62

£
-+ (5 — a5—1(w+1)) (;(kw — kw+1)2 — 51<kw — k‘w+1) + €1€2kw+1 +é1 ( Z Cp — Z C@))

UeKw DEKW+1

+ N2zt (as-1(w) +e1(ko — koo1)) + €5 (ko — kwir (Z wo- Y, c@>

UeKy, OcKy41

e 2 2

B(k — k1) — &5 Z oy — Z o | té Z y— Z ¢y
OeK, OeKu41 OeK.,, OeKw+1

— 61828/@,4_1 + 28162 Z - (3415b)

OeKu 41

The expectation values of (3.4.15)) yield the vanishing equations. We take the sum over w €

Zy, while simplifying ((3.4.15b|) using (3.4.15a)), to get the following differential equations,

m(iSHSt<a'7 67 q? Z)7

2
€ Ag—1(pt1 3 1 1 0
0= |: 1 Z ( azw (w+ )) + AZXM:ZWZwil — 5 zw:(li—1(w+l) + 58152/\87/\

€1
(3.4.16a)
83 8 Ag—1 1 3
0: -1 w - = (w+)
[ 3 zw: <Z 0z, €1
5 8 Ag—1 1 A1

A2 o — o B l(wtl)  YsTl(w)

+ zw:z 2o ( €1 (z 9. tremg — - o) te
1 3 1 8 1nst

-3 Yoad i+ 56152€A8—A +2e180( Y cy) | T (a e, q,2). (3.4.16Db)

w DeK

Note that (3.4.16a]) is the one-line rederivation of the results of [37, 38]. In the Nekrasov-
Shatashvili limit (€5 — 0), these differential equations produce the spectral equations for the

Hamiltonians Oy and O3 of the periodic Toda system, as we shall see shortly in section |3.5]
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3.5 Splitting of the surface defect partition function

Finally we study the splitting behavior of the regular orbifold surface defect partition func-
tions and its relation with integrable systems. A crucial remark is that the differential equa-
tions are still valid even at the special locus of the Coulomb moduli, {%’3 €7\ {O}}
Thus the surface defect partition function can be used as a probe for the special locus, where
the bulk partition function does not provide a simple picture for the correspondence. Mean-
while, on the integrable system side the special locus still gives the well-defined spectral
problem of mutually commuting Hamiltonians, except that the spectra become degenerate
at the 0-th order due to the specially tuned Bloch angles. In particular, the differential
equations that define the spectral problem are still the same. Therefore the surface defect
partition function is expected to detect such a splitting behavior of the corresponding inte-
grable system. In particular, we will observe that, while the surface defect partition function
still has the additional singularities in the limit e — 0, it splits into parts in such a way
that those extra singularities are resolved in each split part.

First note that for generic values of Coulomb moduli the surface defect partition function

exhibits the typical asymptotic behavior in €5 — 0,

,1<w+1) %(3751’/\)

Tlaedn =[x 1 EMacdn=c 5 (e de) +O0E) (351)

up to some prefactor. Therefore the differential equations (3.4.16) realize the Schrodinger

equations for the periodic Toda system

- ,
% Z (Zw(?i) + A2 Z szczil - EQ(aa €1, A) %(a, €1, A; Z) = 07 (352&)

[ &3 o \* , B ) )

- zw: zwa—zw — A zw:zwzw_l Zw@ + zw,lm — Es(a e, A\)| ¢Ys(a,e1, A\, z) =0,

(3.5.2b)
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where

1 1 OW(a,eq, A)
Es(a, e, A) = 52 a? — 261A8—A’ (3.5.3a)
1 1, OW A
Es(a, e, A §Z — 5l Aa%/\gl’) — 2¢; lim 52< > CD> (3.5.3b)
w =220\ fex

are nothing but the eigenvalues of the Hamiltonians we have derived in the theory
without the surface defectEﬂ Note that even though the meaning of the expectation values in
and are different, the final results agree in the limit e — 0. Thus the sur-
face defect partition function provides a constructive way to obtain both the eigenfunctions
and the eigenvalues of the Hamiltonians of the corresponding integrable system.

Now we attempt an analogous construction at the special locus of the Coulomb moduli.

The investigation reveals the splitting behavior of the surface defect partition functions.

3.5.1 N=2

Let us first consider the simplest case, N = 2, in which there are two choices for the regular
orbifold surface defect corresponding to the elements of Sy = {id, (01)}. The Schrédinger
equation (3.5.2al) is precisely the Mathieu equation up to some change of variables. At
the special locus {ap; = mey | m € Z \ {0}}, we observe that the surface defect partition

functions split into two parts,

~ ~ Wi 1)

Wig(ag = mer, e, A, z) £ ¥ g)(ap = mer,e,\,z) =e = (wffb(el,/\, z) + (9(62))
(3.5.4)

5The relative factor NV in the second term is due to the map (21, z2) > (21, 25’ ) in the orbifold construction

of the regular orbifold surface defect, which shifts the equivariant parameter as e — Nes.

6 Although the eigenvalue (3.5.3b)) seems to depend on the choice s € Sy through the expectation value
(-++)s, it turns out not to. This is consistent with the computation in the absence of the surface defect,
(13.2.10Db)).
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Note that (3.4.16a]) guarantees the wavefunctions 1= (g1, A, z) to be the split eigenfunctions
of the Schrodinger equation (3.5.2a)) with the split energy spectrum

(3.5.5)

We decoupled the irrelevant center of mass contribution and rescaled by a factor of 2 for
convenience. The splitting behavior exactly accounts for the broken degeneracy due to the
quantum tunneling effects on the integrable system side. Note that is not obvious
in the sense that the split twisted superpotential Wi is non-divergent and is independent
of the fractional gauge coupling z. Also, it should be emphasized that the split twisted
superpotential W shows the series expansion in A2, as opposed to the A%-expansion of the
generic twisted superpotential.

We have checked that the split eigenfunctions = and the split eigenvalues E;Em in ((3.5.4])
and precisely match with the well-known results of the half-periodic and the periodic
solutions for the Mathieu equation, for various m € Z\ {0} to some order of A. Therefore the
splitting of the surface defect partition functions accounts for the splitting of the degenerate
levels in the integrable system, and the correspondence between the gauge theory and the
integrable system is recovered for the special locus of the Coulomb moduli space. We present

some specific examples of the computation in Appendix [A1]

3.5.2 N=3

In the case N = 3, the Hamiltonians are no longer Hermitian and the eigenvalues are not
necessarily real, yet the perturbative series is well-defined including the degenerate case.
Therefore we can still compare the spectra and the wavefunctions obtained from the gauge
theory with the quantum mechanical computations. As mentioned in section [3.2], for the
non-degenerate cases the known dictionary of the correspondence works as stated. Let us

turn to the degenerate cases. There are three types of degeneracy possible, which are 2-fold,
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3-fold, and 6-fold respectively. Without loss of generality, those degeneracies occur at the

loci

2-fold :  {ag; = mey, apy is generic | m € Z\ {0}}
3-fold : {a01 = Qo2 — Méeq ‘ m € 7 \ {0}}

6-fold : {(101 = 1meq, Qo = ley ‘ m,l €z \ {O},m 7é l}

There are some subtle issues for the 2-fold and 6-fold degeneracies that obstruct our under-
standing of the splitting of the surface defect partition function, so we leave them to future
work. Here we discuss the splitting of the surface defect partition function for the 3-fold
degeneracy.

We have 6 different regular surface defects corresponding to the elements s € S;. Due
to the residual symmetry, only 3 out of 6 are independent of each another in the case of

a2 = 0. We form the split surface defect partition functions as

{,‘:\[;(012) (a'7 €, A7 Z) + C{i;(021) <a7 g, A7 Z) + CQ;i;id(aﬁ €, AJ Z)}
ap1=ap2=me1

V"ﬁn(ﬁ A)

== (VS(e1,A2) + Oe2)), (35.6)

where ( is any third root of unity, (3 = 1. Therefore each surface defect partition function
splits into three parts, accounting for the level splitting of the 3-fold degeneracy. The wave-
functions 1S, (1, A, z) are the common split eigenfunctions of O, and O3 by ([3.4.16]) with the

split eigenvalues

m22 1 OWS (1, A)

Es,, = —alAl——"— 5.

2,m 3 551 on (3.5.7a)
2m3ed €2 OWS (g1, A

B = = = ;Aa(Al) — 2e1¢§(e1, A), (3.5.7b)

where we have decoupled the irrelevant center of mass contribution and defned the split
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expectation value

Cg (517 A)
< 2 0eK cg> Uo12) + C< 2 0eK C@> U0a1) + C2< 2 0eK C|j> Vg
= 11m &9 ¥ Ty a
£0—0 \I/((nz) + C\I/(Ozl) + ggq]id

ag1=ap2=mei

(3.5.8)

It is not obvious that c§(51, A) neither diverges nor depends on the fractional coupling z;
in those cases the split eigenvalue would not be well-defined. The computation
shows that c§(51, A) indeed behaves as desired. Note that the split twisted superpotential
\/NV,C,L and the split expectation value c§ have the series expansions in A2, as opposed to the
A®-expansion of the generic twisted superpotential and expectation value. We present some

examples of computation in Appendix [A.2]

3.6 Discussion

In this chapter we have studied the Bethe/gauge correspondence for the special locus of the
Coulomb moduli of the gauge theory, where the integrable system becomes degenerate in the
non-interacting (free) limit. The analysis on the gauge theory with partial noncommutativity
and partial 2-deformation revealed the emergence of extra massless modes of matter multi-
plet at the speical locus, which makes the generic effective description without matter multi-
plet inapplicable. We used half-BPS surface defects, which are constructed out of orbifolds,
to investigate the problem. The orbifold surface defect provided a constructive approach
for the common eigenfunctions as well as the spectra of the Hamiltonians of the integrable
system. Namely, the non-perturbative Dyson-Schwinger equations can be used to show that
the surface defect partition function satisfies the Schréodinger-type equations, which indeed

reduce to the spectral equations for the Hamiltonians in the Nekrasov-Shatashvili limit. We
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have seen that at the special locus of the Coulomb moduli the orbifold surface defect partition
functions split into parts. Each split part assumes the desired asymptotic behavior in the
Nekrasov-Shatashvili limit so that the degenerate perturbative series for the eigenfunctions
and the eigenvalues could be presicely reproduced from the gauge theory perspective. We
have presented some examples of the splitting.

There is a natural generalization of the investigation, i.e. adding various flavors to the
theory. It is manifest from the instanton counting procedure that the theories with various
types of flavor share the same denomenator in the effective twisted superpotential. Thus
U(N) gauge theories with flavors show the same divergent phenomena at the special locus of
the Coulomb moduli space, which are expected to correspond to the splitting of degeneracies
in the integrable system side. We may introduce the regular surface defect in those theories,
with some proper assignment of the colorings for the flavors, and investigate the splitting
behavior at the special locus. Some theories with fundamental hypermultiplets have non-
Hermitian Hamiltonians even in the simplest case N = 2. It would be a nontrivial check to
see how the splitting works for those theories.

Another interesting issue to be considered is the 5d uplift. While d = 4, N = 2 gauge
theories correspond to the non-relativistic integrable systems realized on the Seiberg-Witten
geometry, the d = 5, N = 1 gauge theories compactified on a circle correspond to their
relativistic cousins [49]. The main difference is that the spectral equations become difference
equations instead of differential equations. It was checked in [50] at some low instanton
numbers that the codimension-two surface defect partition function satisfies those difference
equations, for the example of N = 1* theory. It would be nice to construct a rigorous
analytic proof of those relations as done in this work for the four-dimensional case, using
the 5d version of the gg-characters [10]. The algebraic engineering of codimension-two defect
partition functions a la [5I] can be useful for this study. The splitting of degeneracies would
persist in those relativistic integrable systems, and the insertion of codimension-two defects

is expected to detect this splitting through their partition functions.
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The study of resurgence in integrable systems can have a connection with our story. For
example, let us consider the Mathieu system which corresponds to the pure N = 2 SU(2)
gauge theory. The exact spectrum of the Mathieu system around a minimum of the Mathieu
potential V(z) = A?cosz exhibits the trans-series expansion, which can be computed by the
exact quantization condition [52, [53]. In [54], it was argued that this exact quantization
condition can be regarded as the Nekrasov-Shatashvili quantization condition in the strong
coupling regime. The analysis showed that the prepotential at the strong coupling regime
gets non-perturbative corrections (in the sense of quantum mechanics). Using the connection
between the weak and the strong coupling regimes described in [55] 56], we may look for
the gauge theoretical understanding of a nontrivial relation between the aformentioned non-
perturbative effect in the strong coupling regime and the non-perturbative effect in the weak
coupling regime, i.e. the splitting of the degenerate levels studied in this chapter. The
topological string point of view on the exact quantization in [57, 58, [59] can also be related
along these lines.

It would also be interesting to clarify the implication of the other eigenfunctions for the
split eigenvalues. For example, it is well-known that for the Mathieu system the second
solution for the split eigenvalue includes a logz term. Actually the second solution for
ag; = 0 (where the splitting does not occur) can be obtained by taking a derivative of the
surface defect partition function with respect to the Coulomb moduli. When ay; = me;
this procedure is not available since the surface defect partition function has discontinuity
at the special locus. However, we may insert a 't Hooft line operator on top of the surface
operator to get a e9-shift of the Coulomb moduli |60, [61], 62], which becomes infinitesimal
in the Nekrasov-Shatashvili limit. Since the configuration is expected to have a well-defined
effective twisted superpotential in the Nekrasov-Shatashvili limit, its partition function may
produce the second solution with log. Unfortunately, the supersymmetric localization for

such configuration of non-local observables is not available as of yet.
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Chapter 4

BPZ equations and non-perturbative

Dyson-Schwinger equations

4.1 Introduction

The paradigm of BPS/CFT correspondence [10] is to establish exact connections between
the correlation functions of half-BPS (local and non-local) observables in four-dimensional
N = 2 supersymmetric field theories and the correlation functions of primary and descendant
fields in two-dimensional CFTs. One of the remarkable manifestations of the BPS/CFT
correspondence is the AGT correspondence [63], where the S* partition functions of N = 2
gauge theories are identified with the correlation functions of Liouvlle/Toda primary fields.

The AGT correspondence emerges most naturally in the six-dimensional point of view. As
briefly discussed in section [3.2], the N = 2 theory of class 8 can be obtained by compactifying
the six-dimensional N = (0,2) theory on a Riemann surface € [33]. In turn, the S partition
function of the class 8 theory is identical to the partition function of N = (0,2) on S*xC. Now

by compactifying along S* instead of €, we expect the same partition function is equivalent
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to the partition function of a CFT on €. Consequently, we expect

chass 5(54) = ZCFT(G) (411)

The non-conformal N = 2 gauge theories can also be obtained by taking various limits of
the gauge theory parameters. Hence the six-dimensional point of view provides a physical
intuition on the AGT correspondence.

The identity was firstly conjectured for superconformal SU(2) quiver gauge the-
ories and the Liouville theory [63], and was soon extended to more general relationships
between quiver gauge theories with other gauge groups and Toda field theories [64]. As
described above, the four-dimensional N = 2 superconformal field theories considered in the
AGT correspondence are obtained by the compactification of the six-dimensional N = (0, 2)
superconformal theory on a punctured Riemann surface €. When there is a weakly-coupled
Lagrangian description of the theory, we can compute its partition function in the -
background [6]. It was discovered that the instanton part of the partition function Znstanton
can be identified with certain conformal blocks in the Liouville/Toda field theory, and the
partition function on a (squashed) sphere S; [65] [66], which is equal to the integral of the ab-
solute value squared of the full partition function, can be identified with correlation functions
in the Liouville/Toda field theory on the Riemann surface C.

It is interesting to drop the genericity assumption for the parameters of the theory. In
the two-dimensional conformal field theory, we can make one of the fields in the correlation
function degenerate. Belavin, Polyakov, and Zamolodchikov showed that the correlation
function in the Liouville field theory that involves a degenerate field satisfies a linear partial
differential equation as a result of the decoupling of the null descendant field [67, 68]. The
order of the differential equation is the level of the null field in the corresponding degenerate
representation. In the case of Toda field theories, similar differential equations has been

derived for certain four-point correlation functions in [69, [70]. On the other hand, the gauge
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field configurations of the corresponding four-dimensional N = 2 superconformal quiver
gauge theories are constrained, leading to a differential equation on the instanton partition
function. To confirm the BPS/CFT correspondence, we should be able to identify the
differential equations derived from both the conformal field theory side and the gauge theory
side. This program has been investigated carefully in the Nekrasov-Shatashvili limit [28§]
of the Q-background, which corresponds to the classical limit ¢ — oo of two-dimensional
conformal field theories [7T1l [72, [73, [74] 5] [76], 77, 9, [78, [79]. However, previous methods
become less powerful when we would like to go beyond such limits.

In this chapter, we shall follow the idea of [32] to provide a derivation of the differential
equation using the non-perturbative Dyson-Schwinger equations, which result from the fact
that the path integral of the instanton partition function is invariant with respect to the
transformations changing topological sectors of the field space. We review the result of
[32] and study the case of U(2) superconformal linear quiver gauge theories with the next-
to-simplest constraint in this chapter. The natural generalization to U(N) superconformal
linear quiver gauge theories will be discussed in a follow-up work. Similar method has also
been applied to the study of Bethe/gauge correspondence [30, 29, 28] in [2].

The rest of the chapter is organized as follows. In Section [£.2] we recall some basic facts
about two-dimensional Liouville field theory and review the derivation of BPZ equations on
the degenerate correlation functions. In Section .3} we review the relevant details of the
AGT correspondence and discuss the restrictions on gauge theory parameters. In Section
M, we study the superconformal gauge theory with gauge group U(N). We show that the
instanton partition function at the simplest nontrivial degenerate point in the parameter
space is a (generalized) hypergeometric function. After working out this simple warm-up
example, we consider the U(2) superconformal linear quiver gauge theory in Section . We
review the second order differential equation on the instanton partition function derived in
[32] and derive the third order differential equation for the next-to-simplest case. We also

identify the differential equations derived from both sides using the AGT dictionary. Finally,
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we conclude in Section and discuss possible directions for future work. In the Appendix
we review some standard material on the (generalized) hypergeometric function. In the
Appendix [C| we derive the partition function of the U(1) factor using the non-perturbative

Dyson-Schwinger equations.

4.2 Degenerate correlation functions in the Liouville

field theory

In this section, we recall some basic facts about two-dimensional Liouville field theory and

present the derivation of the BPZ equations on the degenerate correlation functions.

4.2.1 Degenerate fields in the Liouville field theory

The two-dimensional Liouville conformal field theory is defined by the action

1 Q
S iouville — /d2 <aa 0" 2b¢ —R ) s 4.2.1
Liouvill o\/g i 0“9 + pe +47r¢ ( )
where the background charge Q = b+b~!, and R is the Ricci scalar of the Riemann surface.
The symmetry algebra of the theory is two independent copies of the Virasoro algebra, with
the central charge ¢ = 1+6Q?. In the following, we focus on the chiral part, which is spanned

by generators L, for n € Z and the central charge c, satisfying

C

LmuLn: - Lmn T
[ ] =(m—n) ++12

(m3 - m) Omtn,0- (4.2.2)

For the Virasoro algebra, a conformal primary field VA with the conformal dimension A
is defined to be
Ly~oVa =0, LogVa = AV, (4.2.3)

The descendant fields are obtained by taking the linear combinations of the basis vectors

58



L iVa=L_,, Ly, - L_,,Va, where i = {1 <n; <ny <--- <m}. The conformal dimen-
sion of the basis vector L_zVa is A + |7i|, where the number |i| = 3°!_, n; is called the level
of L_zV,.

A primary field Vj is called degenerate if it has a null descendant field V= Yr Crl_7VA #

Va, such that L,V = 0 for n > 0. If the null field is at the level one, then
L,(L_1VA)=0, n>0. (4.2.4)
This is automatically true for n > 2, and for n = 1 we have
0=LiL 1VA=2LyVA = 2AVA. (4.2.5)

Thus the field Vo = 1 with zero conformal dimension. If the level-two descendant field

V= (0171L2_1 + OQL_2> Va is null, then LnV = 0 for n > 1. The nontrivial constraints are

0 - le == ((4A + 2) 0171 —|— 302) L,1VA,

0 — L,V = <6ACM 4 <4A 4 ;) 02> Va. (4.2.6)
Therefore, we have
AN 42 3
=0, (4.2.7)
6A  4A+3

which gives two solutions

1 3 - 1

A(271) - _5 - sz, ‘/(2,1) - (b2L21 + L—2) VA(2,1)7 (428)
1 3 ~

Auy) = —5- 75 Voo = (b2L31 + L_2> Va s (4.2.9)

If the level-three descendant field V = (01,171[/?11 +CioL 1L o+ C’3L_3) Va is null, then
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L,V =0 for n > 1. Since Ly = [Ls, L1], we only need

0 = LV =(2A+4)Cra+4C3) L oV + ((6A +6) Cr11 + 3C1 ) L2 Va,

0 — LNE:O6+BAMQL1#@A+9+§)Cm+5GOL4M& (4.2.10)

Therefore, we have

0 2A+4 4
6A 46 3 0 =0, (4.2.11)

6+18A 4A+9+5 5

which gives two solutions
Agry = V. Vin = (L3, +L,L -1 4
@y = —1=207, Vg1 = 12 1+ Lalo+ 5 ) L-s Vasa (4.2.12)
2 ~ v, 1 1

A(173) = —-1- ﬁ7 ‘/(173) = ZLil + L_lL_Q + (b2 - 2) L_3 VA(I,S)' (4213)

Generally, the conformal dimension of a degenerate field can be read from the Kac determi-

nant formula, and is given by

Q% — (mb+ nb™1)?
4 9

A(m’n) = m,n € ZJr, (4.2.14)

with the null vector being at the level mn.

4.2.2 BPZ equations

Now we are ready to derive the BPZ equations on the (r 4+ 3)-point correlation function of
the conformal primary fields, with one of the primary fields being degenerate. In order to
relate a correlation function involving Virasoro generators acting on a primary field with a
correlation function of purely primary fields, we use the conformal Ward identities, which

state that inserting the holomorphic energy-momentum tensor in a correlation function of
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primary fields yields

< TﬁlvAz@>_7§< et )<ﬁVAz> (4.2.15)

Pl i \z =205 (2—2z) Pt

The simplest nontrivial example is the second order BPZ equation. We assume that
A¢ = Az1). The decoupling of the null descendant field (4.2.8)) implies that the (r + 3)-

point correlation function satisfies

AR
b2 023 - 20— 210z (20 — 2;)?

1#0

<VA(271)(20) 11 vAi(zi)> = 0. (4.2.16)

i#0

Similarly, the third order BPZ equation with Ay = A3 1) can be derived from the decoupling

of the null vector (4.2.12),

e, o1 o, A
40202 02 7o\ 20 — zi 0z (20— 2i)?

-5 (et )

1#0

<VA<371) (z0) 1 VAi(zi)>.(4.2.17)

i#0

There are additional constraints on the correlation functions due to the global conformal
symmetry. Using the holomorphy of the energy-momentum tensor at infinity, 7'(z) = O (%)

as z — oo, we deduce the global conformal Ward identities

i=—1 i=—1

[f 3(1: < ﬁl VAi<Zi>> = 0, (4.2.18)
[f <Zz;;+Ai)— < ﬁ Va, (2 > = 0, (4.2.19)

i=—1 i=—1

[f ( 3;; +2ZIAZ>: < ﬁ VAi(zi)> -0 (4.2.20)

i=—1 i=—1

For our purpose, it is convenient to get rid of all the 0_; and 0,4 terms using (4.2.18]) and
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([*.2.20),

0 r+1 T ZZQ _ 272’ o r+1 22\, T r41
821< H Vaz<22)> h ; 27—?6721—'— ; 2 2 < H VAz(zZ)>7

i=—1 i=—1

0 . " ZZQ — Z% 0 T+l 2ZZA,L ] T+l
< H Vozz<22)> = 4 372182 + Z ﬁ < H VAZ(ZZ)>4221)

8zr+1 i=_1 2

We then fix z_; = o0 and z.,; = 0, and the remaining global conformal Ward identity

(4.2.19)) gives

[ s (Vz + AZ) — A_1 + AT+1] <VA_1(OO) ﬁ VA,-(Zi)VAH_l (0)> =0. (4.2.22)

i=0 1=0
Let us decouple a prefactor from the correlation function
Zj Tij m,n
H <1 - ;) ] Xq(a+é )(z),

0<i<g<r
(4.2.23)

where Xf,Té")(z) only depends on the ratios of z;, ¢ = 0,---,r. The identity (4.2.22) is

=1

satisfied if

(Li+A) — A + Ay =0, (4.2.24)

1=0

z3 <ﬁzL> II <_ZJ'>TU — L+ XT:T. % +§T~ %
0z’ i=0 ' 0<i<j<r <i l ”Zi_zj =0 ﬂzi_zj

j=i+1

r >\ Tij
X (H 2L> 11 ( — f) . (4.2.25)
i=0 0<i<j<r

Zi
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the second order BPZ equation (4.2.16]) can be express in terms of Xfffg")(z) as

0 =

2
1 1 Zj
= (Vo—f—Lo—i—ZTa;ZO_ZJ) (1—|—b2> (Vo—FLo—i—ZTOJZO_Zj)

Jj=1 j=1

+Z )

+Z =0 A<V+L+ZTU

170 — % j=i+1 R T Rj

+ Z X35 (2), (4.2.26)

N2 + Ar—i—l

ZO - Zz)

and the third order BPZ equation (4.2.17)) becomes

0 =

3 2
1 3
L T — L T,
42 (VO+ O+jzl OJZo—Z]> (41)2 ) <V0+ O+Z o O_ZJ>
+AT+1> (V0+LO+ZTOJ i )

J=1 20 T Zj

]_ 3 Z2A‘
b2 E : 0—1

Z20 — Zi)2

20

+Z V0+L0+ZTOJ

170 — % 20 —

_<b2+;>i20(220))(v —|—L+ZTU Z+§Tﬂ'zz )

i=1 (ZO — & Jj=i+1 <i J j=0 <5

r ) i—1 .
) (wm > Tz-jzf+zTﬁ@)
J

j=it1 AT A =0 AT A

r 3A'
B <2b2 T 1) (Z 20713 + Ar+1> X558 (2), (4.2.27)
i=1 (Zo - Zz)
where we denote
0
S =2 4.2.28
AV Z B2 ( )

We should determine L; and T;; when we identify the BPZ equations with the differential

equations derived in the corresponding gauge theories.

4.3 AGT corresponence with surface defects

In this section, we review some results regarding the AGT correspondence of four-dimensional

N = 2 quiver gauge theories in the Q-background [63]. We also discuss imposing constraints
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on the gauge theory parameters, which in special cases generate surface defects in four-
dimensional theory as discussed in section [2.3] The insertion of surface defects correspond

to the insertion of degenerate fields in the CFT side [60].

4.3.1 Dictionary of AGT correspondence

It is useful to summarize the dictionary of AGT correspondence in order to make this chapter
self-contained. The main statement of the AGT correspondence is an identification between
the (r 4+ 3)-point correlation function in the Liouville field theory with the partition function
of superconformal quiver gauge theory with gauge group SU(2)".

Let us decompose the U(2) gauge group into the U(1) part and the SU(2) part,
1 2
S ST (13.1)
a=1

From the point of view of an SU(2) linear quiver gauge theory, the masses of the anti-

fundamental, fundamental and bifundamental hypermultiplets are given by

fo = o — Q15 Ha = Qrila — Qry 5 Miir1 = Qi1 — @, =1, ,r—1 (4.3.2)

If we identify the Liouville parameter b with the )-deformation parameters 1,¢5 as

€1
[ — 4.3.3
(433)

and relate the conformal dimensions A; with the Coulomb parameters a in the following

way,
2 2 2 2
_ & — (a1~ aos) _ e = (ar411 — Gry12)
Afl o ) Ar+1 = ,
45152 48182
- — . . — . 8
Ai = (aH_l aZ) (az Qi1 * )7 1= 07 R A (434)
45182
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then we have

T

(Va0 T Va1, 0)
f

=0
2 r—1 2
A717A074E‘5152 _Ai 486152 7AT7AT+1
2 z; 2r
=1
2

Z (a;z;¢1,€2)
ZuQ) (a;2;51>52)

2

Ay, Arpy)

« | 1:11 da]

(4.3.5)

where the prefactor f (A_y,---, A,41) is independent of z, and ZYM (a; z; 1, £5) is the U(1)

part of the partition function.

4.3.2 Degenerate partition function

In section we assumed that the Coulomb moduli a are generic. Then the instanton
partition function (2.1.31]) contains an infinite sum over collections of Young diagrams Y.
However, we can tune some of the parameters to special values so as to force some of Y (%)

to have a constrained shape [32]. For example, we can adjust

ajp+(m—1e +n—1)e, a=1,
A, = (436)

al,aa (0% 7£ ]-7

where m,n € Z*. Since the measure of the instanton partition function contains a factor

H (CL[)’O[ —A1a0 — €1 (U - ].) — &9 (U — 1)) s (437)

O=(u,v)eY 1:@)

the contribution to the instanton partition function vanishes unless the Young diagrams
Y1) = ) for a # 1, and O = (m,n) ¢ YD, Hence the number of Young diagrams we
need to sum over reduces drastically. In particular, when m > 1 and n = 1, the Young
diagram YY) can have at most m — 1 rows. According to the AGT dictionary, (4.3.6))

corresponds to a degenerate field with the conformal dimension A, ).
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4.4 Superconformal theory with gauge group U(N)

In this section, we take a simple example to illustrate the basic idea of deriving the dif-
ferential equation on the instanton partition function at a special point in the parameter
space. We consider the U(N) gauge theory with N fundamental hypermultiplets and N
anti-fundamental hypermultiplets for general N > 2. At the degenerate point of parameter
space,

ar +e, a=1,
g, = (441)

al,om « 7£ 17

the instanton partition function is only summed over the Young diagram Y (1) which has

only one row,

Yy = ( (LD [(1L,2) | ... [(1,k)]0,--- ,@) . (4.4.2)

Therefore, we can label the Young diagram Y (1) by the instanton charge k.
In this case, we face no obstruction in proving directly that the instanton partition
function is a (generalized) hypergeometric function from the instanton partition function.

The instanton partition function is

o g N (w)kl
. 1 o= 2
Zlnstanton — 1L __ (443)
klzzjo L TV, (1=tater M
a=2 £9
- apy — Qg0 +€2\Y (a1 —aoq + 2\ 444
— NIN-1 ) 141 | ( e )
62 a=1 62 a=2

which is a (generalized) hypergeometric function, and satisfies the (generalized) hypergeo-

metric differential equation (see the Appendix [B| for details),
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0 o1 — Qoo + €
(fh . 0,1 0, 2 1)
8(]1 €2

Zinstanton

(4.4.5)

Now we would like to derive the above differential equation using the non-perturbative

Dyson-Schwinger equations. There is only one fundamental gg-character in this theory,

Xi(z) = Yi(r + ) + quo(fzjlz((xﬂ; +e)

At the degenerate point (4.4.1]), the value Y (x)[Y] simplifies

=

L(z—a1p—ea(v—1)—e1) (z — a1 — e2v)

—

D(2)]Y] =

T
Q
I
—_
@
Il

(o) [
o]

= (.’L' — a171 — 81)

—~

I
—

r—ay1 — 51) (I’ — CL171 — 52]{31)‘|
Tr — al’l) ([E —ail — 62]{71 — 61)

(w_am)] l v any — ek ]

r—ai — 62/{?1 — &1

—~

r

Q
Il

Jat

Q
L=

_ Ho(lv)x — Qg1+ €1 — 52/€1.

T —ap1 — eoky

Accordingly, X (x)[Y| becomes

N(@)Y] = Yolo+e) (1 i e )

.T+E—CL071 —62]{?1

T —apy +e1 — g2k

+¢1Y2(x +€) (1 — °1 ) .

The 7! coefficient of the large = expansion of X;(z)[Y] is given by

xﬁ_”[Y] = e1¥0(ao0,1 + €2k1) — qie1Y2(ao + 2k + €2).
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(4.4.7)
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Using the relation

<k,117> — Zinstanton (CL; }—/’; el 82)_1 Z qllglzinstanton (a; }7; €1, 62) k:zli
V={v(}
0

_  ginstanton (a; }‘/’; 51,52)_1 <Q1aql

p
) Zinstanton (a; q; €1, 52) , (4410)

the equation <x§‘1)> = 0 becomes

N 0 N 0 :
0= lH (CLOJ + &1~ — aO,a) — 1 H (ao,l + €21~ + &9 — a27a>] Zlnstant(m’ (4411)
g Iq

a=1 a=1

which coincides with the differential equation (4.4.5)).

4.5 Superconformal linear quiver gauge theories

In this section, we would like to derive the differential equation on the instanton partition
function of the superconformal linear quiver gauge theory using the non-perturbative Dyson-
Schwinger equations. Recall that the fundamental gg-characters of the A,-linear quiver gauge
theory are given as . From the non-perturbative Dyson-Schwinger equation for these

qq-characters,
[x‘”]<xz(x)> =0, n>1, 1=1,---,r (4.5.1)

we derive the differential equations that the degenerate partition functions satisfy.
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4.5.1 Large x expansion of fundamental Y-observables

The first step is to compute the large x expansion of the Y-observables,

x T

N aia N ]'_CE% 1_%%
Yi(2)[Y] = 2Vexp [Z ( )+Z > ((1%))(5%%))
>

a=1 ey (,a)
= I' exp <

) (4.5.2)

where

CinlY] = Ted}(0)[Y]

= Z{ a; Z (co+e1) +(5ﬁ+€2)n—5ﬁn—(gﬁ+5)n]}- (4.5.3)

dey (Ge)

In particular, we have

N
C¢,1[Y] = Zai,om

N
CialY] = (Z aia> — 2e162k;, (4.5.4)
a=1

We also have the similar expression for Y;(x + ¢)[Y],

= g;NeXP <—§:lczr’;;[zf]>, (4.5.5)
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Therefore, we obtain the large = expansion of Z;(z)[Y],

— Hi+1 (.CC + 6)[Y] s Czn[Y]
=@)Y| = =1+ : . 4.5.7
@)= ST 3 (157)
The first two terms of ¢;,, are given explicitly as
Ci,l = A§1)7
Go = AP —eien (ki — ki), (4.5.8)
where
N
AW = Y (Gia = Gip1a+6),
a=1
2) Lo ,2 2] Loy
A7 = B} > {ai,cx = (@410 — €) } T3 (Ai ) (4.5.9)

a=1

4.5.2 Generating function of the fundamental gg-characters

After expanding the Y-observables, we would like to calculate the large = expansion of the
gq-characters. In order to deal with all of the fundamental gg-characters at the same time,

we introduce the generating function

r+1
Sr(mit) = Yolz) 'AY 2021+ 21t X (2 — e(1 = 0))
£=0
Ic[o,r] icl iel

where

A=) (H tzi> = H (1+tz). (4.5.11)

1clo,r] \i€l i=0

70



In the following, we would like to sum over I C [0,7] to obtain the large = expansion of

S, (z31),
G, (a3t) = 3~ (),
n=0 T
Let us define
tZZ'
U; = .

When r = 0, Go(t) is given by a sum over I = () and I = {0},

1 tZO
+
1+ tZO 1+ tZ()

9(3;‘ t) 0 _1+ZUOC07L

Hence,

VM) =1, G5(t) = ulon, €LY

(4.5.12)

(4.5.13)

(4.5.14)

(4.5.15)

For general » > 1, we can compute the value of the generating function (4.5.10)) using

the recurrence relation between G, (z;t) and G,_; (z;t). We divide the sum over I C [0, 7]

into two classes: r ¢ [ and r € I,

Gt = A ¥ [(thz)nuzmm»]

L+1z rcior—1) | \ier ier

tz, _ , _ .
+1—|—7AT_11 Z [(thz) /PSS $—|—€‘[D H':'i (x—i-éh[/(l))

I'clo,r—1] iel’ el

= Goa(a;t) +u A 1< (“’“tgt) - 1) (Ar-1Gr-a(2;1))

e Grm
= r— i t) + TAT,I 7 n Arf r— it
Gro1(;t) +u 1n§:1: (m—kstg) ( 19r—1(231))

= Go(a;t +Zuj jlli G )n( j-19j-1(x5)) -
n=1
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Hence, we obtain the recursive relations,

5O = () =1, (4.5.17)
V(M) = 3w, (4.5.18)
7=0

S = Yuia+ w8 (1)
J=0 Jj=1
r . )
—& Z ujCj,lAj—ltaAjfla (4519)

7=1
SEI) = DwiGis+ 2wy [GaSiY (1) + G285 ()]
7=0 7=1
j:1 J J— 75 8t J J— J5 8t J

r o 2
+e* Y uGaATl <t8t> Aj-1, (4.5.20)

=
SV = Y wGat Y [Cj,19§i?1’) (t) + Cj,zggj) (t) + CJ’:39§:11) (t)}
j=0 J=1

" 0 _ 0 _ 0
—e > wAT [gj’ltat (85197(1) + 2ot (851857 (1)) + 3Cj,3tatﬁj—1]
=1

8\ 9\
G (t(‘)t> (Aj—19§:? (t)) + 32 <t6t> Aja

, 9\?
— S i AT (tat> Ajy. (4.5.21)
j=1

r
2 —1
+e E ujAj—l
Jj=1

We further introduce the notation

> I winGins) s (4.5.22)

0<i1 <---<3p<r n=1

U'I‘ [817827 T 784

where [sq,- -, 5] is a sequence of non-negative integers, and we adopt the convention that
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Gio = 1. We have the following useful relations from the definition

0
2N, = AU,
p [0]
0
to, (AUlss o osd) = A (Whlsy oo s+ UP[sy, -
ZujCj,mUj—l[Sla"' 755] = Ur [Sla827"' 7S€7m]a
j=1
where
Ufe[sla"' 755] = Ur[ovsla"' 755] +UT[51707... 7S£] +"'+Ur[817'“

We also have

ArltgtAr = U,[0],
VGRS
At ) A = U[0]+20,00,0],

3
A (t;) A, = U0+ 6T,[0,0] + 617,]0,0,0],
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(4.5.23)
(4.5.24)

(4.5.25)

(4.5.26)

(4.5.27)

(4.5.28)

(4.5.29)



After solving the recurrence relations, the first few terms of G~ (¢) can be written as

SOt = 1, (4.5.30)
sVt = U1, (4.5.31)
sUA(t) = U2)+U.1,1] — €U, [0,1], (4.5.32)

() = U3+ U 2,1] 4 U[1,2] — e (U.[1,1] + 2U,[0,2]) + €2U,.[0, 1]

+U,[1,1,1] — e (2U,]0, 1, 1] + U,[1,0, 1]) + 2*U,[0, 0, 1], (4.5.33)
SN = U4+ U1,3] 4 U[2,2] + U, [3,1]

—e (U,[2,1] + 2U,[1,2] + 3U,[0,3]) + & (U,[1,1] + U,[0,2]) — €*U,.[0, 1]

+U,[2,1,1] + U,[1,2,1] + U,[1,1,2]

—e (3U,[1,1,1] 4 3U,[0,2,1] + 3U,[0, 1, 2] + 2U,[1,0,2] + U,[2,0,1])

+e? (6U,[0,1,1] + 3U,[1,0, 1] + 6U,[0,0, 2]) — 6£U,[0,0, 1]

+U,[1,1,1,1] — £ (3U,[0,1,1,1] + 2U,[1,0,1,1] 4+ U,[1,1,0,1])

+e2(6U,[0,0,1,1] + 3U,[0,1,0,1] + 2U,[1,0,0, 1]) — 6*U.,.[0,0, 0, 1)(4.5.34)

In this chapter, we are interested in the special case N = 2, with Yo(z) = 2% —

(ap1 + ap2) x + ap1ap2. We can deduce from the non-perturbative Dyson-Schwinger equa-

tions (4.5.1)) that (Yo(z)G,(z;t)) is a polynomial in x for arbitrary ¢. In particular, we have

0 = (SU¥(1) — (a0 + ao2) (SU2(1)) + ao1a02(S5 V(1))
= (U,[3]) — (a0, + ao2) (U:[2]) + ao1a02(U:[1])
+(U,[2,1]) + (U,[1,2]) — 2¢(U,[0,2]) — (ap1 + a2 + €) (Ur[1,1]) + € (ap1 + a2 + €) (U0, 1])

H(U,[1,1,1]) — e(U,[1,0,1]) — 2¢(U,[0, 1, 1]) + 22(U,[0, 0, 1)), (4.5.35)
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and

0 = (S5V() = (a0 + aop) (5 (1)) + aoao2(S 2 (1))
= (Ur[4]) — (a0 + ao2) (Ur[3]) + ao,1a0,2(Ur[2])

+(U:[1,3]) + (U:[3,1]) — 3e(Ur[0,3]) + (Ur[2,2])
— (aps + aps +¢€) (Ur[2,1]) — (a1 + a0z + 2¢) (U [1,2]) + € (e + 2a01 + 2a0,2) (U, [0,2])
+ (ap1 +¢) (age +¢€) (Ur[1,1]) — e (ap1 + ¢€) (ap2 + €) (U,[0, 1])
+(U,[2,1,1]) + (U, [1,2,1]) + (U,[1,1,2])
—e(U,[2,0,1]) — 2¢(U,[1,0,2]) — 3¢(U,[0,2,1]) — 3¢(U,[0,1,2]) + 6£*(U,.[0,0,2])
— (ap1 + ap2 + 3¢) (U:[1,1,1]) + € (ag1 + a2 + 3¢) (U,[1,0,1])
+2¢ (a1 + ago + 3¢) (U,[0,1,1]) — 2% (ag1 + ag2 + 3¢) (U,[0,0,1])
+(U,[1,1,1,1]) — e (3(U,[0,1,1,1]) + 2(U,[1,0,1,1]) + (U.[1,1,0,1]))

+e% (6(U,[0,0,1,1]) + 3(U,[0,1,0,1]) + 2(U,[1,0,0,1])) — 6*(U,[0,0,0,1]).  (4.5.36)

By taking the residue of (4.5.35)) at t = —z; !, we have

i—1 ' . |
0 = o)t |~to1—aoz+ Z S (‘Agl) o 25) + Z & A§-1) (Gio) + a0,1a0,2«4@(1)
j=0%3 T j=it1 Fi T Fi
i—1 '
* Z o Z_J o [A§1)<Cj72> — (ap1 + ap2 +¢) (A§-1) _ 5) Az(l)}
7=0"~J 7
T .
+]_§1 rjzl (A = 2¢) (¢2) = (a0 + anz + &) (A — ) AP
Ziy Rig L W 1)
+0§i§2<i (zil - Zz) (21'2 - Zl) (Azl 26) (Alz 5) Al
-1 r
Ziy Zig n o 0
+iIZ::0 i2=2i;rl (Zil - zi) (21'2 — Zi) <AZI 26) (AZ 8) Azg
+ > Zi iy (A —22) (Al —e) AL, (4537

i<iy<ig<r (2, — 2i) (21, — 21)

1)



In particular, when 7 = 0, we have

0 = (Co3) — <a0 1+ g2 + Z Am) (Co2) + ao1ag2AY”

ZO_Zz

-2 [(A(l) - 25) (Gi2) — (ag1 + ap2 +¢) (Agl) — g) Agl)]

N Z Ziy Zig (A(l) ) (Az('ll) _ 5) AW (4.5.38)

1<y <ia<r (20 — 24,) (20 — 2iy) "

We also need the equation obtained by taking residue of (4.5.36) at ¢t = —z5 ",

0 = (Coa)— <Clo 1+ Qo2 + Z Af-”) (Co,3) + @o,100,2(Co,2)

20 — %

- Z ( B 35) (Gi3) + (Co2Gi2) — (@01 + aoz +€) A§1)<CO72>

Zo — Z;
+ (E (6 + 2@071 + 2&072) — (CL071 + Qg2 + 26) A(()l)) <Ci,2> + ((10,1 + E) (ao,z + 5) (.Aél) — E) Agl)]

Zi1 Rig

1<iy1<ig<r ("7’0 - Zi1) (ZO - ZiQ)

+ (A = 2) AL (Go2) + (A - 32) AL (G )

(AP~ 82) (AD = 22) (o) — (as + a0+ 32) (AP —22) (A0 <) Agy]

~ oy Ziy Zia Zig (A = 3) (AL —20) (AP — <) AL (4.5.30)

1<y <ig<ig<r (20 = 2iy) (20 — 2iy) (20 — 2i5)

4.5.3 Derivation of the differential equations

Now we are ready to derive the differential equations satisfied by the instanton partition
function using the non-perturbative Dyson-Schwinger equations. The key point is that (.,

take special values at a degenerate point in the parameter space.

4.5.3.1 Second order differential equation

In order to derive a second order differential equation, we should tune the parameters in the
following way,

(g1 = a1y + €1, Qo2 = 1. (4.5.40)
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The configuration of the gauge fields are constrained so that the Young diagram Y (') has

only one row and Y12 = (),

YW = ( (1,1) [ (1,2) | ... (1,/@,@). (4.5.41)

Hence, the Young diagram Y1) is completely determined by the instanton charge k;, and

_ Yi(x + e)[ki]
Z(z)k] = —————
0( )[ 1] Ho(m)
- (l’+€—aojl)($+€—a0’2>x—a0,1+2€1—Sg(kl—1)
(x —ap1) (x — ap2) x—apy+e1—e2(k—1)
o n k
= 1+Y ol 1], (4.5.42)
n=1 "
Which gives
Coalki] = 3e1+ 2,
C072[]€1] = (261 -+ 82) CL071 + 8&072 + ¢ (281 + 62) -+ 81€2k1,
Coalkt] = (261 +e2)ad, +e (21 +e2)aos +eag, + e (261 +€2) ape
+2€1€26L0,1k‘1 + 818%]{7%. (4543)

Hence, from (4.5.38]), we have

0 = E1€2 (ao’l — a072) <k‘1> —+ €1€§<I{I%>

I 2
- Z €1 |:_a0,2A§1) + 52A51)<k1> + AEQ) —e162(k; — ki—i—l)}

i—1 70 — %
21'121'2

1<iy <ig<r (20 — 2i,) (20 — 2iy)

+ er (A —2) AY. (4.5.44)

12
Using

Zinstanton <]€1> — _vozinstanton, Zinstanton <kz o ki+1> — Vizinstanton, (4545)
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we obtain a differential equation on the instanton partition function,

0 = {ngg — &9 <a071 — Qo2 — Z < ./451)) Vo

i=1 70 — Fi

+ Z & [%,2«42(-1) — ./41(2) + €1€2V1}

i—1 f0 — %
iy Zi (1) (1) instanton
+ : A —e) A b 2 : (4.5.46)
1<i1§<:i2<r (20 — 2iy) (20 — 2iy) ( ! ) : }

This is the equation that was derived in [32] to confirm the BPS/CFT correspondence for

this particular case.

4.5.3.2 Third order differential equation

The derivation can be extended to the next-to-simplest case, as we now explain. To obtain

a third order differential equation, we tune the parameters

ap1 = a1 + 21, Qo2 = G12. (4.5.47)

In this case, the configurations of the gauge field are required to satisfy that the Young

diagram Y'Y has at most two rows and Y1) = (),

(L[ (1,2)| ... [(Ly)] ... [(1,y)
Yy — 0

(2,1)1(2,2)| ... [(2,99)

, (4.5.48)
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where we denote the number of boxes in the first and the second row of the Young diagram

YD as y; and y,, respectively. The instanton charge k; = y; + y». Then, we have

Yi(x + ¢)[Y]
Jo(z)
(x+e—ap1)(x+e—aps)
(I - ao,l) (90 - ao,2)
X$+€—a0,1+2€1 — & X+ —ap1+E1—
TH+eE—ap1+E1— WY1 TH+E—ag1 — EYo

=(@)[Y] =

(0.] n Y
= 1+ SonlY] (4.5.49)
n=1 x"
We have
Coq1 = 4e1+2ey,
CU,Q = (351 + 62) Qo1 + €04p2 +e (381 + 82) + 6182]61, (4550)
while (p 4 are related to (p 3 as
3 1 31.3 1 2 2
C0,4 = <3CL071 — 251 — €9 + 2€2k1> C0,3 - 56162/{?1 — 58162 (6@071 — 51) kl
3 1 3 1
—E9 (2 (561 + 52) aal + 5 (61 + 362) (351 + 52) Qo1 + 55&872 + 55 (781 + 382) CL072> kl

—2(3e1 + €9) aal — &9 (3e1 + €9) a(2),1 +e(2e1 +e2) (31 +€2) apy — 35&0,10%72

—2¢ (3e1 + €2) ap 1002 + eaaQ + e (be1 + 2e9) apa + £ (261 + £2) (31 + €2) ap2(4.5.51)
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Using [4.5.38] (4.5.51) and (4.5.37)), we can get rid of all terms with ((y3), (Co4) and ((;3) in

(4.5.39), and we obtain a differential equation on the instanton partition funtion

g3 g2
0 = §FVo+- 3ao1+3a02+€1+3z — AE” Ve
2 2 <o — 2
+eo | (ap1 — ao2) (@p1 — aps —€1)
€
— Z ( ) — 2e189V; + Agl) (2&071 — 4a072 + 2>>
ZO - Zz 2
+ Z A (A0 -2 - 2)
1> T
+2 S (240 — ) AL | V4
1<y <ig<r (20 — 2iy) (20 — 2iy) " "
T 2
- < - (2a01 — 2a92 + €2) (ao,zAl(l) — AZ@) + slsgvi)
0~ <1
r 22

+Z 722 (2,;451) — 281 — 62) <a072¢4§1) - ./452) + 5152vi>

=1 (20 — 2)

Fir i 1) (1)
+2 2 A( — & Az <—CLO’1 + g2 — 8)
19‘;29 (20 — 2iy) (20 — 2iy) [ ) 2

(
—|—A§11) (—Ag) + a072v4§21) + 5152Vz‘)
)

A(l)( .A —i—aozA +€1€2Vz‘]

“a % 1) (3 40 ) M 4O
+2 1702 %ig A§ 3A. —e) A —2eA; ) A;
1<isSiacis<r (0 = Zin) (20 = 2iy) (20 — 2i5) ( ! ( 2 ) 3 2 s )
22z ,
+ Z 2 AE 2,/4 — 281 — 62 A’E
1<ii<in<r (20 = Zi1)2 (20 — 2iy) ( ! ) < ) 2

2 i
D (A A (A 2 - ) 2t

1<iizia<r (20 = 2iy) (20 — 2i,)

4.5.4 Identification with the BPZ equations

The final step is to identify the differential equations we derived in the gauge theory side

with the BPZ equations by solving the undetermined parameters L; and 7;j;. We find that
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there exists the following solution

48182

L — —A — (ai,l - ai,2)2 (Gz‘+1,1 - az’+1,2)2 i—=1 r—1

‘ ‘ 46182 46182 ’ ’ ’

2 o 2
Lr _ _Ar _Ar-‘,-l + € (aT‘,l ar,Q)
46152
(A —22) AP

T, = . (4.5.53)

With this identification of parameters, we observe the precise agreement between (|4.2.26)),

(4.2.27)) and (4.5.46)), (4.5.52)). It is easy to check that (4.2.24]) is also satisfied. Notice that

the prefactor can also be written as

T N Tij A A e r—1 e Ar—A
L; Zj TR0 T g e AY dejey T oL

) 1 (-2)" = (4 1)

i=0 0<i<j<r <i i=1

2
(ﬂi,ram

x[Ta I1 ( —Z’) T (45.54)
i=1

0<i<j<r

which give the expected tree-level partition function and the U(1) part of the partition func-

tion (see the Appendix[C|for details). Therefore, we confirm the BPS/CFT correspondence.

4.6 Discussion

In this chapter, we perform the derivation of the differential equation on the instanton parti-
tion function at a special point in the parameter space using the method of non-perturbative
Dyson-Schwinger equations, and identify the differential equations with the BPZ equations
in the Liouville field theory. Therefore, we confirm the main assertion of the BPS/CFT
correspondence.

There are several obvious generalizations of the contents of this chapter. First of all, it is

natural to consider the general degenerate fields with conformal dimension A, ), and derive
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the differential equation of order mn on the instanton partition function. The computation
will be unavoidably lengthy, but the basic idea is the same. To simplify the derivation,
it is sometimes useful to consider the non-perturbative Dyson-Schwinger equations of both
fundamental and non-fundamental gg-characters.

We can also generalize the discussion to the U(N) superconformal linear quiver gauge
theories. However, from the knowledge of corresponding Toda field theory, we do not expect
to obtain a differential equation on the instanton partition function. Instead, the equations
derived from the non-perturbative Dyson-Schwinger equations will generally relate the in-
stanton partition function with expectation values of certain BPS observables. Only if we
take the Nekrasov-Shatashvili limit can we get an differential equation on the instanton
partition function. The non-conformal A,-quiver SU(3) gauge theory and the degenerate
irregular conformal block in the A; Toda field theory were studied in [2] along this direction.
The detailed discussion on general quiver will appear in a separate work.

In spite of the successful application of the non-perturbative Dyson-Schwinger equations
to derive the BPZ equations, there are still some open problems. From the point of view of
conformal field theory, it is equally good to choose any one of the fields to be degenerate, and
we have the BPZ equation for every choice. In the corresponding four-dimensional theory,

we need to tune the parameters in the following way for arbitrary ¢ =0,--- | r,

aip11+ (m—1)er + (n —1)gg, a=1,
Qi = (4.6.1)

Ait1,05 a# 1.

However, we do not get the expected constraints of the from (4.6.1). For example, the
constraint is Y1) ¢ Y@ rather than Y0+ = Y@ for o # 1. This problem is
associated with the annoying U(1) factor in the AGT dictionary. We may have to figure
out how to factor out the U(1) factor at the level of the measure Z™stnon (g Y : ey, &5). A

progress in this direction will also lead us immediately to a derivation of the BPZ equation
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for the conformal field theory on a torus.
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Chapter 5

Opers, surface defects, and

Yang-Yang functional

5.1 Introduction

The dynamics of supersymmetric gauge theories is a rewarding research subject. The exact
low-energy description of the four-dimensional gauge theories with N = 2 supersymmetry
was proposed in [24] 25] for the SU(2) theories with various matter multiplets. The proposal
has been generalized in the subsequent works, allowing for different gauge groups and matter
representations. In many cases the Coulomb branch of the moduli space of vacua is a family of
algebraic curves (called the Seiberg-Witten curves) equipped with meromorphic differential.
The periods of the differential compute the central charges of the supersymmetry algebra
determining the masses of the BPS particles at this vacuum. The microscopic study of these
theories using direct quantum field theory methods and supersymmetric localization was
initiated in [6], leading to the exact computation of the partition functions of a deformed
version of the theory, the realization they coincide with the partition functions of some two
dimensional chiral theory, and connecting that theory to the M- and string theory fivebranes

[6], 180, 19}, 133, 63)].
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The method of [6] reduces the computation of the path integral to a problem of counting
fixed points under the action of the global symmetry group on a finite dimensional BPS
field configurations. More specifically, the partition function can be written as a product of

analytic functions,

Z(a,m, g, q) = 29554l (a ¢ q) 2°P(a, m, ) 2™ (a, m, €, q). (5.1.1)

Here q schematically denotes the gauge couplings of the theory, while a, m, and € = (g1, €3)
denote the equivariant parameters for the group of global gauge symmetry, the group of
flavor symmetry, and the group of Lorentz symmetry, respectively. €, are also called 2-
deformation parameters (See appendix for a more detailed review of the N = 2 partition
functions). The effective prepotential is then obtained by taking the limit (while keeping
a, m, q generic)

Fla,m,q) = lim ee0logZ(a,m,e,q), (5.1.2)

€1,e2—0

which provides the direct microscopic derivation of the results in [24) 25] (either using the
limit shape approach [7], or the blowup equations [81]).

Meanwhile, it was observed in [26], 27], 36] that the Coulomb branch of vacua of a N = 2
theory canonically has a structure of a base B of an algebraic integrable system. The full
structure is revealed when the theory is compactified [82] on a circle S} [35]. The moduli
space of the effective N = 4,d = 3 theory is a hyper-Kahler manifold which metrically
collapses to the Coulomb moduli space B of the four-dimensional theory in the limit R — oo
[82]. In this limit, one of the complex structures, say, I is singled out, with respect to
which we have a holomorphic symplectic form €2;. For finite R, the moduli space is a {2;-
Lagrangian fibration over B by abelian varieties. More specifically, the Coulomb branch B
is parametrized by the expectation values u, = (Oy) of chiral observables (these are local

operators anticommuting with the four nilpotent supercharges of one Lorentz chirality).

85



These observables carry over to the theory with finite R. We define the Hamiltonians to

be the I-holomorphic functions on the moduli space of the compactified theory by
and it is not difficult to show that these functions Poisson-commute with respect to the Q.

5.1.1 Quantization via gauge theory:

Effective twisted superpotential as Yang-Yang functional

The remarkable correspondence between the gauge theory and integrable system was pro-
moted to the quantum level in [28], by placing the gauge theory into the realm of Bethe/gauge
correspondence [29, [30]. We consider the theory in the Q-background affecting two out of
four dimensions of spacetime. Equivalently, we take the Nekrasov-Shatashvili limit (1 =
h # 0,29 — 0) of the general Q2-background, so that the theory retains the two-dimensional
N = (2,2) supersymmetry. The effective action includes the twisted F-term given by the

effective twisted superpotential,

W(a,m,h,q) = liLnO eolog Z(a,m, 1 = h, ey, ). (5.1.4)
€2

Typically, the theories with four supercharges have isolated vacua. In this way the Q-
deformation of the four dimensional theory lifts the continuous moduli of vacua. The discrete

set of vacua is in one-to-one correspondence with the solutions to the following equation,

OW(a,m, h, q)
dag

exp =1, a=1,---,dim3B (5.1.5)

In the context of Bethe/gauge correspondence, this equation is identified with the Bethe
equation which determines the set of joint eigenvalues of the mutually commuting Hamilto-

nians. The Coulomb moduli a in (5.1.5) map to the quasi-momenta, or Bethe roots, of the
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integrable system. The spectrum of the Hamiltonians for a given solution a, of (5.1.5) is
computed as

ug(a,, m, h, q) = (Op)515me2=0ma (5.1.6)

a=—ax

The (2-deformation parameter A plays the role of the Planck constant of the quantum inte-
grable system. The potential W of the Eqgs. determining the Bethe roots is identified
with the Yang-Yang functional [83] in the context of the integrable system. The effective
twisted superpotential, or the Yang-Yang functional, can be written in the following form

according to the decomposition of (5.1.1)),

W(av m, h? q) = Wdassical(a’ m, h) lOg q-+ Wl—loop(a’ m, h) + Winst(a’ m, ha q) (517)

The 1-loop part depends on the regularization scheme but is independent of the gauge
coupling ¢, while the instanton part is expanded as a series in q. The series can be exactly
computed by taking the Nekrasov-Shatashvili limit of the Young diagram expansion of the
instanton partition function. See appendix for more background on the localization

computation of the effective twisted superpotential.

5.1.2 Hitchin systems, flat connections, and opers

In this chapter, we study a specific subclass of the four-dimensional N = 2 theories, which is
called the class 8 theories [33]. The class 8 theory Tg, C] (g = ADE) is the four-dimensional
N = 2 superconformal theory engineered by compactifying the 6-dimensional N = (0,2)
superconformal theory of type g on the Riemann surface C, with a partial topological twist.
As we discussed earlier, the further compactification of T[g, €] on a circle S? yields a three-
dimensional N = 4 gauge theory whose Coulomb moduli space is the phase space of the
Seiberg-Witten integrable system. By changing the order of compactification on € x S*[84],

it can be verified that the moduli space is equivalent to the moduli space My(G, C) of the
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Hitchin pairs (P, ¢), that is, the locus of the Hitchin equations on € [34],

FA + [907 @] =0
(5.1.8)

5,4(,0 =0, dap=0.

modulo the G-gauge transformations. Here, G is the simple Lie group corresponding to g, A
is a G-connection on the principal G-bundle P — €, and ¢ € I'(C, Ke®adp) is the ge-valued
(1,0)-form called the Higgs field. Note that € may have punctures, and the Higgs field is
prescribed to have specific singular behaviors at those punctures. Therefore, the Seiberg-
Witten integrable system for the class 8 theory T|g, €| is the Hitchin integrable system with
the phase space My (G, C).

As discussed in [85], we can view the Hitchin moduli space My as a hyper-Kéhler quotient
of the affine space W of all the field configurations of (A, ¢). W is hyper-Kéhler with a

natural P!-family of complex structures,
IT=al+bJ+cK, I?°=-1, for &>+ +c* =1, (5.1.9)

where we may choose the convention that I, J, and K are the complex structures with the
holomorphic coordinates (Az, .), (A, = A, +ip,, A; = A; +ip;), and (A, + ¢., As — p3),
respectively. The corresponding Kahler forms are
1
wr = ——/Tr (6ANGA— 5 Adp),
41 Je
1
wy = 2—/ (22| Tr (805 A 6A, + 80, A OAL), (5.1.10)
mJe
1
Wi = —/Tr (0ANOp).
21 Je

Then the Hitchin equations ([5.1.8)) are just the moment map equations for these Kéhler

forms. Therefore My (G, C) is also hyper-Kéhler with the same complex structures and

88



Kahler forms. We also define €2; = w; + iwy, and its cyclic permutations,

Q= 1/ |d?z| Tr (6. ASA3),
T Je
0, — _L/Tr (SANGA), (5.1.11)
41 Je

Oy = —21/ 1d22] Tr(8As A SA. — 8ps A b — 8ps ASA, — 6 NSA),
mwJe

each of which is a holomorphic symplectic (2,0)-form with respect to the complex structure
I, J, and K, respectively.

The complete integrability of My (G, €) is manifest when we work in the complex struc-
ture 1. We restrict our attention to the case g = Ay_; from now on. Let us define the

Hitchin fibration by the map,

N
T MH(AN,1,€> — B = @HO(Ga Kg)a
har (5.1.12)

(P,p) — <Tr<pk)kN:2.

It is possible to show that under the partial topological twist, the vacuum expectation
values of the chiral observables of U(1) R-charge k exactly span H°(C, K%). Therefore, we
observe that the base B of the Hitchin fibration is precisely the Coulomb moduli space of
T[An-1,C]. It is clear from the expression for §2; in that all the base elements
are mutually Poisson-commuting under £2;. A dimension counting also shows that dim B =
s dim My (Ayn_1,€). Finally, the preimage of u = (ur(2))n_, € B can be shown to be an

abelian variety, the Jacobian Jac(X,) of the spectral curve

N
Y, ={zeTC|zV + w(z)2z"* =0} cT*C, (5.1.13)
k=2

establishing the algebraic integrable structure of My(Ax_1,C). The spectral curve X, is
identified with the Seiberg-Witten curve of the theory T[Ay_1, C].

On the other hand, we can alternatively view My (Ay_1, C) through the complex struc-
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ture J. Up to some stability issue that we do not discuss here, the hyper-Kahler quotient

can be equivalently performed by imposing only the moment map equation for €2,

F=dA+ANA=0, (5.1.14)

and moding out the G¢(= SL(N))-gauge transformations. Thus, the Hitchin moduli space
Mpu(An_1, C) is identified with the moduli space of flat S L(N)-connections on €, Mg, (SL(N), C).
It is convenient to use the holonomy map to express Mg, (SL(N), €) as the character variety,

i.e., the representations of the fundamental group of C,

Maac(SL(N), €) = {p € Hom(m (€), SL(N)) | [p(:)] fixed} /SL(N), (5.1.15)

where {i} enumerates all the punctures in C, ; is the loop encircling the i-th puncture only,
and the bracket [- - -] denotes the conjugacy class. The Poisson structure induced by €2, on
Mpat(SL(N), €) can be explicitly written as the skein-relations on the Wilson loops [86), [87].

To see the quantization at work, the class 8§ theory T[Ayn_1,C] is subject to the -
deformation in the Nekrasov-Shatashvili limit. This is most effectively implemented by
deforming the underlying geometry into the product of a cylinder and a cigar-like geometry,

X% =R x S* x D? [31]. The following metric on D? is taken,

ds* = dr* + f(r)d0*, rel=1[0,00], 6€]0,2n),
with f(r) ~ r? for r ~ 0, (5.1.16)

f(r) ~ const for sufficiently large r

Note that this metric asymptotes to X4 ~ Rx S!xIx S!. One recalls that the Q-deformation
with respect to the isometries of the two-torus can be undone by a redefinition of the fields
of the theory [31]. In the limit where both circles S* and ST are small we can approximate

the theory by its reduction. The dependence of the theory on the radii of the circles S' and
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S1is (Q-exact, where () is the supercharge preserved by the (2-deformation. The dimensional
reduction along the two-torus S* x S results in a two-dimensional N = (4,4) sigma model,
with the worldsheet R x I and the target space My(An_1,C). The quantization of the
Hitchin integrable system arises by correctly specifying the boundary conditions at 0,00 € 1
[31]. The boundary condition at co € I determines the space of states in the integrable
system, implemented by a wg-Lagrangian brane. It is also argued in [31] that the effect of
the 2-deformation is correctly accounted by the boundary condition at 0 € I corresponding
to the canonical coisotropic brane of My(Ay_1,C) [88]. Surprisingly, this brane could be
T-dualized along the fibers of the Hitchin fibration to produce a brane supported on a
distinguished J;-holomorphic €, -Lagrangian submanifold of My(Ax_1,C): conjecturally,
the variety of opers [89]. Here, J;, differs from I, —1I, and is determined by the {2-deformation
parameter A. In the absence of punctures on € all complex structures different from I, —1I are
diffeomorphic. When punctures are present the diffeomorphism rotating Jj, to J changes the
masses of the matter hypermultiplets, and, accordingly, the eigenvalues of the monodromy
around the punctures. With this subtlety understood, we shall skip the subscript & in the
notation for the complex structure J in what follows.

The variety Ox[C] = {D} of opers can be represented as a set of N-th order meromorphic

differential operators

—1 N+1

D=0 +t,(2)0N 24+ +in(2): Ko 2 — Ko? @O(N-D), (5.1.17)

where D is the divisor of punctures. Here we view D as an element of Mg (SL(N), C) by

associating it to the representation

ps - m(€) — SL(N)
(5.1.18)
v — M,(D),

where Mv(@) is the SL(N)-valued monodromy of the solutions of ® along the loop 7. More
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specifically, the conjugacy class of the monodromy around each puncture is fixed, so that
On(C] = { D ‘ [M,,(D)] ﬁxed} : (5.1.19)

leaving only dim Oy [C] = dim B degrees of freedom for the meromorphic functions (t/zg(z))kN:2
which is equal to the half of the dimension of the full moduli space Mg, (SL(N), C). In fact,
as an oper can be regarded as a quantization of the Seiberg-Witten curve (5.1.13)),
the variety of opers Oy|[€] provides a quantization of the Coulomb moduli space B, and the
holomorphic functions on Oy[C] precisely correspond to the off-shell spectra of the mutually
commuting quantum Hitchin Hamiltonians [90].

The wg-Lagrangian brane at infinity co € I is T-dualized to another wg-Lagrangian
brane L. The ground states of open strings with two ends on Ox|[C] and L, respectively,

define the space of morphisms in Fukaya category
H = Hom(Oy|[C], L). (5.1.20)

The space of morphisms between two Lagrangian branes in Fukaya category is the symplec-
tic Floer homology HFY,,,,(Ox[C], L), which can be obtained as a cohomology of a com-
plex spanned by the intersection points with the differential obtained by studying pseudo-
holomorphic disks with boundaries on Oy[C] and L. For hyper-Kéhler manifolds, such as
the Hitchin space in our case, there is no contribution coming from the disks of non-zero
relative degree, thus the space of states are determined by the classical intersection points.ﬂ
In other words, the problem of quantization reduces to enumeration of the intersection of
the variety of opers and a wg-Lagrangian brane. The isolated intersection point defines a
common eigenstate of the quantum Hamiltonians. The spectra of quantum Hamiltonians

are the holomorphic functions on the variety of opers restricted to this locus.

!There is a subtlety when the Lagrangians are not transversal. It appears the lift of degeneracy of the
ground states [2 7] in quantum mechanics corresponds to such singularities.
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5.1.3 Nekrasov-Rosly-Shatashvili conjecture

Since the variety of opers Oy[C] is a complex Lagrangian submanifold of Mg.(SL(N), C),

there exists the generating function S [Oy[C]] for On|[C],

_ a5 [0x[e)

(90@ ’

B i=1, ,;dimMﬁat(SL(N), e), (5.1.21)

for any Darboux coordinate system {cv,8;} = d;; on Mg (SL(N),€). In [9T], it was
suggested that there exists a specific Darboux coordinate system (which we refer to as
the NRS coordinate system), in which the generating function for the variety of opers is
identified with the effective twisted superpotential, up to a contribution from the boundary

at the infinity which is independent of the gauge coupling, namely,

S[Ox[€e]] = 51 (WIT A1, €] - Wao) (5.1.22)

In the N = 2 case, the NRS coordinate system on the moduli space of SL(2,C)-flat connec-
tions essentially restricts to the coordinate systems proposed in [92} 93], 94] for the SU(2) flat
connections, Teichmiiller space (which is a component of the moduli space of SL(2,R)-flat
connections) and the SO(1, 2)-flat connections, respectively. The intuition behind the above
equivalence is that as we vary the complex structure of €, the corresponding variation of
0,[C] is represented by a closed holomorphic one-form on O,[C], which is a derivative of a
holomorphic function since O[€] is simply-connected. As we noted earlier, the holomorphic
functions on O,[C] are the spectra of the quantum Hamiltonians, which are, in the spirit of

the Bethe/gauge correspondence,

OW [T A, €]
dq '

u=q (5.1.23)

Since the complex structure of € is controlled by the gauge coupling g, this motivated [91]

to identify the generating function for the variety of opers with the effective twisted super-
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potential, and thereby with the Yang-Yang functional. As a result, the classical symplectic
geometry (which operates with symplectic manifolds and thier Lagrangian subvarieties),
the N = 2 gauge theory, and quantum integrable system (which belongs to the domain of
noncommutative algebras, their commutative subalgebras, and representation theory) are
nicely interconnected through the equality . Note that this is a finite-dimensional
version of the quantum/classical duality studied at some examples in [95], which connects
the integrable quantum field theories to the classical nonlinear differential equations.

There were many questions that remain unanswered. Some of them are:

1. Can one precisely describe the variety of opers Oy[C] as of a deformation of the
Coulomb moduli space B (of course, the first order deformation is simply the WKB
approximation)? In particular, how the meromorphic coefficients (sz(z))ff\]:2 in ((5.1.17))

are related to the expectation values (1¢L;€)k]\]:2 of the chiral observables in (5.1.6))?

2. How is the NRS coordinate system generalized to the higher rank case, at least for

g= AN717E|

3. How should the equality (5.1.22)) be understood? Specifically, the left hand side is
written in the NRS coordinates, while the right hand side is written in the gauge

theoretic terms. How do we match these parameters?]

4. Most importantly, derive the equality (5.1.22)) from the first principles of the gauge

theory (to all orders in the gauge coupling q)?

We address these questions below:

5.1.4 Outline

The key players of the work are the half-BPS codimension two (surface) defects in the four-

dimensional N = 2 gauge theories. The surface defects can be constructed in several ways

2In the genus one case it was done in [96], [97].
3Some of these questions are addressed in [98] from a geometric point of view.
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[19, 18, 60]. The exact computation of their partition functions became accessible in part
by [99, 100, 20], and in a more general setting in [15, 2I]. In particular, the explicit forms
of the surface defects as the observables in the underlying gauge theory were written down
in [21].

Meanwhile, the analysis of the analytic properties of the N = 2 partition functions be-
came available since [I0]. The gg-characters were introduced as gauge theory observables,
which can be constructed out of the spiked instanton configurations [14, (15, [16]. The crucial
property of these observables is the regularity of their expectation values [10], which follows
from the compactness theorem [I4]. From the regularity of gg-characters follows the van-
ishing theorem for the non-regular parts of the expectation values, thereby constraining the
partition functions. We call these vanishing equations the non-perturbative Dyson-Schwinger
equations [10].

In section [5.2] we recall two independent constructions of surface defects: the quiver and
the orbifold. In section [5.3] we describe the fundamental gg-character for the surface defects,
and derive the non-perturbative Dyson-Schiwnger equations for their partition functions.
We show that the final equations satisfied by the surface defect partition functions can be
regarded as a quantized version of the opers, in the sense that they reduce to the differential
equations for the opers in the Nekrasov-Shatashvili limit e5 — 0. The relations of the
expectation values of the chiral observables to the holomorphic coordinates on the variety of
opers are naturally revealed through this procedure, clarifying in what sense the variety of
opers is a quantization of the Coulomb moduli space.

Being solutions to the non-perturbative Dyson-Schwinger equations, in the Nekrasov-
Shatashvili limit the asymptotics x of the appropriately normalized surface defect partition
function becomes the oper solution D x = 0. Consequently, the monodromy of the solutions of
the oper can be obtained by first computing the monodromy of the surface defect partition
functions and then taking the Nekrasov-Shatashvili limit. However, each surface defect

partition function has its own convergence domain, and to compute the monodromy we need
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the connection matriz which links the surface defect partition functions lying on different
domains. This is the subject of the section [5.4] Namely, we present how the surface defect
partition function is analytically continued to another convergence domain, and how they
can be glued together. In fact, the analytically continued quiver surface defect partition
function is shown to be identical to a specific orbifold surface defect partition function,
suggesting the equivalence of the two distinct types of surface defects. It may be regarded
as an independent nontrivial result in itself, realizing the duality between the surface defects
[48] at the level of the partition functions.

In relating the gauge effective theory twisted superpotential to the generating function
of the variety of opers, we need to specify the Darboux coordinate system on the moduli
space of flat connections relevant to the correspondence. More precisely, we need at least
the coordinates on the patch of the moduli space, in which the theory has a weak coupling
description (the twisted superpotential is defined, of course, everywhere, however we can only
compute it directly in quantum field theory in that region). It may appear that the coupling
constant of the theory, being the complex moduli of the underlying Riemann surface, has
nothing to do with the coordinate charts on the moduli space of flat connections in the
J-complex structure, as the latter depends only on the topology of €. The explanation is
the following. The continuous dependence on the couplings q is indeed absent. However,
the universality classes of the Lagrangians describing the theory depend on the type of
the degeneration of the Riemann surface C, the so-called pair-of-pants decomposition. The
latter is determined by the choice of a handlebody (together with an embedded graph) whose
boundary is € (with the punctures being the end-points of the graph edges).

With this understood, in section [5.5, we propose Darboux coordinates on a particular
patch of the moduli space of flat SL(N)-connections on the r + 3-punctured sphere. Our
coordinates agree (up to a simple shift) with the NRS coordinates [91] restricted to the
corresponding patch of the SL(2)-moduli space. We verify the canonical Poisson relations

for the proposed coordinate system by using the geometric representation of Poisson brackets
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between the Wilson loops in the classical Chern-Simons theory. We compute explicitly the
invariants of the holonomies of flat connections in our main r = 1 example/]

Finally, the monodromy data of opers is computed in section [5.6, More precisely, we
compute the analytic continuation of the surface defect partition functions, using the results
of section [5.4] Then we take the Nekrasov-Shatashvili limit of the resulting transfer matrices
to reduce them to the monodromies of the opers. Then we express those data in terms of
the generalized NRS coordinates proposed in the section [5.5] This procedure reveals that
the effective twisted superpotential is naturally identified with the generating function of
the variety of opers. The conclusions and discussions are presented in the section [5.7. The

appendices contain some computational details.

5.2 Surface defects

We start on the Hitchin system side. We will mainly consider the four-punctured Riemann
sphere € = P'\{0,q,1,00}. All the punctures are assumed to be regular. That is, we only
allow a simple pole for the Higgs field ¢ at each puncture. Moreover, we call a puncture
maximal when the residue of ¢ at the puncture belongs to a generic semisimple conjugacy
class of g = Ax_1, and minimal when the residue is in a maximally degenerate semisimple
conjugacy class (as in [107, 108]). We assume the punctures at 0 and oo are maximal (this
is the typical limit of a Hitchin system on a stably degenerate curve, see [109]), while the
punctures at q and 1 are minimal. In what follows in listing the punctures we underline
the minimal ones, as in {0,q,1,00}. We shall also denote by € the punctured Riemann
surface together with the assignment of the minimal and maximal punctures, e.g. C =

P'\{0,q,1, 00}. There is no distinction between the maximal and the minimal punctures in

4There are alternative approaches to the construction of Darboux coordinates from spectral networks
[101], motivated by the work of A. Voros [102] on the exact WKB approximation, and from symplectic
doubles [103], motivated by the work of W. Thurston on the measured laminations. The spectral networks
were used in [I0T], 104} 103}, O8] to generalize Fock-Goncharov [105], NRS [91], Goldman [86] and Fenchel-
Nielsen [93] coordinates. We stress that we only work on an open subset of the moduli space, so the subtleties
discussed in [105], 106, [T03], forcing one to work on certain covers of the moduli space, are not visible at the
level we are working.

97



the N = 2 case. For N > 2 the difference is significant. The corresponding class 8§ theory
T[An_1,€] is the superconformal N = 2 gauge theory with the gauge group SU(NN) and the
2N hypermultiplets, whose gauge coupling is q and the masses of the hypermultiplets are
determined by specific combinations of the eigenvalues of the residue of ¢ [33].

A half-BPS surface defect on T[Ayx_1,C] can be constructed in several ways. Here we
present two constructions relevant to our study, which were reviewed in 2.3 It is conve-
nient to treat the gauge group formally as U(N), by making an overall shift in the masses
of the hypermultiplets, as we do throughout the discussion. The SU(N) gauge theory pa-
rameters can be easily recovered by shifting back the Coulomb moduli and the masses of

hypermultiplets.

5.2.1 The quiver construction

The construction starts with the superconformal As-quiver U(N) gauge theory. As reviewed
in appendix[2.1]in detail, the equivariant localization reduces the instanton partition function

of the theory to that of a grand canonical ensemble on the 2/N-tuples of Young diagrams

A={\0%]i=12 a=1,---,N}. It can be conveniently written as
@)
Z 4, (a0; a1;a9; asler, ealqr, q2) = > [ q‘i)‘ | € [T a,[A]] (5.2.1)
A i=1,2

where the character T4, is
Ta, = Y, (K] + qiaNy Ky — PoKiK]) — MoK — qiaM5 Ko

=12 (5.2.2)
— N1 K5 — 1o Ny Ky + P K K3,
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and the e—operationﬂ, also known as the plethystic exponent, converts a character into the

product of weights,

—w(0
e(R) = Hoen-w(0) g e Lie(Ty), R= Y @ - Y v, (5.2.3)
I_IU)GRJr ’UJ(Q) wERT wER—
Let us choose € {1, -+, N}, and tune the Coulomb moduli of the first gauge node as

ayp = ao,p — €2

(5.2.4)

A1,0 = Qo for a #£ 3

We define the defect partition function as Z 4, with the constrained Coulomb parameters:
Zé =2, (ao; (10 = Qpq — €200 3; A2; A3 | €1,62 | 1 = P q) ) (5.2.5)
The constraints can be succintly expressed as the relation between the characters
My = Ny — Py, (5.2.6)

where we have defined j = e(%0.57¢2) Note that due to the constraints, almost all the Young
diagrams for the first gauge node have vanishing contributions to the partition function,

except the ones of the form

AL — @’...7@’@ k.o, ,o|, (5.2.7)
[]
which is empty A% = & except the single-columned A7),

We can view the constraint ([5.2.4)) as adding an extra equation in the ADHM construction

for the quiver instanton moduli space, as we now recall. First, the As-quiver U(N) theory

5Not to be confused with the 2-deformation parameters €1, 5.
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can be obtained by the Z,-orbifold procedure from the N = 2* U(4N) theory. The ADHM
data for the N = 2* U(4N) gauge theory is the following collection of linear maps between

complex vector spaces:

B17273,4 K — K
[:N K (5.2.8)

J:K — N,

where N = C* and K = CF**2, The reason for strange dimensions of these spaces will

become clear momentarily. The extended ADHM equations are written as [14]

[By, By] +1J + [Bs, By]' = 0

[B1, Bs] + [Bu, BQ]T =0

[By, By] + Bz, Bs]' =0 (5.2.9)
st =Byl 4+ (JBy) =0

s” =By — (JB3) =0.

We also impose the stability condition (cf. (2.1.25))

C[Bl7BQ,Bg,B4][(N) == K (5210)

Upon the Z4-orbifolding, the spaces N and K become Zj,-modules, and therefore can be

decomposed according to the Z4-representations

N=@ N.®R,, K= K,®R,. (5.2.11)

WEZy WEZy

The coupling constant is also fractionalized accordingly, q. for w € Zs. We manually set
qo = q3 = 0, then we are restricted to K, = K5 = 0 due to the measure factor q/%«!. Let

w

| K| = ki and | K3| = ko. Also, we impose the Z,-weights to the space N in such a way that
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N, = C¥ for each w € Z,. Let the maps

QNiN—>N, QKiK—>K, (5212)

be defined by the diagonal action of i to the elements in N, and K. Then we impose the
conditions for the ADHM data

Q;(l B2 Qg = By

Q' By Qr = iBs

O By Qx = —iB, (5.2.13)
Ol IOy =1
O T Qi = J,

which fractionalize these matrices as

B,1: K, — K,
B,s: K, — K,
Bw,S : Kw — Kerl
(5.2.14)
Bw,4 : Kw — Kw,1
l,: N, — K,

Jo: Ky — Ny,

Note that many of these maps are identically zero due to the restriction Ky = K3 = 0. Hence
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only the following equations survive among the ADHM equations (j5.2.9)),

[Bi1,Big]l + IiJi — BI,ngA =0
[Boj, Bap| + Iy — 35,431,3 =0

By 1By 3 — By 3By + 35,232,4 - BgABIQ =0

(5.2.15)
Bi11Byy — By 4By + BI,SB;,Q - BI,QBI,S =0
Si’— = 3173]1 + B;AJI =0
$3 = Bouly — B]3J3 = 0.
The stability condition also becomes
C[Bl,la B1,27 82,17 32,27 Bl,37 82,4][(N) = K (5216)

We find that the sum of the squares of the norms of the first two equations of ([5.2.15)) can

be simplified, using the other four equations, into a sum of squares,

0= [|[B1,1, Big) + L1 1| |* + ||[Bay1, Bog] + Loo||* + || Bush||? + || Boals||? (5.2.17)

+||B21B13 — B1,3B1,1||2 +||B11B24 — B2,4Bz,1|’2-

Applying the last two equations to the stability condition, we can commute B3 and By 4
through all the way to hit I;(IN7) or I(Ns), respectively. This vanishes as a result of the

third and the fourth equations. Hence, the stability condition is reduced to

C[Bi1, Bio) L(N;) = K;, i=1,2. (5.2.18)

This implies By 3 = Bsy4 = 0. The first and the second equations of (5.2.17) provide the

reduced ADHM equations

[Biy, Bio) + ;i =0, i=12, (5.2.19)

102



which are precisely the ADHM equations for the instanton moduli space of the As-quiver
U(N) theory.
In this construction of the A,-theory, the constraint ((5.2.4]) can be understood as adding

an equation “sg” : Ny — K;. Note that we neglected the equation

sq = Boaly + B 4J{ : Ny — K, (5.2.20)

since it is identically zero by Bys = Iy = B4 = Jo = 0 due to the restriction K, = 0.

However, we can avoid this restriction if we first set
No=N&L N =N&glL, (5.2.21)

where we have chosen an one-dimensional subspace L C Ny, which corresponds the choice

of S €{l,---, N} in the constraint (5.2.4). Then we may define a non-vanishing map
Sa_ = Il‘ﬁ D BLQIl‘L . NO — Kl- (5222)

Adding the equation s§ = 0 to the ADHM construction, we find that the space K is further

restricted by the stability condition ([5.2.18)),
Kl = C[Bl,h BLQ] ]1(N1) = C[Bl,l] Il(L) (5223)

In other words, the Young diagram that denotes the space K; only grows in one direction
from the chosen basis vector I;(L). This exactly manifests the single-columnedness expressed
in . The physics picture of what is happening is the following. The constraint
makes N hypermultiplets nearly massless (exactly massless in the absence of (2-deformation).
The theory can then go to the Higgs branch, where the gauge group is partially Higgsed to

a subgroup, by the expectation values of the hypermultiplet scalars. Now, the theory allows

103



Bi1, Bip By, Bopo

Figure 5.1: The ADHM data for the Ay-quiver gauge theory, with the extra map sg.

for the half-BPS field configurations where the gauge group is restored along a codimension
two defect, essentially a vortex string. Consequently, the gauge field configuration of the first
gauge node is squeezed into a two-dimensional plane (¢;-plane), effectively forming a vortex.
The resulting two-dimensional supersymmetric sigma model couples to the remaining four-
dimensional A;-theory, generating a surface defect in the four-dimensional point of view.
We can confirm that the 2d-4d coupled system arises at the level of the partition function.

First we have the simplified expression for

1—qf

Kl:'ul—ql.

(5.2.24)

Therefore, the character ((5.2.2)) can also be simplified into

Tao = (N2 + quN; Ky = Pl — NG — M5 o] + [Popgl K + ana (V] = 55)].
(5.2.25)

Accordingly, the partition function (5.2.1]) of the Aj-quiver gauge theory is reduced to the

expectation value of an observable in the A;-quiver gauge theory

(2)
25 =3 a5 THAD] € [TA,[A?)] = (ZF) 24, (5.2.26)
A2
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where we have defined the character for the A;-theory
(-TAl = NQK; + qlgN;Kg — PnggK; - NlK; — q12M3*K2, (5227)
which defines the instanton partition function of the A;-theory by

(2
Za, = ab e [Ta A, (5.2.28)
A

and the surface defect as an element of the chiral ring
TEA®] = 3 of € [ Papgf KT + 02K (N7 = S3)]
k=0

=D die [Z 0 (P2 + nga(NY — Sék))] (5.2.29)

Here, we have used the Y-observable for the second gauge node, and Py(z) =
I, (z — aga) by definition. Let us focus on the zero bulk instanton sector, |A?| = 0.
The contribution of this sector is the vortex partition function of a two-dimensional gauged
linear sigma model. This sigma model generates the surface defect, when coupled to the
four-dimensional bulk [19, O9]. The Y-observable in this sector simply reduces to a poly-
nomial Yo(z) — As(x) = [12_,(z — as,.). The partition function is exactly that
of the gauged linear sigma model on the Hom(O(—1), C)-bundle over P¥~! whose Kéhler
modulus is q; [2I]. For the non-trivial sectors of the four-dimension, the two-dimensional
sigma model couples to the four-dimensional gauge theory through the non-perturbative cor-
rections to the Y-observable. Thus, the full partition function represents the 2d-4d

coupled system in this manner.

It is instructive to cast the surface defect partition function ({5.2.29) into the form relevant
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to our study. Recall that the Y-observable (2.1.42)) can be written as a ratio

N
[oes A (T — cn)
i Al = + . 5.2.30
Yi(2)[A] alzll T r——— ( )

This suggests to represent the Y-observable as a ratio of two entire functions [10],

; ' , 5.2.31
W)= g (5231)
where we have defined the Q-observable
N B “U*:i,a _ _
()N =[] e = gli_a,l [ =o—= (5.2.32)
a=1 T (— sll’a) Oe(a) T — CO

Therefore, the surface defect ([5.2.29)) can be understood as an infinite sum of Q-observables,

N T (14 fezten) ) Qs (a0 s + ker) A®] (5.2.33)

TEA®) = 3 f
’ kz:% 1 agl T (k14222 | Qy(agp)[A?)]

We will observe that the Q-observable reduces to the so-called Baxter Q-function in the
Nekrasov-Shatashvili limit. It will be more apparent in section that this representation
is useful for our purpose.

Likewise, we can similarly impose the constraints for the Coulomb moduli in the second

gauge node,
Q23 = Q33 — € —E2
(5.2.34)
a2.q = A3, — € Of%ﬁa
for some chosen 5 € {1,--- , N}. Here, we are using the abbreviated notation ¢ = 1 + &5.
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The constraint can also be written as
iy M3 = Ny — Py, (5.2.35)

where now p = e®(@.57¢=¢2) For a reason that will be clarified in section [5.4.2 we make the

following re-definition for the parameters after imposing the constraints (5.2.35)),

ag,o — —Q0q — €
410 — —(10 a=1--- N (5.2.36)

aso —r —as3q + 2¢,

The corresponding partition function,

2 =2y (—00 = & —0105 —G3.0 + & = 200 —G30+ 28 | E1,52 |G =a,92 =9 ' 2),

(5.2.37)
can be likewise simplified to:
A(D
2= a0 ' ZEAO] e [Ta, AV]] (5.2.38)
A
where the character for the A;-theory is now
(-TAl = NlKik + qlngKl — PnglKik - M()K;( — qlgNQ*Kl, (5239)
and the surface defect is
1] — > k 1 a35+l51)
]_kz::Oq2l:]‘_[1P3 a35+2€+l8)
(5.2.40)

- i qt ﬂ o esent) Qi(—asp + ké‘l)’
= Q1(—asp)

i \eh T k+1+“3‘* “”)
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where we have used the Y-observable for the first gauge node and Ps(z) = [12_, (2 +aso — 2¢)
(Be cautious about the re-definition of the parameters). Also, the Y-observable has been
replaced by a ratio of Q-observables in the second line. Note that the bulk coupling is now
q1, while the Kahler modulus for the two-dimensional sigma model is q,. Thus it is natural
to expect that the qs of Zg would correspond to q; of Zg, when we try to connect these

partition functions. The issue will be clarified in section [5.4]

5.2.2 The orbifold construction

We construct a surface defect by placing the gauge theory on an orbifold. We first form an

orbifold C., x (C,,/Z,) by the following Z,-action on C,, x C.,

C:(z1,20) — (21,(202), (=exp <2;TZ> € Zy. (5.2.41)

Here, C,, denotes the complex plane with the equivariant paramter ¢; for the C*-action.
Then the surface defect is constructed as a prescription of performing the path integral only
over the Z,-invariant field configurations. Indeed, under the map (21,22) — (21 = 21,22 =
2%), the orbifold C., x (C,/Z,) is mapped to C., x C,,, and the field configurations are
allowed to be singular along the surface zZ; = 0. Therefore, the resulting theory on C,, x C,.,
can be interpreted as a surface defect inserted upon the underlying gauge theory.

To fully characterize the surface defect, we have to specify how the field configurations
are projected out by the Z,-action. We present here how this is done for the A;-theory. Let

us introduce the coloring function

c: [N] — Z,. (5.2.42)
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Then the space N is decomposed according to the Z,-representations,

N=@ N,®R,, N,= > e (5.2.43)

WEZLp acc1l(w)

Also,

N l()\(a)) A
K= K.®R,, K,= Zleﬁaa ; i 3 @, (5.2.44)

wELp 1<
c(a)+j—1=w mod p

where R, is the one-dimensional irreducible representation of Z, with the weight w, and
[ ()\(a)) = )\ga)t is the number of rows in the Young diagram A(®). It is straightforward to

include the fundamental matter fields, namely,

M= M,®R,. (5.2.45)

WEZyp

Now as explained, we perform the path integral only for the Z,-invariant field configurations,
projecting out the non-invariant contributions. At the level of the character (see (2.1.32))),

this is to pick up the Z,-invariant piece, namely,

ZP
Jlr = [Pl (—SS5* + M*S)] : (5.2.46)

12

from which the partition function is given by
2Eee =3 gl e [T (A]] (5.2.47)
A

Though providing a concrete formula, it is not so obvious from (5.2.47)) that the partition

function can be interpreted as an insersion of an observable in the A;-theory. Thus it is
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important to properly construct the projection of the set of N-tuples of Young diagrams

prA— A, (5.2.48)

where A is supposed to enumerates the fixed points of the instanton moduli space of the
Aj-theory on C,, x C,., = C*/Z,.
The construction of the map p can be done as follows. Let us first re-define the Coulomb

moduli by the shift

(o = aq — €2 (), (5.2.49)
so that
N,= Y €™, N=> N, (5.2.50)
acc™H(w) w=0
and
N - l()\(a) li,a,w
K, =K. =Y e S ¢t Y @, (5.2.51)
a=1 i=1 j=lor2
where

- (5.2.52)

@ =q (52 =pe), (5.2.53)

and the lower limit of the sum over j is equal to 1 for ¢(a) < w and 2 for ¢(a) > w. In

particular, for w =p — 1,

l(A(a)) Al

K=K, =Y ¢ Y ¢ > @ (5.2.54)
a=1 i=1 j=1
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N
where we have defined a new N-tuple of Young diagrams A = (A(a)) . by

o=

MY + ()
p

A =gy = (5.2.55)

The map p is defined by this relation, p(A) = A.

The partition function ([5.2.47) is a weighted sum over A, which can be first summed over
p~t(A) for fixed A and then summed over A. We will show the sum over p~'(A) provides
an observable insertion to the A;-theory whose measure for the partition function is given

by A. First, the vector multiplet contribution in the measure ([5.2.46|) is

—1
7 S.,S,

— T <~ w”(s‘%iwl W' 5256
ww! w!"=0 Pl(l - QQ) QQ + ( )
where we have used the identity
1 1
= = 5 R 5.2.57
1 — qRy 1—C]2wz:0q2 ( )
After defining
Sw =8.¢,7, S= Z Soe=N—-PPK, (5.2.58)
w=0
the character ((5.2.56)) can be written as
SS* 1 e
— + SwS. (5.2.59)

Pro Py 0<w<w'<p

Note that the first term is precisely the vector multiplet contribution to the partition function

of the A;-theory on C.; x C, in the k-instanton sector. The second term is interpreted as
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an observable insertion to this theory. We can further simplify it by introducing

EwENO—i_"’—i_N/wfl_Plf(/wfl—i_quPl,[?? wzla"' D (5260)

The second term in (5.2.59)) is now given by

Z w1 — 2u)2E. (5.2.61)

Similarly, the matter contribution in the measure ((5.2.46)) can be written as

= MES
W gl 5.2.62
ww! w!"=0 Pl(l - CI2> + ( )
After defining M,, = M,q5“ and M= T D t M,,, it can be re-expressed as
M* §
ZM* wil (5.2.63)
Plg 1 w=0

Note that the first term is the usual fundamental matter contribution to the measure of
the A;-theory on C., x C, in the k-instanton sector. The second term is interpreted as an
observable insertion to the theory.

We also introduce the auxiliary variables (z,) and g to express the fractionalized cou-

plings,
Ju = Z&zH’l’ _Oa' » D 27
w (5.2.64)
Jp—1 = qu—l
so that
p—1
[Ma=a (5.2.65)
w=0
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Note that q is weighted with the power k in the measure and therefore is the bulk coupling
of the A;-theory on C., x C,.

As a result, the full partition function ([5.2.47)) can be written as

2%0¢ = 3" A Z,[A] € lﬁl (-85 + M’*E)] = (T.) 2, (5.2.66)

A 12

where the surface defect is expressed as a chiral ring element

p—1
A = > J] e

1 (=~ .
= (Z ((Myo1 = B0) S0 + S X0) + M;_ls)

Aep~1(A) w=0 Pz
(5.2.67)
Let us focus on the zero-instanton sector, |A| = k = 0. An element of the inverse image
N
A= ()\(0‘)> € p (@) is of the form
c(a) |e(a)+1] ... p—2
PYCU : (5.2.68)

where the number in each box denotes its color. We may define the length of the column of

color w to be dyt1,4 (c(a) <w < p—1). Note that k,_; = >, d, . Consequently, we have

dw+1,a

K,= Y e 3 ¢t (5.2.69)
i=1

c(a)<w
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from which we simplify ([5.2.60|) as

Se= 3 eftaglee (5.2.70)

c(a)<w

Therefore, the partition function (5.2.67)) is reduced to a sum over the non-negative integers

w=1,---,p—1, cla) <w
dy,a = 0 : (5.2.71)

dw,cx 2 dw+1,a

with the simplified ¥, given above. This is precisely the partition function of the gauged lin-

ear sigma model on the @Z_:ll Hom(&,, Mw_l)—bundle over the partial flag variety Flag(ly, la, - - -

with

lo = {a] cla) <w}, (5.2.72)

under certain stability condition [2I]. Here, &, is the w-th tautological bundle with rk&, = [,,.
The Kéhler moduli are precisely {q,-1 = @,/20-1 |w=1,--- ,p—1}.

In the non-zero instanton sector of the four-dimensional theory, the sigma model couples
to the four-dimensional gauge theory through in a non-trivial way, generating a
surface defect. In this way, the full partition function represents the 2d-4d coupled
system.

The investigations in this chapter mainly utilize the special case, the (N — 1,1)-type

Zo-orbifold. That is, we set p = 2 and assign the coloring function

1 fora=p
cp(a) , (5.2.73)

0 otherwise

for some chosen 8 € {1,---, N}. We also set ]\70, M, = CV. For later use, it is instructive
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to separate out the instanton part in the partition function ([5.2.66]),
25 = q™ Ty[A] € [N'K + ¢;) NK* — P, KK* = M"K], (5.2.74)
A
where the instanton part of the surface defect is

TolAl= > M e[(Ko — Ki)(No — PiKo+ G2 Py
Aep~t(A)

+Q1N1(KO — C72K1)* — MS(K@ — (jggl) — ﬁgﬂf%l} .

(5.2.75)

In this special case, the target space of the two-dimensional sigma model that generates the
surface defect is the Hom(O(—1), CY)-bundle over PY~1, which is exactly the same with that
of the quiver surface defect in section [5.2.1. Thus it is natural to expect the two distinct
types of surface defects are actually related to each other. However, it is not so obvious from
the explicit expressions for their partition functions, and , how they can
really be associated. In particular, the combinatorics that define these partition functions
are quite different; one involves a simple sum over non-negative intergers while the other
involves the non-trivial mapping p between N-tuples of Young diagrams. We come back to

this problem in section [5.4.2]

5.3 Dyson-Schwinger equations and opers

We investigate the non-perturbative Dyson-Schwinger equations satisfied by the surface de-
fect partition functions that we constructed in the previous section. The primary object of
this investigation is the gq-character, which is a gauge theory observable formed as a certain
Laurent polynomial of Y-observables [10]. The most general gg-characters were constructed
in [10, [I5] from the spiked instanton configurations, by integratng out the degrees of freedom

orthogonal to the four-dimensional gauge theory. The compactness theorem for the spiked
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instanton moduli space proven in [14] provided the crucial property of the gg-character, the

holomorphicity of its expectation value. Schematically,

<x<y<x>>> = i S XD O s = T(0) (53.1)

where T'(x) is a polynomial in z of certain degree. Therefore, the gg-character generates
an infinite number of constraints that the partition function satisfies, from the expectation

values of its non-regular parts

[ <x(y(x))> =0, n>1, (5.3.2)

which we call the non-perturbative Dyson-Schwinger equations.

In this section, we present the fundamental gg-characters relevant to each surface defect,
and study the consequences of their non-perturbative Dyson-Schwinger equations. For other
analysis on the non-perturbative Dyson-Schwinger equations, see [32, 3] in the context of

the BPS/CFT correspondence, and [2] in the context of the Bethe/gauge correspondence.

5.3.1 The quiver

As in section [5.2.1 we start with the Aj-quiver gauge theory with the U(N) gauge group.

The fundamental gg-characters for this theory is given by [10]

Xi(z) =Yi(z+2) + | yO(inQ(g o), qlq2HO($2;i?&§:; o) (5.3.3a)
xz(ai) = 92(% + 8) + qQHI(I;iS(SE + 8) + q1q2%0(‘ry_l(€$)y_3ix> + 5)7 (5.3.3b)

where Yo(7) = [I2_,(z — ap.) and Y3(x) = [0, (r — az.a) by deﬁnitionﬁ We construct the

surface defect by imposing the constraints (5.2.4) or (5.2.34)) for the Coulomb moduli. In

6Be cautious about the re-definition of parameters (5.2.36) when we deal with the case (5.2.34). The
expressions for Yo and Y3 also change correspondingly.
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each case, the Y-observable of the first or the second gauge node is simplified to

Hl(I)P‘(l)(kl)] = ‘30(90):6 —fos T2 klgla for (5.3.4a)

T — aop — ]{'181

+a — &1 — /{3281
A(2) k — T 3,8
Yala) N (k)] = Yo+ o) S

. for (5.2.34) (5.3.4b)

It is now straighforward to plug (5.3.4) back into (5.3.3) and compute their expectation

values of the non-regular parts. However, it is convenient to follow the systematic procedure

establihshed in [3], which was reviewed in the Chapter 4| First let us define

1 © g=n) t)
) = th X (z — (1 =1)) , 5.3.5
S = T, (U + s ZZOZI A b e Zo (535)
where we have defined the parameters z; by q; = *- (2_1 = 00 and z3 = 0 by definition),

and t is an auxiliary parameter. The non-perturbative Dyson-Schwinger equations imply

o7 (Yo(@)S(@it) ) =0, n =1, (5.3.6)

for any value of t. As we summarized the systematic approach for computing G (¢) in the

Chapter 4] we do not reproduce it here. We focus on presenting the results below.

5.3.1.1 N =2

We observe that Yo(z) = [TV (2 — ap.) is a polynomial of degree N. Hence in the case of

N =2, the z7'-term in (5.3.6) is

0= <9<—3> (t)> (a0, + a0,2)<9<—2> (t)> + a071a0,2<9(_1)(t)>. (5.3.7)
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Recall that with the constraints (5.2.4) the Young diagram A for the first gauge node is

restricted to be single-columned. Thus we can simplify
€1
< Z C|:|> = (aO,,B — €)</{31> + 2<k31(/{31 + 1)>

Oex®
1 &1 0 €1 0 2 L
= — —— — — 4+ = — 2.
25 [(ao’ﬁ cT ) ql@ql + 2 <q16q1> A

Using this relation, the residue of (5.3.7) at t = —z, ' can be written as the following second

(5.3.8)

order differential equation

g2 212—5 22: “i AD L2400 — a1 —a zi
1 oaz0 1 Lo 0,3 0,1 0,2 oaz0

2 i 1 2 o
T Z ) - <2 ("41(2) + (Agl)) ) - 5152215 - (ao’l + Qo2 — aoyﬁ)A§1)> (539)

Afn) = Z (a?,oa - (aiJrl,a - S)n) ) 1= 17 2. (5310)

Here N = 2 but we will also extend to the higher N by the same expression. In particular,

for n = 1 we can write
AW = N(a; — a1 +¢), (5.3.11)

where we have defined a; = % Zé\le a; . For our purpose of investigating the relations with

the opers, it is important to re-define the partition function as

I ( _ ZJ>T Za,., (5.3.12)

0<i<j<2 i

2
1=0
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where we have multiplied the prefactors with the exponents,

(aiv11 — aip12)* — (a1 — ai2)? I (@i — @ip1 +€)(a; — Giq1)

L; = 1 , 1=0,1,2,
152 F152 (5.3.13)
T, = 2(a; — a1 +e)(a; — ai-&-l), i,j=0,1,2.
E1€9

With the constraints (5.2.4)) imposed on these prefactors, the modification for the surface
defect partition function Zg is simpler than the most generic case. Let us set zg = 2, 21 = 1,
and zy = q by using the redundancy of overall scaling of z;’s. Then we find the prefactors

(with the overall constant that we choose at our convenience) for Zf can be written as

< 1>TL,B A A0+€2*(a2,1*a2,2)2
— /e T 4eq1eq

deqeg
Z
ag—2a 5 5 ao—aa+te 5314
1 % q % 2(ag—ag+e)(2ag—2ag—eg) ( )
B N R
A Z
where we have defined
—ap1 +ag2 +€+¢€2 apa —a02+5+52>
= i ’ d ’ 5.3.15
T e e S 631)
and
Ay = g2 — (CL3,1 - G3,2)2
48162
A, = _(@2 —ag)(az —as +¢)
E1&9
5.3.16
A = — (2(_10 — 2@2 + 251 + 52)(2(_10 — 2(_12 — 82) ( )
1= 46162
A = g2 — (ao,l - CL0,2)2.
48182
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For the re-defined partition function ié, the differential equation (5.3.9) becomes

22 —1 -1 0
0=|e20% — 5152Z78 + €162 d 9
-0 DE— ) "o s
+eie @4_ Ay + A __%+A1+Aq+A0_AOO 7L -
T2 T -2 (- 2(z—1) .

We can view this differential equation as the second-order differential operator 52 annihi-
lating the modified partition function ié . Note that the operator 52 is independent of S,
so that each choice of 5 € {1,2} provides a solution to 552. We may regard 352 as the
quantization of the SL(2)-oper D, for the four-punctured sphere P'\{0, q,1, 00}, as we now
argue.

Under the Nekrasov-Shatashvili limit (e; # 0,69 — 0), the surface defect partition func-
tion ((5.2.26)) is dominated by the limit shape [7]. Viewed as the expectation value of Ié:
in the A;-theory, the surface defect partition function gets the singular contribution, or the
effective twisted superpotential, from the bulk A;-theory, while the observable IBL only con-
tributes regular terms. Therefore, we arrive at the following asymptotics of the partition

function

W(a,q)

Zé(&g =a,z,q)=c =2 (xs(a,zq)+0()), (5.3.18)

where we have omitted the subscript for the Coulomb moduli ay since it precisely becomes
the Coulomb moduli a of the A;-theory. W is a part of the effective twisted superpotential
of the underlying A;-gauge theory,
— <L
W= 6121£I>10 e2log 25

N - (5.3.19)
— Wclassical T Winst + Wextra’
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where we have defined

2
Wclassical = _(&1481(12) log q (5320&)
Winst = 612i§0 €9 10g Z’gllit (5320b)

2((_10 — a)(a —as + 81)
€1

— 1
Westa = o (4 - 50) log q + log(1 —q), (5.3.20¢)

where the instanton partition function Zijfft for the A;-theory is given by (5.2.28]). In partic-
ular, Winst g fully determined by the Young diagram expansions reviewed in appendix .

Also, we have defined the limit,
e\, 22% 215, i=0,q,1,00. (5.3.21)

We have emphasized that is only a part of the full effective twisted superpotential,
since we are missing the 1-loop term. This is because the 1-loop term is independent of the
gauge coupling and therefore ignorant of the differential equation that the partition function
satisfies. The missing 1-loop part will re-combine in section [5.6]

Thus, under the Nekrasov-Shatashvili limit the equation for the differential operator 52

becomes

S 6 DA A iy A H
— .3.22
B P P P T CE V CE 1] Rl

which is exactly the equation for the Heun’s oper, the Fuchsian differential operator D, of
degree 2 with fixed conjugacy class of monodromy at each puncture of P'\{0,q,1,00}. The

variety O5[P*\{0, q, 1, 00}] of these opers is spanned by the accessory parameter,

1 OW
H=—q(1- Q);T
. 1 X g — (& — s ) (5.3.23)
- _ T 4 ag — a)la — as &1
-0 (dy (), L) R,
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All the terms are just some constants except the expectation value of chiral observable
Oy = Tr¢3. Thus, a holomorphic coordinate on the variety Oo[P'\{0,q,1,00}] of op-
ers is provided by the expectation value of the chiral observable O5 in the limit e — 0.
The variety Oo[P'\{0,q,1,00}] of opers is a quantization of the Coulomb moduli space of
T[A1,P1\{0,q,1,00}] in this sense. The expectation value lim,, o <02>A is also identified
with the off-shell spectrum of the quantum Hitchin system on P'\{0, q, 11, oo} through the
Bethe/gauge correspondence. Hence, we observe that the relation establishes the
connection between the accessory parameter H of D, and the off-shell spectrum of quantum
Hitchin Hamiltonian. A proper on-shell condition is expected to be introduced by a wg-
Lagrangian brane which intersects with O,[P'\{0, q, 1, 00}] at isolated points. As we argued
earlier, the holomorphic coordinate, i.e., the expectation value, evaluated at these

points gives the on-shell spectrum of the quantum Hitchin system.

Remarks

o It was checked in [110, 111] that the series expansion for the accessory param-
eter H matches with the direct computation in which H is determined by fixing the
monodromy of the oper D, along the A-cycle (see Figure , up to some low orders
in the gauge coupling q. The derivation above is purely gauge theoretical and therefore

guarantees the validity to all orders in q.

o The series expansion for the instanton partition function is valid when 0 < |q1/, |q2| < 1.
This implies that the solutions Zé for the operator D, are in the convergence domain

0<lgl <1<zl

« The solution s for the oper D, can be represented as a sum of the Baxter Q-functions,
by using (5.2.33) and taking the limit o — 0. This expression reflects that the equation

for the oper is the Fourier transform of the Baxter T'Q)-equation.
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o The fact that (5.3.17)) coincides with well-known null-vector decoupling equation in two-
dimensional CFT [67], see also [112) 113| [114], confirms the paradigm of the BPS/CFT

correspondence [80] at the example of the AGT correspondence [63].

Similarly, it is not too difficult to derive a closed differential equation for Zg. Again, we
re-define partition function as in ((5.3.12)) with the prefactors ((5.3.13)), yet with the constraints
(5.2.34]). Also we need the re-definition of parameters ([5.2.36|) for the prefactors this time.

By setting zp = 1, 2; = q, and 29 = z, the relevant prefactor for Zg is

2 2
—TRr,3 ¢ —(a1,1—a1,2) 2ete
<_q> e e N
Z
2a; —2a5+2¢1 ey (5.3.24)
(‘7'0*5'1“’5)(2&1*253*52) ag—aj+e z 2e1
(1 - q) £1€9 (]_ J— Z) €1 1 _
q

where we have defined

(5.3.25)

(—a371 +aze+€ azg—aszqe+ 6)
251 ’ 281 ’

and

(2a1 — 2a3 — e9)(2a; — 2a3 + 261 + €2)
48182
A/ . (&O—dl)(&o—&1+5)
1 p——— .
€1&9

Aa = _
(5.3.26)

Then the differential equation satisfied by the modified partition function Zg is

Bl a1 0

oD T (- ) o
2e+e9o

+€162 (A A/1 A . _ﬁ_FA/l +A;+A0 _A(X’)] SR

0= lef@Q — €169
(5.3.27)

2 e eogp -1 %

Note that this differential equation is precisely the equation (5.3.17)) for @2, except A; —

Al Ay — Af. To equate these quantities to get the same equation, we have to clarify how
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the Coulomb moduli of the two theories are associated. This will be the subject of section

0.4.2.2

Remarks

o This time, 0 < |q1],|g2| < 1 implies the convergence domain 0 < |z| < |q| < 1. Thus

the domains for the solutions ,‘ZE and Zg are disjoint.

5.3.1.2 N=3

Since Yo(z) is now a polynomial of degree 3, the z7'-term of ([5.3.6) can be written as

0= <9(_4)(t)> - agi:l a07a<9(_3)(t)> Y ao,aao,ﬁ<9<—2>(t>> - alill ao,a<9<—1>(t)>.

1<a< <3

(5.3.28)

In addition to ([5.3.8)), we utilize the following relation from the single-columnedness of AW

2

< 3 cg> — (a0y — e)2<k:1> ter(ans — 5)<k1(k1 + 1)> + 2,1<k1(k1 +1)(2k + 1)>

Oeax®

B 1

— oL
25

(5.3.29)
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)
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Using the relations (5.3.8) and (5.3.29), the residue of (5.3.28) at t = —z;' can be written

as the following third order differential equation

o\’ 3 z 2 2 0\
= |:—6? (ZOaZO> + 8% (3(1075 — Z ap,a — €2 s —120 -+ Z Z—Z,Z()Al(l)> <Z0820>

a=1 =1
2122 L 4 il
. o AP(AY — &) = eae (200 — ¢ -
B (041;15((107/3 Go.0) + (21— 20) (22 — 20)" (A"~ €) e (Za0p — 2 = 1) z1— 20
3
(1) 9 1 ( (2) (1) 2) 0
2a 5 — o | AV — 1622 7 (A i 9z
+; Zi — 20 (( .8 O;ao, > AT e Dz T3 AT (A ) 920
n 22: Z; *(./4(-1))3 + lA('?)) + 1./4(1)./4(2) _ 1 (A(z) + (_,4(.1))2> 23: Ao, — Qo
P Zz . ZO 6 () 3 7 2 (3 (3 2 (3 (2 = fre? 7ﬂ

— 2e189 ) < > CEI>
Az

a#f

3
—+£1€9 (Z Qag,o. — Q0,83 — AEU) ( 8 ) + H Cboa i — E£1E9€E 2282)

(20 — 21)(20 — 22) Oea®

e (O - () e (s ()

3
—AY (Aﬁl) — 5) 3 e —aop+e| —eren | APz — 0 + (A = 2e) 2 0 25,
0z 0z

a=1

(5.3.30)

where we have used (5.3.10). We modify the partition function by multiplying the prefactors,

2 2\ Tij
1% 11 ( _Z{> %s, (5.3.31)
=0

0<i<j<2 i

where
L. = (@it11 — ai+1,2)2 + (@ig11 — ai+1,3)2 — (@it11 — @it12)(Qi11 — Giv13)
T 38182
_ (%1 - ai,2)2 + (%1 - Gi,3)2 - (ai,l - ai,2)<ai,1 - ai,3)
36152 (
5.3.32)
3 Z Z .
€1&9
,-Tij = 3(C_l] — Q41 + 5)(6_12 — C_Li-i—l)’ i,7=0,1,2.
E1€9
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With the constraints (5.2.4)), the prefactors simplify. We also set zp = z, z; = 1, and 29 = q.

Then the prefactor for Zg becomes

( 1>1~L,5 N (ag_(a2,1—a2,2)2+(a2,1—a2,3)2—(a2,1—a2,2)(a2,1—a2,3))
_ €1€9 3

z
3ag—3ag+3e—eg ag—ag+te

I — = (ag—ag+e)(3a_3ag—eg)
R

z

where the exponents are

—3app + 23:1 oy + 3e1 + 5€2>3
381 G=1 ’

(TL,ﬂ)Zﬂ = <

and

A, = 1 ( 2 (a371 - a3,2)2 + ((I3,1 - &3,3)2 - (03,1 - a3,2)(a3,1 - a373)>
o=—__1¢ —

E1€9 3

A = 3(ag — az)(ay —az + ¢)

="

€1&9

A, = — (3&0 — 3&2 — 52)(?)&0 — 3&2 + 3¢ — 82)

1= 38162
A = 1 g2 _ (a0 — a0,2)2 + (ao,1 — a0,3)2 — (aoy — Go,z)(ao,l - @0,3)

< £1&9 3 )

It is also convenient to define the quantities

(2a31 — ag2 — ag3)(—asy + 2as2 — ass)(—as1 — as2 + 2a33)

Ay =

0 273

_ (ag —az)(ag — as + ¢)(2a2 — 2a3 + )
A= 3
€1
1 2

Al 56{)<6L0—a2—€32> ((IO—CL2+€—632> (2@0—2a2+€—§)2)
A = (2a01 — ap2 — ao3)(—ao1 + 2ap2 — ao3)(—ao1 — ao2 + 2a03)

oo = 27e3 .
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Then under the modification, the differential equation (5.3.30|) defines an operator 553 anni-

hilating the partition function Zé,

5z — 3
z(z—1)

0= [5183 — eley 0% + e1ts(2,9)0 + 13(2, q) Zé, (5.3.37)

where we have defined the meromorphic operators,

YO P VIR S H S e B e R TP
S A CE I 2z - 1) -z 1)
3€1+262 2(&2—&3—{—6) 0,0—&24‘8—?
+€2< 2 G-a7 | (z-1p
_36_10 — 96_1,2 + 6&3 — 1682 _ 2(1 — q)(dg —as + 8) (5338&)
3z(z —1) 2(z—=q)(z—1)
(e ):5:;’/\0 E3A, e3A, +el(A —No— N — Ny %ﬁﬁ“%ﬂ)
e Y e N CR e -z 1)
(5.3.38b)
(1 —q)(6ag — 6as + 3e1 + &2) ( 3e + 52)
Ay + A A+ A
6:c—q)e—12 L R
1 2&2—2EL3+€ 6&0—6d2+351+52 e
- €1€2 H,
22(z —q)(z — 1) z—q 3(z—1)
ﬁg 51 ~
2o (t )
e+ S0(ats0) e

We have omitted the last term in #3(z,q) which is rather lengthy but is constant and sub-

leading in 9. This term decouples in the limit e5 — 0. Also, we have defined

_ )
Hy=—q(1— q)ﬁq (5.3.39a)
_ 3e1+2 %)

Hy=—(1—q) <3<03>A + €189 (3&2 —az + W) Toq T ) (5.3.39b)

0
+q (5152(3(10 — 6&2 + 3&3 — 2e — 82)q@—q + .. >

2

+ 1 ! (3(_1,0 — 6&2 + 3(_13 — 2 — 62)(3&0 — 3&2 - 62)(&2 - (_1,3 + E).
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It is not very instructive to write down the full lengthy expression of Hy here, but we
emphasize that it is fully expressed in gauge theoretical terms. In particular, it includes the

expectation value of the chiral observable

3
(93 = Tl"gbg = Z ag’a — 361626]62 — 65152 Z CcO (5340)

a=1 Oex®

of the As-theory. We present the full expression for H, in the appendix @

In the Nekrasov-Shatashvili limit, the partiton function exhibits the asymptotics:

W(a.q)

Zé(&g =a,z,q)=¢c¢ =2 (xs(a,zq)+0()), (5.3.41)

where W is a part of the effective twisted superpotential of the underlying A;-gauge theory,

- _ <L
W = 6121£>n0 gglog 25

(5.3.42)

— Wclassical + Winst + Wextra‘

Each piece is given as
Wclassical = _ (al — G2)2 + (al — CL3)2 — (al — a2)(a1 _ ag) log q (5343&)
351

Winst = sljglo £ lOg Z’;lllft (534313)

_ 3(a — @y + £)(d@o — @
Voo = 2y (1— 6, — 6y) log g + e BT NI =B gy ) (5.3.430)

€1

where Winst is the is fully determined by the Young diagram expansions. Also we have

defined the limit,

e\ 2% 615, i=0,q,1, 0. (5.3.44)
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It is convenient to define also

e9—0

It is clear that §;, and \; are written in gauge theoretical terms by their definitions. Now,

the equation (5.3.37)) for the operator 53 becomes
0= [83 + t2(z)8 + tg(Z)} X8> (5346)

where the meromorphic functions ¢;(z) are obtained by taking the limit to the meromorphic

operators t;(z, q),

5o dq o doo — 01 — g — 0o H,
= — 3.4
e A e s s RN T R
DYDY M A —do— A — A
tg(Z) = ; + (Z — q)3 -+ (Z — 1)3 -+ Z(Z — q)(Z — 1) (5347b)
_ H1 i 2&—2&3+€1+26L0—2&+81 4 Hg
22(z—=q)(z—1) g z—q z—1 22(z—q)(z—1)

(1—q)(2&0—2&2+51)i _ 1,
QZ(Z— q)(z_ 1) 61( (5004‘(50‘{'(5‘1‘{'(51) + 2t2(2).

This is exactly the equation for the SL(3)-oper @3 on the four-punctured sphere P'\{0, g, 1, oo}
In particular, the monodromies of D5 around the punctures exhibit the desired semi-simplicity

and degeneracy of the eigenvalues, as verified by the analytic properties of the solutions y ob-

tained from the surface defect partition functions (see section. The variety O3[P'\{0, q, 1, co}]

"The equation (5.3.46)) matches exactly the one for the generalized Heun oper in [98], where it is derived
from the constraints for the minimal punctures.
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of such opers is parametrized by the accessory parameters,

1 OW
H =—q(1l—q)——— 5.3.48
1 q( q)gl aq ) ( a)
. 1 . 3((_1—(_13—{—61)(&0—(_1)
—(1—q) (25% lim <02>A1 1+, + 50> + - q
B 1 1/ _ 35\ OW
Hy = —(1—q) (36;{,612@0 <03>A1 T <3a — a3+ 2) 15 T ) (5.3.48b)
1, oW
+C[ (&‘%(SCLO —6CL+36L3 —251)qaq+)
9% 3(ag —a)(a —az +¢e1)(3ag — 6a + 3az — 2¢1)
+ 3 ; . _
- 1

We present the full expression for Hy in appendix [D] Notice that the accessory parameters
are expanded as series in q whose coefficients are completely determined in gauge theoretical

terms. In particular, the series begin with

o 2 . 2 _ _
H, = (al az) + (a1 Cl:;)82 (a1 az)(al a3) —1+5q+50+O(CI)
1

)\q (2@1 — Q9 — ag)(—al —+ 2@2 — ag)(—al — a9 + 2&3)

H2 == )\() - = —
9 273
R S o el k)t G 2L B PO YIRY
2e1 3e7
(5.3.49)

Thus holomorphic coordinates on the variety O3[P'\{0,q,1, 00}] of opers are given by the
expectation values of the chiral observables in the A;-theory, Os and O3 ﬂ in the limit e — 0.
Hence we observe that the variety O3[P'\{0,q,1, 00}] of opers gives a quantization of the

Coulomb moduli space of T[Ay,P'\{0, q,1, 0o}]. The Bethe/gauge correspondence identifies

8Here, we are using the fact that

(75 02)
i (00) = tim oLy ()
e2—0 As ea—0 <Ié,> ea—0 Aq
A

since the expectation value is dominated by the limit shape when €5 — 0.
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the Nekrasov-Shatashvili limits of the expectation values of Os and O3 with the off-shell
spectra of the Hamiltonians of the quantum Hitchin system on P*\{0,q,1,00}. Thus, the
relations (|5.3.48)) establish the connection between the holomorphic functions on the variety

O3[P'\{0, g, 1, 00}] of opers and the off-shell spectra of the quantum Hitchin Hamiltonians.

Remarks

o The gauge theoretical derivation of the series expansions for the accessory
parameters guarantee their validity to all orders in the gauge coupling q. It would be
nice to mimick the procedure in [I110, 111] and check the series expansions by directly
computing the monodromy of the oper D5 along the A-cycle on P'\{0,q, 1, c0}
(see Figure [5.5)).

o From the point of view of the AGT correspondence [63], the expectation value of the
higher chiral observable O3 corresponds to the conformal block with a W-descendant
(we briefly mention this issue in section . It is not very obvious how we should
relate the semi-classical conformal block with a W-descendant to the off-shell spectrum
of the higher quantum Hitchin Hamiltonian. In the gauge theoretical perspective, the
Bethe/gauge correspondence immediately establishes the relation between the expecta-
tion value of O3 and the off-shell spectrum of the higher quantum Hitchin Hamiltonian.
Thus, the relation between the accessory parameter Hy and the off-shell spectrum of

the higher quantum Hitchin Hamiltonian is also revealed through ([5.3.48h)).

Similarly, we can start by imposing other constraints, e.g. (5.2.34)) on the A,-theory.
Hence we consider the partition function Zg (5.2.37). Again, we modify the partition function
as (9.3.31)) with the prefactors (5.3.32)), yet this time under the constraint (5.2.34) and the
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re-definition (5.2.36)). The final form of the prefactor is

2 2
— a —a a —a —(a —a a —a
q TR.A 1 (2 (ag,1—ay 2)"+(a1 1—a1 3)"—(ay3 1—a1 2)(aj 1—a1 3) AT —Ag 3eteg
q6162 3 q 3eq

: 33y sy 3oy (5.3.50)

(ag—aj+e)(3a; —3az—eg) ap—ajte ( z 3e1

(1—q) (1-2) = p

where we have defined

—agg+ Y2 a4+ 3¢\’
(rrs)he, = ( 936 ¥ 2= B3y 8) (5.3.51)
381 B=1
and
A/ _ (3&1 — 3&3 — 82)(3&1 — 3&3 + 3 — 52)
17 38182
_ N _ 5.3.52
A/ . ((lo—al)(ao—a1+5) ( )
1= :
£1&9
Let us also define
A = (36_11 — 3&3 + 3¢ — 52)(36_11 — 3(_13 — 52)(6&1 — 6&3 — 3e + 252)
T 273
_ - _ _ _ 5.3.53
A/ o (ao—al)(ao—a1+5)(2a0—2a1+5) ( )
1= 3 .
€1

Then the modified partition function ig satisfies the equation of the form (5.3.37), after

substituting Agy — Af; and Agy — Ag .

5.3.2 The (N — 1,1)-type Zs-orbifold

We construct the surface defect on the A;-theory by placing it on Z,-orbifold. Due to the

orbifolding, the bulk Y-observable fractionalizes into p observables,

Yo@)N = I @—ad) ]I e S | 11 r-aT e (5.3.54)

acc(w) Oek, <+~ pek,, T—C@—¢
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The fundamental refined gg-characters are given by [15]

By(x)
Yu(z)

Xo() =Yor1(x +€) + qu (5.3.55)

It is often possible to derive a useful equation for the partition function for specific p and
the coloring function ¢ from the non-perturbative Dyson-Schwinger equations of .
We now describe how this is be done for the (N — 1, 1)-type Zy-orbifold. The details of the
computation for the non-regular parts of X, is given in the appendix [E] Below we focus on

the results.

5.3.2.1 N=2

For N = 2, we consider (1, 1)-type Zsy-orbifold. This case is special since the coloring function

is one-to-one. Let us define
1) =8, ¢ '(0)=72, (5.3.56)

without any loss of generality. Each of the non-perturbative Dyson-Schwinger equations

[x1]<x0(x)> _ [91;1]<3C1(9c)> —0 (5.3.57)

involoves the unwanted term

< S - Y CD>, (5.3.58)

OeKo OeK,
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but they can be combined to cancel this term and to yield the following closed equation

0=

£2(20)* — & {—255 + Z My o — Z (G —M_ o) + L Z (G — %+7a)} (20)

a=1,2 I ) -2, =,

2
_ z(1—q) o 1. . 1., 1 s
tef——— gt |a5— Y Ty | +-ai—= > mi,
(1—-2)(z—q) 09 2 g a:zl,Z i 27 2 a=1,2 -
. 2
~ —~ ~2 ~2
- |laz— Mmyo| +az— mi .,
2(1 - Z) ( g azl:,Q ) ’ ozZl:,Q "
. g 2+(~ +52>2 5 (m +52>2 -
—— || ag — Mm_ o — — a =] - m_ o+ — ,
2(z—q) ’ a=12 2 P a=12 2

(5.3.59)

where we have re-defined the couplings as in (5.2.64), qo = —z and q; = —1 (up to the sign

which is not very important). Now, let us also re-define the parameters as
(o = Q205 Miq =004, M_oq=034—€] —E2, a=12. (5.3.60)

Then we decouple multiplicative prefactors

Zg

- -r 62*(112,1*112,2)2
Z?QE_<_1> S B

2(27 2a ) (2ap—2a Y(@o—az+e) G9—agte (5361)
e(2ag—2ay—ep) G029 —e3)(ay—azte g
(]_ — Z) 2e1e9 (1 . q) c1e0 <1 . Z> 1 2%27
where
Zy _ ("% +aso+e a1 —aso+¢
(Tﬁ )371 2 ( %, , 2%, ; (5.3.62)
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and the other exponents have been defined in the previous section. The differential equation

(5.3.59)) then becomes
2z —1 q—1 o
0= |e]0" — er89———0 9
l& 61522(2_ 1) +€1€22(z_ 1)(2— q)qaq .
e (B A A LR A A A - A o, (5.3.63)
€1&2 2 (Z _ 1)2 (Z o q)g z(z — 1) 3 s

which is precisely the differential equation ([5.3.17)) for D,.

Remarks

o The convergence domain for the partition function is 0 < |qol,|q1| < 1. This implies

the solutions 2%2 are in yet another intermediate domain 0 < |q| < |z| < 1.

5.3.2.2 N=3

For N = 3, the computation is more involved. First, recall that the (2, 1)-type Zy-orbifold
surface defect partition function is split into the underlying A;-theory part and the
surface defect part. The fixed points of the instanton moduli space of the underlying A;-
theory are enumerated by the Young diagrams A , whose weights are encoded in the
space K=K, . Thus the observables in the underlying A;-theory descends from the

observables in the space K of the original theory on the Zs-orbifold . In particular, we have

1
Z cOo = Z ED + *ggk’l, (5364)
OeK; OeA 2
where
Cn=do+ (i— 1)+ (j— )&, for Oy € A@. (5.3.65)
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We will reduce the non-perturbative Dyson-Schwinger equations so that the final equation

only involves the expectation value of this observable, since it comprises the chiral observable

3
O3[A] = Z 6i — 38152(81 -+ gz)kl — 6€1§2 Z E[], (5366)

a=1 OeA

of the underlying A;-theory. The non-perturbative Dyson-Schwinger equations that we uti-

lize are

[x1]<x1(x)> _ [x1]<x0(:v)> _ [x2]<x0(x)> 0. (5.3.67)

The second equation can be used to cancel the unwanted terms

< ) CD>, <(ko—k1) ( o= > cD) > (5.3.68)

OJeKy OeKy OeK,

while the first and the third equations can be combined to cancel the unwanted term

< Nod- > c§>, (5.3.69)

OeKo OeK,
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The final equation only involves the partition function itself and the expectation value
< 2.0eA ED>3

0= [—e?(za)?’ + e <3a5 —3a+ 3—q (<a+m-)- 6Z1 (@- 77;1+>) (20)?

—q Z—
3 2 3 6 - ~
eila—mi)z = ~
z az m ~2 ~2 ( ) €2 €2
R R (Zaﬁ‘zm+=a> $ X N | -+ (a0 5)
B#B a=1 B#B a=1
+H5¢B<€1+%2f55)z e~ ) (51+52)(251+52725#55)

=9 2(1 -2 2(z —q)

~ \ 2 3
_ﬁ <<65—3ﬁ1_—52)2+(51+€2)(55—3n;1_—52)+(a/H_ ) Z(m_a+52> )
2 5 ,
HET. (Zﬁ,@—?ﬁu) +Yy @i -y mi e (Zaﬁ—z_:lmw)

5#8 B#B a=1 p#6

_ 1— 3(a—m ~ - 3a@—m g1 3q(a—m_
_5152(()(Zq_q (Zaa 3m++2+(_1+)) <2Za/3—3m++( Z_+1)+ + q(z_q )

B#B B#B
2e12 1+ 2 _ - 3a—-my)+e  3q@-—m_) 2(1—q)
_ -9 - — — _
+{ (12)2+2(1Z>( Zaﬁ+3m+ z-1 z—q A0
B#B
B e Ca BT (T ) @5 -sml| o
LT Ty 202 — q) 20z 1) 22 — q) 12295,

z(1— " _ _ 9 e N _
- (1—(2)(;'1‘1) <2EIE2< Z CD> +e182(e +52)q8q> + ﬁ <Z as —3m+) + Za— — Zera

OeA B?’éﬁ ﬁ;ﬁ/j a=1

+72(12_Z) (Zaﬁ—?,rm) +Za——z - (2Zaﬁ—3m++3(a_ji+l)+gl+3q(z::?)>
B

5 pAs o=l B#8

~ = ~ 3 . ~\3 3 . ~\3
o ((@-3i--5) (@+3%) -¥io (-0t 3)
Z—q 6 3

(5ﬁ —3m_ f§2> <('dﬂ + %2)2 o (m_ﬂ N %)2)

2

+

_ 3 _

az — 3m a 3 45— 3m ~2 3 2
o ((Sopets —300)  ¥pnd - X0t (Sopds—3m) (S - Taciita) ||,
1 6 * 3 + 3 25

(5.3.70)
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where we have re-defined the couplings as qp = —z and q; = —1. Let us also re-define the

other parameters as

Uo = a2, o, m+,a = G,a; m*,a = 03,0 — €1 — 527 a = 17 27 3. (5371>

and modify the partition function by the prefactors,

ﬁ pu—
z 2(3a0—3a ) (3ag—3a Yo —az+e) ag—ag+e (5372)
_=2vag—va3—¢€3) ag—3ag—eg)(ag—ag+e q = .
(1 — Z) 3eq (1 — q) e1e9 (1 _ Z) ZIBZ
Here, we have defined the critical exponent for z as
3
G 5 (—Bazs+ Y5 as, +3¢
75 )gm = : (5.3.73)
p=1 381 p=1

Then the equation satisfied by the modified partition function Zg"’ becomes of the form

(.3.37).

5.4 Analytic continuation and gluing

To compute the monodromies of the solutions to the quantized opers, it is necessary to
know how to connect the solutions in different convergence domains. We accomplish this
by analytically continuing the surface defect partition functions to different convergence

domains, and gluing those continuations in the intermediate regime.

5.4.1 Analytic continuation

We use the duality transformation similar to the one described on p.13 of [I15]. There, one
traded the sum over the fluxes of the two dimensional abelian gauge field (magnetic fluxes)

for the sum over a dual integral variable (electric flux), which could be viewed as the label
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enumerating the sheets of the (possibly disconnected) effective target space.

5.4.1.1 Gauged linear sigma model

Let us begin with the two-dimensional gauged linear sigma model (GLSM), which would
generate the surface defect when coupled to the four-dimensional A;-theory. In section [5.2]
we have shown that the 2d GLSM responsible for the quiver surface defect and the (N —1,1)-
type Zs-orbifold surface defect is the one which flows to the non-linear sigma model on the
Hom(O(—1),C")-bundle over PY~!. This theory is the N = (2,2) supersymmetric U(1)

gauge theory with the field contents

Twisted chiral : ¥ = (0, A)
Fundamental chiral : @, a=1,--- N, (5.4.1)

Anti-fundamental chiral : Q, a=1,---,N,

where we have only denoted the bosonic component fields. By weakly gauging the (U(N) x U(N)) /U(1)
flavor symmetry, the fundamental and the anti-fundamental acquire the twisted masses which

we denote as (a07a)g:1 and (aza)N respectively, for the reason to be clarified soon. Note

a=1
that we may re-define o by a constant amount so that the twisted masses appear as if weakly
gauging the full U(N) x U(N) symmetry. Due to the twisted masses all the chiral multiplets
can be integrated out. The resulting effective theory is the N = (2,2) U(1) gauge theory

with the effective twisted superpotential

W(U) = —to — z_:l(o —apq) (log(c —aga) — 1) — z_:l(—a + agq) (log(—0 4+ agq) — 1),

(5.4.2)
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where we have introduced the complex coupling ¢t = r — 16 from the Fayet-Illiopoulos param-
eter r and the two-dimensional #-angle. Hence the vacuum equation reads

N J—
11 ke 2, (5.4.3)

a=1 0 — G«

with the Kéahler modulus defined by z = e!. Note that the Fayet-Illiopoulos parameter r is
not renormalized since the total charge of the chiral multiplets is zero, and we can imagine
flowing from the region r > 0 to the region » < 0. The GLSM in both regions gives rise
to the non-linear sigma model on the Hom(O(—1), C")-bundle over P¥~1 yet with the base
and the fiber exchanged with each other as we cross » = 0. The classical singularity at
r = 0 is actually shifted by the quantum effect, leaving only a single point § = N7 (mod
27) singular. Hence the flow can be smoothly continued to the other region, connecting the
two sigma models. The vacuum equation implies that the N-vacua continuously flow
from o ~apn at 7> 0to 0 ~ ag, at r < 0.

Upon the ()-deformation on the two-dimensional plane, the partition function of the
GLSM can be exactly computed by the equivariant localization. The effective twisted super-
potential only exhibits the leading singular term in the partition function, so we investigate
how the flow of z appears at the level of the partition function. The partition function

localizes on the generalized vortex configurations,

D:Q=0:Q+ A:Q=0
D:Q=0 (5.4.4)
Fo+ QP — QP =r
Depending on the sign of r, we are forced to localize on either vortices or anti-vortices. Let us
assume r > 0 for now. The asymptotics of the D-term equation forbids the anti-fundamental

Q to generate any bosonic moduli, and only allows its fermionic zero-modes [116]. The final

form of the partition function is precisely the expression (5.2.29|) without the coupling to the
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four-dimension,

cLsM = 2 F I, (1 + %)k
Z,B = Z k! 11 (1 + m)
k=0 a#pl €1 k (545)

apg — a apg — a
= NNy ((1 + M) : (1 + M) : z_1> ,
€1 a=1,-,N €1 af

where we have chosen the vacuum at the infinity as o = @ g. The effective twisted superpo-

tential evaluated at this vacuum can be obtained by taking the asymptotics of the partition

function,

w
2GLSM _ 0% (14 Ofey)). (5.4.6)

Once we flow to the region r < 0, the above series expansion is no longer valid. However, we
can still study the asymptotics of the partition function, i.e., the effective twisted superpo-
tential, in this region by applying the Picard-Lefschetz theory to the integral representation
of the partition function [I17]. To illustrate the idea, let us consider the case N = 2. Also let
us assume Re (1 + %157_1%2) > Re (1 + %) > 0 for simplicity. Then the Euler integral

representation for the hypergeometric function gives

a2 2—ag,2 _a0,1-92,1

1 a0,1-90,2 _ _
)/ dtt s (1—t) " Ta  (1-)T
0

GLSM I (1 + W)
Z’l = T (1 + ao,l—ag,g) T (a2,2—a0,2

€1 €1

(5.4.7)

We now promote the real integral to an integral on the complex ¢-plane. We can represent
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the integral as

S(t)
[ dtge,
C=[0,1]

(5.4.8)
gty =1 —t) (1 —=2"")"!
S(t) = (ap1 — ap2)logt + (azz — apz)log(l —t) — (ap1 — as1) log(l — z’lt).
The critical points of S(t) are at
_ _ _ -1
S’(t) _ Qp1 — A22 . a2 — Ap,2 4 (ao,l a2,1)2 —0 (5.4.9)

t 1—t 1—271

Let us denote the critical points as ¢4, namely, S’(t1) = 0. Let us assume that the masses
are generic enough so that the critical points ¢1 are distinct. We would like to deform the
integration contour C' into a union of paths, in which each path passes through one of the
critical points and the imaginary part ImS(¢) is constant along the path. Such paths are
called the Lefschetz thimbles, and can be obtained by treating the imaginary part of S(t) as

a Hamiltonian

H(t) = ImS(t) — 211,(5@ _50)), (5.4.10)

which defines the gradient flow by the equation

95(t)

. N, ab r_
t={H.t} = w0, HOjt = —— =,

(5.4.11)

where the symplectic form on the ¢-plane is given by w = %dt A dt. The Lefschetz thimble
J+ is defined as the union of these paths emanating from the critical points t1+. Note that
ReS(t) monotonically decreases along the flow (5.4.11)), so that the integral along J. would

show good convergence. Now the problem is decomposing the contour C' into a union of those

142



Lefschetz thimbles, and this procedure can be done as follows. Note that the integration

contour C' defines an element of the relative homology H;(C,C_r;Z), where
C_r={teC|ReS(t) < -T}, (5.4.12)

for T > 1. The Lefschetz thimbles are defined as the paths emanating from the critical
points, in which ReS(t) decreases along the flow. Hence the Lefschetz thimbles also define
elements of the relative homology, J. € H;(C,C_7;Z), and moreover they actually form
a basis of this relative homology. Thus we can express C' as a linear combination of the
basis elements J., say, C' = > nyJ+. Then the integral in the partition function can be

expressed as

5(t)
Zni/ dt g(t)e=r . (5.4.13)
+ J+

The remaining problem is to find the number n4. For this, let us consider the relative

homology H,(C,C%;Z), where
C'={t € C|ReS(t) > T}, (5.4.14)

for T > 1. This relative homology is generated by the dual Lefschetz thimbles, K4, which
are defined as the union of the paths (5.4.11)) converging to the critical point .. Note that

we have the intersection pairing
<u77'7 IC’T/> = 57’,7”7 T, T = :tv (5415)

under an appropriate orientation on these thimbles, since J. and K. intersect at {1+ and
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ReS(t) only decreases or increases along these thimbles. Therefore, we derive

ny = <C, ICj:>, (5416)
and the final form of the integral is
S(t)
SO, Ky / dt g(t)e = . (5.4.17)
I VEE

When r > 0 (|z| > 1), it can be checked that only one dual thimble, say, I, intersects
with the original contour C' = [0, 1]. Hence the integral can be performed in the WKB sense

as

uss S5t s
_Wti) glty)e = (1 + D Chn a’f) (5.4.18)

k=1

In particular, the effective twisted superpotential is essentially S(¢,). This confirms that
we have a contribution from the single vacuum ¢ = agg. However, when r < 0 (|z] < 1)
the topology of thimbles change so that both dual thimbles KL intersect with the contour

C =0, 1]. Hence the integral is rather performed as

—————g(ty) e = <1+ Cik€ ) + /= g(t_)e = <1+ c_rer s
S7(ty) TN kZ:Il TR (t) kgl '

(5.4.19)

In other words, we start to get a contribution from the other vacuum, represented by the
thimble J_. The continuous flow the the vacua only exhibits the leading contribution
from J., but the Picard-Lefschetz analysis shows that the contribution from the other
vacuum also emerges as we flow to the region r < 0.

For higher ranks N > 3, we have to deal with the Euler integral representation for the
generalized hypergeometric function nFy_; which is N — 1-complex dimensional. It is more

difficult to visualize, but the basic idea is the same. When we fix a vacuum in the region
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r > 0 and flow to the region » < 0, the exponentially suppressed contributions from the
other N — 1-vacua start to emerge. It can be also understood as the manifestation of the
analytic continuation of the generalized hypergeometric function. In the domain |z| < 1, the
generalized hypergeometric function ([5.4.5)) is still well-defined by the analytic continuation,
and the proper series expansion for this analytic continuation is simply obtained by the

connection formula,

a —a Qa — Ao B’
o <<1+ 0,8 2n> : <1+ 0,8 0,,8> : 2_1>
€1 v=1.N €1 BI#B

agp a !
<1+ A OB) 20,8792,

v D(=e2e) s
g ];[ T (aga—ao ﬁ/) a]/;[a T (1 N aoﬁ—aQ,a,) <_Z> 1 (5420)

€1

€1
Ao,y — 2,0 A2 o — A2 o
NEN_1 (l—l— o A A
€1 y=1,+,N €1 o' F#o

The Picard-Lefschetz analysis provides a physical interpretation of this formula, i.e., the
emergence of other N — 1-vacua as a consequence of the flow from r > 0 to r < 0.
5.4.1.2 Four-dimensional theory with surface defect

The analytic continuation along the flow of the Kéhler modulus can be conducted in a
more general setting: the two-dimensional gauged linear sigma model coupled to the four-

dimensional gauge theory. Let us start with the quiver surface defect partition function

(5.2.5)) with the constraints (5.2.4]), namely,

Zé = Z,A2 (a(); a1, = aoya — 5260475; Ag; Az | €1,&2 | q1 = 2_17 o = Q) . (5421)
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We recall that this can be expressed in terms of the Q-observables ([5.2.32)). Thus can

be written as

N (—1)F T (14 festhe ) T (teatne )

=S e Y g IT 2

A®) k=0  a=1 F(k+1+w)r(_k_m)

€1

apg +ker —co—e  app—co

OeKo ap, 8 + ]{361 — CO Qo3 — Co — €2

Ao & N T (14t 1 (g 1 fiztze)
Z(;)Clz ,\(2>kz:;)q1 (El F(k+1j1w)r(1+ao;1am)

€1

(5.4.22)

apg +ker —co—e  app— co

Y
OeK, Qo3 + kél — CO o, — CO — €2

s
sin T

where we have used the reflection formula I'(x)['(1 — z) = in the second equality. It is

crucial to notice that the partition function now can be represented as a contour integral

N 1 4 %0800
Zﬁ B 1;[ Eli%ﬁ azag ) Zq|)‘(2>|l~1’)\<2)

% dr (= E L <_%) o I (1 ~ a“) ﬁ (Aiif) T — g0 — (i — 1)1 — /\5270)52

MoysT (1 + “;‘10&) T — g0 — (i — 1)e :
(5.4.23)

where we have defined

~ . o, — CO
@) = Hy@) H
OeA®

= € [NQK; + qlgN;KQ — PngQK; — M(]K; — Q12M§K2] .

o3 — CO — €2

(5.4.24)

The contour C is described in Figure Here, we are assuming the Coulomb moduli

N

0oy for

a, = (agﬂ)fxv:l and the masses of hypermultiplets ag = (agq)".

a=1 (and az — (ag,a)

Z,g) are generic, so that the simple poles do not overlap with each other. Note that this
contour integral is analogous to the famous Barnes integral. 1t is straightforward to prove

that the integral ([5.4.23) uniformly converges as long as Arg(—q;) < 7, i.e., q ¢ R, using
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xT

Figure 5.2: The contour C on the "% _plane.

€1

the asymptotics of the I'-functions. The equality in is obtained as we close the
contour by adding the semi-circle R, at the infinity, picking only the poles at © = ag g + ke,
k € Z=°. It can be shown that the integral along R, uniformly converges to zero in the
regime |q;| < 1, and therefore it is safe to add R, to the contour C.

Now, we take the contour integral representation (5.4.23|) as the analytic continuation
of the partition function Zg . In particular, the partition function assumes a different series
expansion in the regime |q;| > 1, and it can be computed as we close the contour by
adding a semi-circle R_ on the opposite side. It is possible to show that the integral along
R_ uniformly converges to zero in the regime |q;| > 1, and hence it is safe to add R_
to the contour C. The resulting contour encloses the rest of the poles, ie., z = asq +

(l ()\(2’0‘)) — k- 1) ey where o = 1,--- , N and k € Z=°. First note that the denominator in
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the contour integral can be absorbed into the I'-functions, yielding

= top (2,0) T—aza
fédaj(_ql)fl ( )H ( (/\ )+1+ 1 )

HQ#F(1+ fodne )

(2,0)
l()\ ) — (’L — 1)81 — )\,EQ’Q)EEQ

i
a=1 =1

(5.4.25)

€1

Then we can pick up the residues of the N-rays of poles at * = ag, + (l ()\(2"")> —k— 1) €1,
a=1,---,Nand k € Z=°. We can write the resulting series expansion for the analytically

continued partition function as a sum over these N-rays,

_;ﬁgﬁ P (e tor) 11 (HM)ql T e (5.4.26)

a'#a r

€1 €1

where we have defined the basis function in the regime |q;| > 1, which is independent of the

choice of /3 in the constraints (5.2.4)), by

ZiﬁM Z q IA@)] iy i": q—k—i—l (A2 ( kl‘)k
A2 !
1 D (—k+1 (A 2:a>) — 1 (ACR) 4 ot fV[ P (2estos)
2z P () BT (k1 (A2e)) 4 tmata)

N ((xE7) a2, — A2~ + (l (/\ 2 a)) —k — Z) /\1(2’7)62

II 11 :

=1 i=1 €1

(5.4.27)

so that the choice of g only affects the coefficients of the continuation formula (5.4.26). We
will explicitly write the argument of ZX7™ only when we emphasize its Coulomb moduli,

but otherwise we omit it. Note that the basis function can be expressed as the expectation
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value of an infinite sum of Q-observables ([5.2.32]),

QLM 3 q|2)\(2)|l,1/\(2> I A — € — CQ ql—k+l(x<27a>) giv(k—z(wa)))
* e (5.4.28)
ﬁ T (aQ’Q;ao’AY) QQ (CLQ@ + (l ()\(2’0{)) —k— 1) 81) . o
o1 T (—k 4 L(A2e) 4 2e—t0a) Q; (azq — €1)

Remarks

« The ratios of the I'-functions in (5.4.27)) and (5.4.28) can be expressed as Pochhammer

symbols, but they may appear either in the numerator or in the denominator depending

on k and [ ()\(2’0‘))’8.

While the exponent of qs is always positive, the exponent of q; can either be positive or
negative depending on & and [ ()\(2’“)>. The convergence regime is 0 < |qa| < |q7!| < 1.

We may introduce new coupling constants

n=d, g =dia, (5.4.29)

so that the the convergence regime becomes 0 < |q}[, |q5| < 1. Indeed, the exponent of
the new coupling constant g is k+|A®|—1 (/\(270‘)) >k >0, i.e., bounded below. The
first inequality is saturated if and only if A® is single-columned, namely, A2*) = & for
all &’ # o and A?®) is single-columned. This suggests the basis function Z,, is related
to the As-theory in which the Coulomb moduli of the two gauge nodes are subject to

certain constraints. We come back to this question in section [5.4.2.1

The reparametrization of the couplings q; = 27! and q2 = q of (5.2.5)) were introduced
to be consistent with the convention in (5.3.17)). Note that g} = z and ¢5 = I under

the reparametrization.

Let O be an observable lying only on the second gauge node, ie., O[A] = O[A?)].

The expectation value of such observables can similarly be analytically continued. We
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simply need to insert the observable inside ((5.4.27)), along with the measure f1,e).

Similarly, we can analytically continue the quiver surface defect partition function (5.2.3§|).

After imposing the constraints ([5.2.34]) and the re-definition of parameters ([5.2.36]) we con-

sider

2 = 2y (~a00 — & —@10; —G5.0 + 2 — 2003 —G30+ 25 e8| a1 =092 =9 ' 2),

(5.4.30)
The partition function can be analytically continued in the same way,

25 = i 11 - 1_1’1_ 3B:3ﬁ> II I 1‘:/;,1;)5 Gyl (—qe) A 2ROM ] (5.4.31)
gz T (M) Aol )

€1

€1

W) - O (At (=1)k
28 M@) =S ab o Y0 (=) (21)

A =0 k!
D (—k+1(A0) — 1 (MG 4 Zethe) fV[ I (faztte)
o't D (Regme) AT (= L (\0) o izt

N ON) g an, + (L(AG) — k=) e - Ay

=1 i=1 €1
) —Q1q —CO— € o= —kH(A0) N(k—i(AO0
e T §3 01 N(iet(p0)
A A0 T0a T O T &L 4o
foorlme)  ofaa (1(00) —k-1)a)
5 D (= k4 L (A1) 4 2athe ) Q1 (—a1,0 — &1) ’
(5.4.32)
We have defined the modified measure
- —agg — ¢
M) = Ky H 35 8
Deky — 436 = 0~ €2 (5.4.33)

= € [NiK7} + quNy Ky — P K; — MoKy — ¢}, My Ky |
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Remarks

« The convergence regime of (5.4.32) is 0 < |q1] < [g5'| < 1. We may define new

coupling constants

GW=a0h R=a (5.4.34)

so that the convergence regime becomes 0 < |q}], |q5| < 1.

o The reparametrizations of coupling constants (5.2.37]) were introduced to be consistent
with the convention in ([5.3.27). Note that the new coupling constants g} = 2z and
gy = 1 match with the previous ones. Thus, both analytically continued partition

functions lie in the intermediate domain, 0 < |q| < |z] < 1.

5.4.2 Gluing the partition functions
5.4.2.1 The connection matrix

Recall that the surface defect partition functions are annihilated by the operators 5 obtained
in section 5.3l The uniqueness of the analytic continuation guarantees that the continued
functions satisfy the same differential equations. Therefore we may regard the analytically
continued partition functions as the extentions of the solutions to other convergence domains.

Motivated by the analytic continuation formulas (5.4.26) and (5.4.31)), let us define the

connection matrices

[ (14 e ot I P () (5.4.352)

o' Fa r (%5;71‘10@") Gr28 T (1 + ao,%lazy) )

al;la r (W) 51;[6 T (1 + M) . (54351:))

€1

(CO>a5

€1

We will scrutinize below how the connection matrices associate the solutions to @ in different

convergence domians, for each N > 2.

151



N =2 We have shown in section [5.3.1.1] that the modified surface defect partition func-

tions,
%=(2L) (5.4.36)

solve the differential equation (5.3.17) given by @2, with the prefactors in (5.3.13]). These

functions provided the solutions of the form

[e. 9]

P A (5.4.37)
k1,k2=0

in the domain 0 < |q| < 1 < |2|. It is not so difficult to show that they are the only solutions
once the critical exponent Ly is given. Indeed, by directly acting D, to the ansatz and
expanding in 2! and g, we get a recursive relations for the coefficients ¢y, x,. In particular,

the zeroth order equation is

2
0= <€%7’% — 81(51 + 252)7“[, + €1&9 ( 84_!; =2 + A1)> Co,0- (5438)
1

The existence of the solution (¢ # 0) implies that we are restricted to only two choices for

the critical exponent ry,,

—ao,1 + Qo,2 + e+ &2 ap,1 — Qo2 +ée+ 82)
)

)

(PLa)acio = < (5.4.39)

261 251

which are precisely . Once rp, is chosen, the recursive relations fully determine all
the coefficients ci, k,. Since the partition functions iL already provide two solutions, we
conclude that the surface defect partition functions ZL provide all solutions to 5‘52 in the
domain 0 < |q| < 1 < |z], for each fixed L,.

With the modification of the partition function by the multiplication of the prefactors
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(5.3.13]), the analytic continuation formula (5.4.26) becomes

€1

2= — 3 (Cao)us (—)

e?—(ag,1—ag,2)>
_Aq_AO+ 48’152 :
z
=1,2
8 . (5.4.40)
2ag—2a9+2e1+eo e 2(ag—ag+e)(2ag—2ag—ceg)
(1—2) 2 (1 _ q> ' (1-q) B g LM
z

B
Note that the critical exponent of z is independent of «, namely,

(7‘ ) _ <’I“ B 200 — 2a9 + €9 Q25 — a07a>
EoatBlp=12 = The 2eq B=1,2

“1 (5.4.41)
- (—a2,1 + a2 2 +¢€ 21 — 422 + 8)
281 ’ .

281

Finally, we define the modified basis functions as

" —TL—M,B e2—(ag,1—ag2)?
R G I
z

627&3+8

q c1 2(ag—ag+e)(2ag—2ag—e9g)
1-2 1—
. (1—q)

(1_@%°%fm”( EE koM (5.4.42)
% = ZL—)M
(Z57),

~ LM
The uniqueness of analytic continuation guarantees that 2 7 also provides solutions to

D,. Therefore, the analytic continuation formula,

ZL _ CooiL—>M

9

(5.4.43)

connects the solutions to the differential operators D, in different convergence domains,

through the connection matrix defined in ([5.4.35al).

Remarks

o In the limit 5 — 0, the modified functions Z“~"

produce solutions to the oper D. It
is evident from the expression (5.4.28|) that the solutions are again expressed as sums
of the Baxter Q-functions.
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« We observe that the critical exponent r_,5 3 of z for ZE”M is precisely the L; in

(5.3.13)) subject to the constraint

ajg = azp + €2

(5.4.44)
10 = G20 (@ # f)
This strongly indicates the identity,
ZEM = (1= 2)7 83 @) 2 (4 4 = g+ £2005) (5.4.45)

between the two seemingly distinct partition functions. Even though this identity is
rather obvious in the point of view of AGT [63], its rigorous proof in the gauge theory
side is not. As is clear from the definition of each side, this identity implies a lot of non-
trivial combinatoric identities. It would be nice to directly prove the identity, perhaps
by using the non-perturbative Dyson-Schwinger equations, but it is not necessary for

our study so we do not attempt it here.

Similarly, we have shown that the modified surface defect partition functions,

%= (28 (5.4.46)

)

give solutions to D, in the domain 0 < |z| < |q| < 1, which are now of the form

00 S 5 rr+k2
rrtks JLit+ki—ke __ Li+rr+k
ST g, 2R gl = N gltTR 1<q> : (5.4.47)

k1,k2=0 k1,k2=0

We can act with D, on this series and expand in ¢ and é, to find the indicial equation,

0= 5?7“?% — €16 TR + €182, (5.4.48)
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whose solutions are precisely (5.3.25]), namely,

(7“1137(%)0[:172 = (

—as;1 + az 2 +¢€ a31 — as2 + 5)

5.4.49
281 ’ 281 ( )

Once rg is chosen, all the coefficients ¢, », are determined recursively. Thus we conclude
~R =
that 2 provide the only two solutions to @, in the domain 0 < |z| < |q| < 1, for each fixed

Ly 4+ rr. With the prefactors ([5.3.24), the analytic continuation formula (5.4.31)) becomes

2a)—2ag+eg 93,0791, 2 2
~ —TR,a— 5 - = e“—(a1 1—ay2) AL Al 2eten
e L T G B e
f=12 : (5.4.50)
@ a1 +e)(2a 28 ) _ a1+ 2a1 —2ag+2e1+tegy
ag—aj+e)(2a] —2az—eg ag—aj+e e
(1 — q) €1€9 (1 — Z) €1 (1 — ﬂ 1 ZR—}M‘
P B

Note that the critical exponent for z becomes, again, independent of «,

2&1 — 2&3 + &9 a3,q — A1,
(rR>MB) g1 0 = (TR,a + == B)ﬂ L

281 €1

(5.4.51)
_ (—a1,1 +a12t+e+e2 arn —&172+€—|—62>
281 ' 261 '
Hence we define the modified basis function by
~ q —rRoM,B  £2—(a1,1—a1,2)? Ao A/ 4 2eten
ZR%M = — <_) deqe9 80T ‘1+ 4eq
B = s 9
(ag—aj+e)(2a; —2a3—e3) ag—ajte q W M 4.52
(1—q) f1e2 (1—2) = (1 _d gfoM - (5.4.52)
z

ZR_)M = (Z§HM>6:1,2'

< R—M
By the uniqueness of the analytic continuation, we conclude that % 7 gives the solutions

to D, in the domain 0 < |q| < || < 1. The analytic continuation formula,

<~ R—M

2t=cy Y, (5.4.53)

connects the solutions in different convergence domains, through the connection matrix de-
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fined in ([5.4.35b)).

N = 3 Under the modification (5.3.31]) with the prefactors (5.3.32)), the analytic continu-
ation formula ([5.4.26)) becomes

3 3 1 _TL,a+3ﬁ07§§f+262 +a2,ﬂ;a07a
L= =3 (Ca)oy (_) (5.4.54)
p=1 o
A 1 2_(02,1—a2,2)2+(a2,1—a2,3)2—(a2,1—a2,2)(a2,1—a2,3)
2ot (¢ 3 ) (5.4.55)
3ag—3ag+3c—e %%W (ag—agz+e)(3a_3ag—eg)
(1—2) = (1 - q) ' (1-q) f153 25M, (5.4.56)
z
Again, the critical exponent of z is independent of «,
(7‘ )3 _ (7’ _ ?)C_L() - 3&2 + 262 _ a2 3 — CL()@)S
L—M,3 p=1 — L,a 351 £ o1
3 3 (5.4.57)
_ <—3CL275 + 27:1 Qg + 36)
351 B=1
Hence, we define the modified basis functions as
. 1\ TLoMB A AL 2_(02,1—a2,2)2+(a2,1—a2,3)2—(02,1—a2,2)(a2,1—02,3)
Z’L—)M — (_) q 0 £1€9 € 3
3 = q
z
ag—ag+e _ _ _ _
3ag—3ag+3c—eqy q\ = (@g—az+e)(3a_3ag—eg) LM 5.4.58
(1—2) = <1 _ z) (1—q) = 2LM, (5.4.58)
LM _ (51 03
% - (Z’ﬁ )5:1
Then the analytic continuation formula,
~L ~L—M
% =C. % - : (5.4.59)

connects the solutions to ®3 in different converence domains.

Likewise, under the multiplication of the prefactors (5.3.50]), the analytic continuation
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formula (5.4.31]) becomes

3a;—3a3+2e9  93,0—91,8

~ 3 —TR,a— B (ag—aq+e)(3ay—3az—eg) (ag—aq+e)
R q 3eq €1 0—%1 1 37¢2 0—a1
2= =Y (Coloy (-7) N
p=1 o
q51152 <€27(al,1*a1,2)2+(a1,1*ﬂ1,3)32*(a1,1*a1,2)(01,1*a1,3>)7A37A0+36;r152 ( B ﬂ %
z
ZRﬁA?
B
(5.4.60)
Note that the critical exponent of z becomes independent of o, namely,
3 3(3,1 — 3C_L3 + 282 Clg,a — al’g 3
(rrRom8)5=1 = (TRa +
3eq €1 B=1
(5.4.61)

B (—Bam + 33 ar, + 3+ 252>3
361 B=1

Therefore we modify the basis function by

3a1—3agz+3e—eg

~ —TR—M,B (ag—aj+e)(3ay1—3ag—eg) ang—ai+e 3c
FROM = _ (_q) (1-q) B (1-2)"= (1 _ q) !
z z
(a1,1—a1,9)%+(a11—a1,3)% ~(a1,1—a1,9)(a1,1—a1,3) ) ete
q%(ﬁ_ 1,1—41,2 1,1 1,33 1,1—a1,2)(ag,1—a1 3 )_Aq_A0+33212Zg—>M
SR-M _ (5p )3
2 = (2] ),3:1‘
(5.4.62)
We conclude that the connection formula,
<R S R—-M
 =Cy% , (5.4.63)

associate the solutions in different domains, through the connection matrix (5.4.35b)).
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5.4.2.2 The shift matrix

~L—M
We have verified in section |5.4.2.1| that the analytically continued partition functions Z 7

and 2" provide the solutions to the operator 5 in the intermediate domain, 0 < |q| <
|z] < 1. Moreover, we have found in section that the (N —1, 1)-type Zs-orbifold surface
defect partition functions 272 also provide the solutions to 5 in the same domain. The
question arises on how these solutions are associated to each other. Exact identities between

these partition functions are established with the help of the shift matrix
Sus = €204 b,p, (5.4.64)

which is introduced to facilitate shifting the Coulomb moduli of the underlying A;-theory.

We proceed below with the derivation of the identities, for each N > 2.

N =2 Let us consider the generic ansatz for D, in the intermediate domain 0 < |g| <

2] < 1,
— k1—ko Lotk = Lotk (9 Lotks
e VALY () D CR
k1,k2=0 k1,k2=0 z

By acting D, to the ansatz and expanding in z and 1, we find the indicial equation
0= 6%’/’]2\/[ —E1ETNM + €1€Q(Aq + AO) + €1€2L2. (5466)

Once the critical exponents r; and Ly are chosen to satisfy the indicial equation, all the
coefficients cy, x, are determined recursively. The solution is unique in this sense.

R—

~ LM ~R—M ~Z 2
We have seen that % , % ,and 2 are annihilated by ®,, and therefore their

critical exponents evidently satisfy the indicial equation (5.4.66)). Moreover, we observe from
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(.4.41), (.451), (5.3.62), (5.3.16), and (5.3.26) that

= () .., (5.4.67)

(reesa)oio = | TR—Ma
’ al,a—02,at€2 / =12

, (5.4.68)

a1,a—a2 ate2

A=A

so that the indicial equation guarantees that those solutions are identical under the shift of

the Coulomb moduli, namely,

2 7M@) =827 (@) = 2% (). (5.4.69)
Note that the re-definitions (5.2.36)) of the Coulomb moduli and the masses of the hypermul-
tiplets for 2R were carefully designed to yield this equality. Consequently, we conclude that
the analytically continued partition functions agree in the intermediate domain, and this is

also identical to the orbifold surface defect partition function.

N =3 From (5.3.35)), (5.3.36)), (5.3.52), and ([5.3.53)), we observe that

A/
A%l - Aq,l

a1,a—02,a €2

(5.4.70)
Aga = AL,

a1,a—02 o te2

Also, from ((5.4.57)), (5.4.61)), and (5.3.73]), we have

3 = (=) (5.4.71)

a=1
a1,a—02 o te2 ) a=1

(TLHM,Q>3:1 = (TR*)M,Q

Although these relations look promising, they do not guarantee the equality of the partition
functions this time. The problem is that the equation for D5 involves the expectation value
<(93>, which is an object independent of the partition function itself. Without an addi-

tional information on equating the expectation values analytically continued from different
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domains, the single equation of 553 is not enough to fully determine the partition function.
Nevertheless, in the limit e5 — 0 the equation is reduced to the oper D3 on P'\{0,q,1, oo},
and the relations ([5.4.70)) and are indeed enough to guarantee that the solutions
agree wih each other. This is because, as we have seen earlier, the expectation value <(93>
is dominated by the limit shape and becomes a series only in ¢, comprising an accessory
parameter for the oper D which is unambiguously determined once the monodromy along
the A-cycle is fixed.

We furthermore suspect that even for generic values of €5, there is a proper matching
between the analytically continued expectation values in the intermediate domain, so that

the identities,

~L—M <~ R—M 22

Z (a)=S% (a) =% "(a), (5.4.72)

persist to be true. We have checked the identities at low orders in the gauge couplings z and

g. We discuss more on this issue in section [5.7}

Remarks

o The duality between the quiver-type and the orbifold-type surface defects was realized
in [48] as the M-theory brane transition, for the A;-theories. It would be interesting
to study the relation between the higher rank generalization of the duality in [48] and
the exact identification of the partition functions .

5.5 Darboux coordinates

Recall that the main assertion of [91] is that the generating function for the variety of opers

with respect to the NRS coordinate system is identical to the effective twisted superpotential
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of a class 8 theory:

s[ovle) = — (WIT[AN-1,€]] - W) . (5.5.1)

€1

We need a generalization of the NRS coordinates for N > 2 to give any meaning to the left
hand side of the correspondence.

Here, we propose a Darboux coordinate system on the moduli space of flat SL(N)-
connections on the r + 3-punctured sphere ]P)%,E with two maximal and r + 1 minimal
punctures, for the arbitrary higher rank N — 1. The proposed coordinates reduce to the
usual NRS coordinate system in N = 2 on a specific patch of the moduli space of flat
connections.

In this section €, denotes Pj, ., = P'\{z_1,20,..., 2, z41}. We often set z_; = oo,

zry1 = 0, and 2o = 1.

5.5.1 Construction of Darboux coordinates

5.5.1.1 Definition

We construct Darboux coordinates on a patch of the moduli space of flat SL(N)-connections
on the r + 3-punctured sphere C,, which reduces to the NRS coordinates in the N = 2 case.
Our main example of the four-punctured sphere is the case r = 1. As in (5.1.15), the moduli
space Mg, (SL(N),C,) is the space of (stable) equivalence classes of the homomorphisms
of the fundamental group of the punctured Riemann sphere to SL(N), in which the loops
encircling each puncture are mapped to the prescribed conjugacy classes in SL(N). In
particular, the two maximal punctures correspond to generic semisimple conjugacy classes
in SL(N), while the r 4+ 1 minimal punctures correspond to semisimple conjugacy classes in
SL(N) with maximally degenerate eigenvalues. We fix the conjugacy classes by specifying

the eigenvalues of the holonomy matrices g;, ¢ = —1,0,1,...,r + 1. The moduli space is
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given by:

Mﬂat(SL(N)7Qr)

stable

g; € SL(N),

Det(g; —z) = (m; — )N '(m!™N —2), i=0,...,r

) | SL(N).
(90)it?, Det(gi — z) = i—V[ ((m(a))sgn(l) B ag) i=—1r+1 / (N)

()
a=1

9-190° " Gr41 = 1y

(5.5.2)

The stability condition chooses an open subset in the set of matrices g; obeying all of the
conditions above. We shall not need to specify the stability condition since we are going to

work on an open patch of the moduli space which belongs to the stable subset.

—N+1

The holonomies g; ~ diag(m;,--- ,m;, m; ) around the minimal punctures require

more detailed notation. We can form such an element of SL(V) by setting

gi = m; (]lzv + (m;N - 1) E;® EZ) ; (5.5.3)

where

E,eCN, E e (CN)* (dual space)
(5.5.4)

which are defined up to rescaling (Ei, EZ> — (tiEi,t-’lEi), t; € C*. For fixed E~i, its null

(2

subspace in CV is N — 1-dimensional. Hence we have N — 1-dimensional eigenspace of g;
with the eigenvalue m;. The one last eigenvector is given by F;, with the eigenvalue m; V!

fixed by the normalization condition. The number of degrees of freedom in such a g; is equal
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to
2N (from E and E) — 1 (normalization) — 1 (rescaling) = 2(N — 1). (5.5.5)

Therefore, a simple dimension count gives

dim Mot (SL(N), Py, 1) =2 (N2 = 1) = (N = 1)) + (r + 1) (2(N = 1)) = 2(N* — 1)
=2r(N —1).

(5.5.6)

We need to define (N — 1)-pairs of coordinates which are canonical under the Poisson
bracket. For this, it is convenient to parametrize the moduli space as follows. Let us define

the projection operators
(5.5.7)

formed by the eigenvector E; ([5.5.4]) of g; and its dual-vector. Then g; is expressed as
g =m; (]1N + (m;N — 1) Hi) . i=0,1,...,m (5.5.8)
For later use, we also give the expression for its inverse:
gl =m! (ILN + (m) — 1)H,~) . i=0,1,....7 (5.5.9)
Let us also define
M;=g.190...9; € SL(N), i=-1,0,1,--- ,r+1. (5.5.10)

These matrices represent the holonomies along the curves on the r + 3-punctured sphere
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Figure 5.3: The r 4 3-punctured sphere Pj,,,. The (—1)-th puncture (located at z = oo)
and the (r + 1)-th puncture (located at z = 0) are maximal, denoted by double circles, while
all the other punctures are minimal, denoted by simple dots. The holonomy along the loop
encircling each puncture is represented by g; (blue line), while the holonomy along the loop
enclosing 7 + 2 punctures is represented by M; (red line).

enclosing 7 + 2 punctures (see Figure . In particular, it is immediate that we have

M =g+, M, = gr_ﬁl, and M,,; = 1y. We can express these matrices as

M, =Y m® (5.5.11)
with the projection operators HE"‘) obeying

I = g, , 1, (5.5.12)

3 (2

each having rank one. Using the eigenbasis Ei(a) e CV, i=0,1,...,r — 1 of M;, and its

dual-basis E”) € ((CN)*, EXYEP)Y = 6,5, we can write
n® = g e £, (5.5.13)

164



~ -1 ~
The basis vectors are defined up to rescalings (EZ-(Q), EZ-(Q)) > (tE”E@, (tl(a)) EZ-(O‘)>, A=
C*, and reorderings E s E%*) 5, € S(N).
Now we are ready to propose a Darboux coordinate system. We define the coordinates

al(-a), BE“), 1=0,1,...,r—1,a=1,..., N, subject to the constraints

N
Yol =0 (5.5.14)
a=1
and defined up to the shifts
B(a) »(a)
i B b bieC (5.5.15)
via
M; B = mie® ple) (5.5.16)
and
(@ E(Eiy) - Try IL T,
o BB — g(a() +1>E¢+1(Ei) = N (a)“, (5.5.17)
where B, is defined by:
5 oL @
e =3 e Ty (T 1™ (5.5.18)
a=1

Due to the constraint (5.5.14)) and the ambiguity (5.5.15)), the coordinates aga), B, ' are

redundant. Thus we refine the coordinates by choosing mutually independent r(/N — 1)-pairs
(agax B =g\ BﬁN)) . i=01-.r—1,a=1---,N—1. (5.5.19)

to form a proper coordinate system on Mea(SL(N), Py, ;).
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5.5.1.2 Canonical Poisson relations

To show that {aga),ﬂga) |i=0,1,---,r—1,a=1,--- N — 1} forms a Darboux coordi-
nate system on Mga;(SL(N),P5, ), we have to verify that the Poisson brackets [97] are

canonicalﬂ

(5.5.20)
{aga)7a§ﬂ>}: {Bga)ﬁgﬂ)}za a,f=1,,N
The Poisson bracket on the space of all gauge fields
{A“(ﬂf), A”(y)} = "6 (x,y) (5.5.21)

(the 6 is a two-form on P} ,,,) has a simple geometric description when represented on
the holonomies. To illustrate, consider two distinct elements of the fundamental group
[Y12] € m (IP’%J, +1>. We can choose their representatives 7, o to intersect transversally. We

assign to each intersection point x € v; N7, a sign

sty Ny — {£} (5.5.22)

according to the orientation of the curves v; 2 at = relative to the orientation of the sphere

(see Figure [5.4). Then we define

(N ={zenny|s) ==+}. (5.5.23)

At each intersection z, we compose a resolution (y; U72), of the union of the curves as

described in Figure 5.4, Now the Poisson structure on the moduli space of flat connections

9Tt is clear that the Poisson brackets for the refined coordinates ([5.5.19)) are also canonical once ([5.5.20))
is proven.
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Figure 5.4: The sign assignment to intersection points and the resolution of the union of
curves.

can be represented on the holonomies p along ~; 2 by

{p([%])m([%])}— > plnumkD— > p(nUrk). (5.5.24)

z€(71N72)t z€(71N72)~

Using the geometric description of the Poisson structure, we can show that the coordi-

nates defined in (5.5.16|) and ((5.5.17)) satisfy the canonical Poisson relations (5.5.20]). Let us
package ([5.5.16)) into the generating function:

> 1
Aix)=Try (2 — M) ' =) il M}, (5.5.25)
=0

which has a simple geometric meaning as the generating function of the loops which wind
along the same curve (whose holonomy is represented by ;) multiple times. Since there is

no intersection among these curves, it is clear that we have

for any 4,5 =0,1,--- ,r — 1. Thus we derive

{aEQ),a?)} =0, (5.5.27)

for any ¢,7=0,1,--- ,r—1,a,8=1,---,N.
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We can also package ((5.5.17)) into

Bi(z) = Try 1L (z — M) Iy, = P (5 (5.5.28)
a=1 T —m,
We can re-express this via:
D;(z) = Try gi (x — Mi) ™ gisa
= (e — 1 (mEY — DBi(e) + mma (W 1) s
—mm ! (W — 1) +mym; 1Ay (),

where P;(x) is the characteristic polynomial of M;:

P,(z) = Det(z — M, ﬁ (z - m®). (5.5.30)

In deriving the second equality of (5.5.29)), we had simple manipulations on the determi-

nantﬂ and :

P_y(m; ')

py Lo (o m) T —2) (5.5.31)
Py(m;x) N -1
Pln;(x) —l=z (1 -m; ) Tr(Mi—y — ) 11, (5.5.32)

The function D;(z) has a simple geometric meaning:

o0

1
Dj(z) =) l+1TrN giM! g1 (5.5.33)
=0 ¥

from which it is obvious that {D;(z),A;(y)} = 0 for i # j (the corresponding loops on the

r + 3-punctured sphere do not intersect), as well as that {D;(x),D;(y)} = 0 for |i — j| > 1.

10Use that for any rank one projector I, and any operator A, Det(1 + AII) = 1 + Tr(AII)
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From these, we derive

{Bga)7a§ﬁ)}:07 27&]7 05,6:1,-“,]\[,
(5.5.34)
{BEC“)HB;ﬁ)}_O, ’2_]‘>17 Oé,ﬁzl,"',N.

It remains to compute:

{Di(ﬂr)?Az’(y)}, {Di(ﬂf),ﬂ)m(y)}? and {Di(ﬂf),Di(y)} (5.5.35)

which are a bit more involoved. As we elaborate in appendix [F] in detail, the rest of the
canonical Poisson relations ([5.5.20)) are obtained out of these brackets, confirming that the

proposed coordinate system is indeed Darboux.

Remarks

 Other constructions generalizing the NRS-type coordinates were proposed in the SL(2)
case in [I04], in the arbitrary group case in [103], and specifically in the SL(3) case
n [98]. In [104] and [98], the spectral coordinates are defined as the holonomies of a
(twisted) flat GL(1)-connection on a line bundle over the N-fold branched covering >
of the Riemann surface €, which is a certain uplift (called abelianization) of the flat
SL(N)-connection on € [I01]. To give some credit to our construction, as described
above, it produces the Darboux coordinates for arbitrary /N in an elementary fashion,

albeit only on a specific patch of the moduli space.

5.5.2 The four-punctured sphere

We consider our main example, the four-punctured sphere P'\{0, q,1,00}. The generalized
NRS coordinate system on the moduli space Maa(SL(N),P'\{0, 4,1, 00}) is just a special

case r = 1 of the one defined in the previous section. In this special case, it is convenient to
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express the generalized NRS coordinates in terms of the trace invariants of the holonomies,
and take these expressions as equivalent definitions for those coordinates. Since the dimen-
sion of the moduli space is dim Mg.t(SL(N),P'\{0,q,1,00}) = 2(N — 1), it is enough to
consider two independent cycles on P'\{0, g,1, 00} which we choose to be the A-cycle and
the B-cycle in Figure [5.5, We describe how the traces of the holonomies M4 p along these

cycles are expressed in terms of the generalized NRS coordinates, for N =2 and N = 3.

5.5.2.1 SL(2)

We start with the A-cycle. It is clear that we have

My =Mt = ; (m) ™ 1. (5.5.36)
Thus we find
Tr My = () 4+ (mf?) " = emied y o2ried” (5.5.37)
It is convenient to omit the superscript and write o = a(()l) = —a((f). Thus we have
Tr M4 = 2cos2ma. (5.5.38)

Next, we can express the holonomy along the B-cycle as

Mp = g2g-1=9;"95" (5.5.39)

=mg'my ! (1 + (mf = DIT) (T2 + (mg — DT -

Thus we find

Tr Mp = mem; ' +my'my + (mg — my')(my — my ) Tr LI, (5.5.40)
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Note that we can express the trace in the last term using the 8 coordinates,

2
Triloll, = Y Tr T IIS™ T,
a=1

G—Béa>+f"o Tr HOH(()OC)

I
Mw

o=l (5.5.41)
2
= S Tr Ity Tr I, 115
a=1

30 _52) 35 By
+ BB T 1, TS+ B8 B8 Ty 1Y Ty 11, 11

)

where we have used ([5.5.18)) in the third equality. Using (5.5.31)) and (5.5.32]), we can express

the rest of the traces in terms of the a coordinates. For simplicity, let us define m_; = m(_li
and my = mgz) . Also we refine the B coordinate according to the definition (5.5.19)):

8= B(()l) — ~é2). Then the final expression for the trace of the holonomy along the B-cycle is

A (m2+m§1—m1—mfl) (m,1+mj—m0—m51)
5=

8sin? T
-1 -1 -1 -1
(mo+my' +my+mpt) (moy +mI} +mg+mg')
+ 2
8cos? T
Z (€¥27Tia . mom—1) (male:F%ria . mj) (eiQﬂ"L’a . m1—1m2—1> (mleiQﬂia o m2) s
— - e .
- 4sin® 27 x

(5.5.42)

Thus we observe that the coordinates (a, 8) determine the traces of the holonomies along

the A-cycle and B-cycle on P'\{0,q, 1,00} by (5.5.38) and (5.5.42). Conversely, we may

take these formulas as defining equations for the coordinates (a, 8).

Remarks

1'Not to be confused with the eigenvalue my of go which appears when > 1. Here, we restrict ourselves
only to the case r = 1 and there would be no confusion in notation.
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 For a direct comparison with the coordinates defined in [91], let us define
Ti=m_+ml, Tp=motmy, wz=mp+myl, zy=m;+m;t.  (5.5.43)
Also we use the abbreviation
A=TrM,, B="TrM;g. (5.5.44)

Then we find that (5.5.42]) becomes

B(A2 — 4) = 2(1’11’4 + ZL’QI’g) — A(l’ll‘g + JZQIL‘4)
(5.5.45)

+ (eﬁ + e_ﬁ) 612(14)034(14)7

where
cij(A) = A* — Awga; + o} + aF — 4, (5.5.46)

under the canonical transformation

B— B+ ; log (e‘z’”a — mom_l) (mo_le_zma — mj) (62”0‘ - ml_lmgl) (mle%m — m2>

1 . B ) _ o L o
— 5 lOg <€2ma o m()m—l) (mo 1627rza - mj) (6 2mic m] 1m2 1) (m16 2mice m2> )

(5.5.47)

The relation (5.5.45)) is precisely the defining equation for the NRS coordinate 8 for the
four-punctured sphere. Thus we confirm that the Darboux coordinate system proposed

in section [5.5.1]is a higher-rank generalization of the NRS coordinate system.

As we will see in section , the canonical transformation (5.5.47)) amounts to change
the boundary contribution to the effective twisted superpotential. Although the trans-

formed coordinates may be natural in some context, we will find in section [5.6|that our
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original definition is more natural in the gauge theoretical context. Therefore we stick

to our original definition of the generalized NRS coordinates in section [5.5.1] without

making additional canonical transformation throughout the discussion.

5.5.2.2 SL(3)

We begin with the A-cycle holonomy which is clearly conjugate to

My=My =3 (mf) 1,

a=1

Thus we find

3
71 ) @) M, @)
Ty MAH _ 2 : (m(()a)) — TF2miag + e F2miag + ei27rz(a0 +aoy )

a=1

For notational convenience, let us define the coordinates without superscripts,

a,=al, a=1,23.

a3 = —O;p — Oy,

so that we have

Tr Mjl _ e$27‘rza1 + e$27rza2 + ei27rz(a1+a2).

The expressions for the holonomy along the B-cycle and its inverse are

Mg = (g7g5") "

=mg'mf! (15 + (m® = DI ) (15 + (mi® = 1)) .
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(5.5.48)

(5.5.49)

(5.5.50)

(5.5.51)

(5.5.52)



Thus we obtain
Tr M = mI'mP (1 + mE2 4+ m?) + (mF? — m") (mf? — mF!) Te I 10, (5.5.53)
Again, we can express the trace in the last term using the 8 coordinates,

3
TrIloll, = > Tr M5 T,
a=1

3. a5 N
= Y e P T TG (5.5.54)
a=1

3 2(@)_a(8)
= 3 Tr eIy Tr LIS 4+ 37 efo =P Ty eIy Tr I, 15
a=1 a#fB

The rest of the traces can be expressed in terms of the e coordinates by using (5.5.31)) and
(5.5.32)). We also write the refined 8 coordinates without superscripts,

B, =B - BY, a=12 (5.5.55)

Then the final expressions for the traces of the holonomies along the B-cycle are

Tr Méd = BSE + Bfgeﬁlfﬁ2 + Bligeﬂ1 + B;geﬁQ

(5.5.56)
+ Bg:le*ﬂﬁrﬁz + Bétle*ﬁ1 + Bie*ﬁ27
where
B =my'm + mim; "t +my'm]
mgmfl 23: Hi=1 (malemjaa o m(_vl)e—maa) (mle”aa B mg“f)e—maa)
16 “ [y zo sin? (g — oty
o=l ” ( ) (5.5.57)

— -2 -2
By = mymy +my“my + mem;

mOmIZ 23: Hi:l (malemaa B m(jl)e—maa) (mleﬂ'iaa _ mg"/)e—wiaa>
16

= oo sin® m(0, — o)
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and

_1 173 —1 i O) ,—mi i (V) —miag
m%m 1 Hvzl (mO e —m,1€ mag) (mlema _ml e~ T

B, = :

oh 16 [lozasinm(oa — o) [1gzasinm(os — ap) (5.5.59)
e _momIZ Hi:l (malem'ag _ m(jl)efﬂiag) (mleﬂiaa _ mg’Y)efﬂiaa)

o 16 [lozasinm(oe — o) [1gzasinm(ap — ap)

Therefore, we obtain the traces of the holonomies along the A-cycle and B-cycle on P\ {0, q,1,00}
expressed in terms of the generalized NRS coordinates in ((5.5.51)) and (5.5.56)). We can con-

versely regard these formulas as the defining equations for the generalized NRS coordinates

{a, Bo|a=1,2}.

Remarks

o After our work has been completed and submitted to the arXiv, we were informed that
the generalized Fenchel-Nielsen spectral coordinates constructed in [98] are equivalent
to the ones obtained here in and (5.5.56]), up to some simple shifts for the 3
coordinates. Since our construction is elementary and does not use the auxiliary con-
structs such as the Seiberg-Witten curve disguised in the form of the spectral network,
we may hope that more general spectral network constructions of Darboux coordinates
could be simplified as well. In this way we expect our coordinates to match with the
(generalized) Fenchel-Nielsen spectral coordinates in [104], 98] and their higher-rank

analogues [103], possibly up to some simple shifts.

5.6 Monodromies and generating functions of opers

Finally, we compute the monodromies of opers to find the expressions for the generalized
NRS coordinates restricted to the variety of opers. Since the variety of opers is a Lagrangian
submanifold in the moduli space of flat connections and the generalized NRS coordinates

form a Darboux coordinate system, there exists generating function S [(’)N [P35, +1H for the
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Figure 5.5: The A-cycle and the B-cycle on the four-punctured sphere P'\{0, g,1,00}. The
double circles represent the maximal punctures at 0 and oo, while the simple dots represent
the minimal punctures at q and 1. The shaded regions represent the convergence domains L,
M, and R, respectively. The A-cycle is represented by the dark blue line, while the B-cycle
is represented by the dark red line.

variety On[Pj ] of opers with respect to the generalized NRS coordinates:

08 [On[P}, ]

(o)
A oa'?

7

, i=01,-r—1a=1,--,N—1 (5.6.1)

We verify that the generating function for the variety of opers is identified with the effective
twisted superpotential of the corresponding class 8 theory 7 |Ayx_1, IP%,@ , for the example
of the four-punctured sphere P*\{0, g, 1, co}.

The strategy to compute the monodromies of the oper Dy is to study the holonomy of
the operator 5 ~, and then take the limit e, — 0. The monodromy along the A-cycle is
easy to compute: as noted in the section , the solution iL_}M is defined in the domain
0 < |q| < |z| <1 (it is easy to estimate the growth of coefficients of z-expansion to conclude

it converges there). Thus we simply continue along the path
2z — ze® with 0<t<2n, (5.6.2)

to enclose the punctures at 0 and ¢, thereby making the A-cycle. In this fashion we pick up

the multiplicative factors from the non-integral part of the exponent of z in the perturbative
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prefactor, and thereby obtain the holonomy M4 (D). The monodromy of the oper D is then
computed by taking the limit:

MA(D) = lim M, (D). (5.6.3)

eo—0

The monodromy along the B-cycle is more involved. First we need the rotation matrices
R, and R, which are the monodromy matrices for the 27-rotations around the punctures
at 0 and oco. As noted in section , the solutions ZL and iR are defined by gauge theory
as series expansions in the domains 0 < |q] < 1 < |2] and 0 < |z| < |q| < 1, respectively.

21

Thus we get Ry by following ZR along the circle z — z €™, and we get R, by following

2w

Z along the circle z — z e”*™. For completeness, we give the expressions for the rotation

matrices for the punctures at q and 1 also:

R, =M, C;'R;"' Cy

(5.6.4)

R, =M,;'C'R'C..
It is immediate to see, in the N = 3 case for example, that the eigenvalues of lim., o Rq and
lim., ,o Ry are maximally degenerate, which means they correspond to minimal punctures.

<L

Now for the B-monodromy matrix, we start from the solution % . By concatenating the
connection matrices, the shift matrices, and the rotation matrices, we construct the following

sequence of continuations of the solutions

iL c_m>iL—>M§>2R—>M (op 23 R,! iR&)ﬁR%M S_—1>2L—>M ct ZL R 2L.
(5.6.5)
Hence the corresponding holonomy is
Mp(D) = Roo Coo S C5' Ry Cp S™ CZL (5.6.6)
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~L
We have seen in section that under the Nekrasov-Shatashvili limit, the solutions Z

for C‘S behaves as
Z =e2 (x+0O(eq)), (5.6.7)

which leads to the equation for the oper, @X = (0. Therefore, we compute the B-monodromy

for the oper D as

~
~

. w
Mg(®) = 6l{zigo Mp(D) e=2

_ (5.6.8)
T —1 1 -1 2
=lim R, C,SC, RyCy S C_ e=.

eo—0

Now we exhibit in detail how these computations can actually be done.

5.6.1 SL(2)-oper

We obtain the A-monodromy matrix for D, by letting z make the full circle z — z ¢2™ in

~ LM
the expression for 2 . Since the critical exponent for z is given as (5.4.41f), we find that

(5.6.9)

o —1taste 27ri“1‘“2+5>

M (D,) = diag (e A !

Then by taking the Nekrasov-Shatashvili limit (1 # 0,e2 — 0), we obtain the A-monodromy

matrix for the oper @2,

MA(Ds) = lim M4(D,)

g9—0

. —a1+ao+te .a1—ao+e (5610)
T 2 1722771 22 TEL
= diag (e e 21 ) ;
so that
Tr Mu(Ds) = 2cos 2 (‘“_2@;“1) . (5.6.11)
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Comparing this with (5.5.38]), we obtain

al—a2+€1

5.6.12
o, (5.6.12)

Next, we find the expression for the 8 coordinate by computing the B-monodromy matrix.

It is necessary to compute the rotation matrices first, by shifting z — z e 2™ and z — z €2™

<L <R
for Z and % , respectively. Since their critical exponents are given as ([5.4.39) and (5.4.49)),

we immediately compute

. ﬂ_iaO,I*“O,Q*EI*QEQ i —ag,1+ag,2—€1—2¢e3
R, =diag|e <1 , € <1 ,
(5.6.13)

.—ag 1+tag o+te .a —a +e
3,17%3,2 i 3,1793,2 )

R, = diag (em T e °1

The connection matrices and the shift matrices are given by ([5.4.35)) and (5.4.64)). For N = 2,

it is easier to write these matrices explicitly. In particular, the connection matrices are

apg,1—aQ,2 a]—ag aQ,1—a20,2 ag—aq
(e r(ege ) r(migne ) r(ege)
ag,1—a a1—ag 2 ag,1—al ag—ag2
o [Tl r(se) r(rem)r(a)
> T 1+a0 27%0,1 T 21=92 r 1+a0 2790,1 rf 2-wu ’
€1 €1 €1 €1
ap,2—a2 a1—ag,1 ap,2—a1 a2—ap,1
SemE ) ]
_F 1428.2793.1 ) pag—a; r(1193:2793.1 ) p( a1=as T ( e )
€1 €1 €1 €1
a2—ag;1 ag3,2—a1 a1—as, az,2—a2
() s O g Ty
Cy =
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Their inverses can also be computed directly as
142027201 r(14 2017902 ) p(az—aj |]
€1 - €1 €1

0,2 240,1 ap,1—a1 az—aqp,2
@ - ay F(l+ SE ( - ) remea) ()
- 7

a — Qa 0, 2 aQ,1 a(,1—90,2

0,1 0,2 F(1+ ) ( ) r(1+ = ) (
(1 (+*

r
)
) e ]
F(l—i— 3.1 32) ( ) F(1+ 3,261 3,1>F(a1—1a2)
e | TR G (E)
0 azq — a3 2 F(H— 316_1“3v2)p(a2—1a1) F(l-i- 325_1 3,1)F(a25—1a1) ’
_F(H_ 2;(11372) F(Ga,i; 1) F(l—l- 2;;3 1) F(a&i;al) |
Now it is straightforward to evaluate the B-monodromy matrix for 52 by
Mp(Ds) = Ro. Cu S C;' Ry Cp S~! O (5.6.16)

We need to evaluate the trace of the B-monodromy matrix for the SL(2)-oper D5, which is

obtained by taking the limit,

EQ-)

Tr Mp(D,) = <hm R Coo SC; Ry Cy ST C ) (5.6.17)
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A few pages of computation shows that

Tr Mp(Ds)
(cos 81982 _ (g Wi(ai a)) (cos Wiao’zao 2 _ cos Wi(ao a))
2 sin 7T‘“2 22
€1

(cos T2 A cos ﬁi(‘”l “)) (cos T2+ cos Wi(aol “))

_l_

2 cos? T2
€1
2
: a2—ag,y az,~y—ai a;—az zzg,ﬁ,—al) (02—‘10,"{) 5 5\
B 41_[7:1,2 sin T sin L r ( - ) r ( L (= e(m_%)w
2 a1 az 2 ai—ag as,.—a2
sin“ r4i—%2 az—aj - Y Y
F( €1 ) 7_1’2F( €1 ) F( €1 )
2 —1
00y i G3n—az [T (M) T (M) T (w) 0 0\~
B 4H7:1,2 ST SINT—7 €1 H €1 €1 ¢ \Bar 90 w
ai—az 2 — _
sin? w&41=92 = r (a27a1> =il (‘H{S&) T (M)
£1 1 €1

(5.6.18)

It is crucial to note that the products of I'-functions in the third and the fourth lines can be
absorbed as the 1-loop part of the effective twisted superpotential of the A;-theory computed
under the (-function regularization (see ([2.1.37)) and its derivation above), namely,

(3 _ a) oo _ 1o M E () T () | (5.6.19)

Hence we define the full effective twisted superpotential by
qull = Wclassical + Wl—loop 4 Winst + Wextra) (5620)

where the 1-loop part is given in ([2.1.33]) and the other parts have been obtained in (5.3.20)),

181



2
Wclassical — _M log q (5621&)
461

12 51 To(aa — ag;e1,&2)

WP — 1im £, 1o 5.6.21b
e2—0 2708 Hi,ﬁ:l Fg(aa — Q0,8 €1, 82)F2(a3,a — ag;€n, 52) ( )
WSt = Tim ¢, log 2125t (5.6.21c)
e2—0
_ 1 2(d@ — a)(a —a
Wextra =g (4 _ 52 _ 53) lqu + (CL() CL)(CL as ™ 81) log(l — q) (5621d)
€1

Thus the expression for the trace of the B-monodromy matrix is simplified with the full
effective twisted superpotential WL Let us also make an overall shift for the Coulomb
moduli and the masses of the hypermultiplets to recover the SU(2) parameters (see section

. The final form of the expression is

N (cos 81982 _ (g W%) (COS WW — cos W%)
Tr MB(@Q) = B
2cos? T
(cos 317982 4 og ﬂ?) (COS W‘M)JE& + cos Wzﬂ)
+ WA : : (5.6.22)
2sin” To
[[,—1a2cosm(Fa— 22 cos (22 Fax) | 1 awhul
y=1, 1 £1 +
_ 24 — e ¢ da .
T sin“ 2mo

This expression exactly matches with (5.5.42)) under the identification of parameters,

.ag,1—a02—¢1 .ap,1+ap 2 .agz 1+ag 9o .—ag 1+az o+e1
- T — mT—
m_=e¢e =1 , Mmy=c¢e S, mp=e S mp=c¢e el . (5.6.23)

Most importantly, we observe that

1 anun
B = C oa (5.6.24)

Consequently, the generating function for the variety O,[P*\{0, q, 1, 00}] of opers is identified
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with the effective twisted superpotential, namely,
1 —
S |05[P"\{0,q,1,00}]] = ;qu“ [ T1A1,P'\{0,q,1,00}]] , (5.6.25)
1

by the relation ([5.6.24)). This identification verifies the main assertion of [91] for all orders

in the gauge coupling q.

Remarks

o The equivalence ([5.6.25)) involves an extra term in the effective twisted superpotential,

Wextra . Note that We= has been completely determined in gauge theoretical terms

in (5.6.21d).

o The regularization scheme that has been used to define the 1-loop part WIooP wag the
(-function regularization, which is natural in the gauge theory context. Note that it is
free to choose other schemes to regularize the infinite product, or the IR divergence, in
the 1-loop contribution. The other choices would lead to the correction in the effective

twisted superpotential of the form,

Wi ~ Liy el@a0:a3) (5.6.26)

where [ is some linear function of the arguments. Physically, IR regulator corresponds
to cutting the cigar D? (5.1.16)) at the infinity. Thus the correction W, to the effective
twisted superpotential can be interpreted as the contribution from a three-dimensional
theory coupled to the four-dimensional bulk theory at the boundary at infinity. Note
that W is independent of the coupling q. Hence this correction to the effective twisted

superpotential corresponds to a canonical coordinate transformation.
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5.6.2 SL(3)-oper

Using the critical exponent (5.4.57)) of z, we see that under the z — z €™ loop the partition

~ LM
function % transforms by

N . —2a1+ag9+ag+3e . a1 —2a9+a3z+3¢ . a1+ag9—2a3+3e
MA(@S,) _ dlag (€2m 1 3?1 3 ’ 6271'2 1 3251 3 ’ 627rz a1 2351 3 ) (5627)
Hence, by taking the limit e — 0, we obtain
MA(D3) = lim M4(Ds)
eo—0
(5.6.28)
. 2i —2aj+ag+tag i aj]—2ag9+tag i ajtag—2ag
= diag <e 1 e 1 e 3e1 )
Comparing with ((5.5.51)), we find
3a, — 332 _ . a
Q= 2y=1 Toa=1,2, (5.6.29)
351
so that we have
Tr MA(@:;)il _ €¢2m‘a1 + 6:F27ria2 + e:l:27ri(a1+a2). (5.6.30)
For notational convenience, let us also define a3 = —a; — iy as before.

Next, we obtain the expression for the 8 coordinates restricted to the variety of opers by
evaluating the B-monodromy matrix. First, we compute the rotation matrices by shifting

; : ~ it . . ..
2 ze 2™ and 2 — z ¥ for Z and Z , respectively. From their critical exponents

(5.3.34) and ([5.3.51)) we get

.2a —a —ap 3—3e—2¢ . —a —+2a —ap 3—3e—2¢ .—a —a —+2a —3e—2¢
R. — di i =20,1 0,238 0,3 2 o Z%0,1 0,235 0,3 2 i Z40,1 0,23S 0,3 2
cc — dlag | € 1 , € 1 , € 1 s

. —2a3 1+tag 2+az 3+3¢ .a3,1—2a3 3+ag 3+3¢ .a3,1+ag 2—2a3 3+3¢
) ) ) 27.‘.z ) ) E) 271.1 3 3 3

. 271
Ry = diag (e 3e1 , € 3e1 , € 3e1

(5.6.31)
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Then the B-monodromy matrix for @3 is obtained by (5.6.6)

~

Mp(Ds) = R Coo SCy' Ry Gy S™' C, (5.6.32)

where the connection matrices and the shift matrices are given by (5.4.35)) and ([5.4.64)). The

B-monodromy matrix for the oper D is obtained by taking the limit,

~ w
Mp(D3) = lim Ro Coe S Cy! Ry C S C! e, (5.6.33)

eo—0

To determine the 8 coordinates, we need to compute the following traces of M B(@g,)

Tr Mp(D3) = Tr (hmORoo C.SC,'RyCyS' C e?§>

- (5.6.34)
~ w
Tr Mp(®3)' = Tr (limo CoSC,'Ry'CyS'CRY 652> :
Eo—r
The computation of these traces can be broken in several steps. First note that
Tr Mp(D3) = Tr (1@0(0;@1 R, Cs) S (Cy' Ry Cp) 871 e¥> : (5.6.35)
due to the limit e — 0. Then
s (st
Tr Mp(®3) = Y (Coo)pa (Coag e\ 70/, (5.6.36)
a,f=1
where we have defined
= 1 -1
(Cot)as = (35210 C'R.. C‘”)ag
zl(aa+a —2ao)
= en TR (5.6.37)
o e Mol (P5%) 10 D () sinmte et
o [Torza L (L;““’) sin e fel 2 r (L_:O“”) 7
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and

— . —1
(€0l = (JmC3* B Co)

— eé—’{(—aa—ag+263)
agr—ag ag o/ —Oa . a3 o —0a
by — 21 ¢ B Moz T (“57) ﬁ P (fee) singiee
’ Ha/;ﬁa F (aa/ezaa) Sinﬂ_aalszaa i) F <(13,116’17(15>
(5.6.38)
Similarly, we can write
. w
Tr Mp(D3)~' = Tr <limOS (Co' RyT Cy) S7H(CL R Cy) 652> ,
E2—r
3 ( 0 7i)~ (5.6.39)
= > (Col)ap (C)pa e\ 7
a,f=1

where we have used

i I
(C )ap = <512H_I>10 C' R Coo>aﬁ

(s

7(_04&—(13-‘—2&0)

—= e°
So g+ 2i ¢cr CO0FD) Hyzsl (aﬁ:ﬁl) ﬁ r (aa%w) sin =20
| Mo T (%5%) sinm 2% o) (o)
(5.6.40)
and
N el

(co )aﬁ — (6121210 CO RO Co)aﬁ
S (5.6.41)
(5 5+ 20 s @ My T (#57) f[ P (=) simw> .

s HO/#QF(%) Sinﬂ'% =1 F(%)
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Therefore, the traces can be expressed as
: (s
Tr Mp(D3)* = By + Y By e\7 %) 7 (5.6.42)
0B

where we have computed the coefficients as

= = 23: (i) (exh) (5.6.43)
and

By =(c3'),,(e2),,

tin %020 Hi (sin
oo sin o= lgsgsinm ‘3:5’ (5.6.44)

[ EE) [T (e e

wa D (B5%0) o D (5%) Ha T (fegee) T (B02)

67107 SIDWM

= —4e

It is crucial to note that the last line of (5.6.44)) is precisely the contribution from 1-loop part

of the effective twisted superpotential of the A;-theory, under the (-function regularization

(see (2.1.37) and its derivation above),

Ty ey e i e

T B Lres) Bresyres)
(5.6.45)
We define the full effective twisted superpotential by
qull = Wclassical + Wl—loop 4 Winst + Wextra. (5646)

Here, the 1-loop part of the effective twisted superpotential is given in (2.1.33)) and the rest
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was obtained in ([5.3.43)),

Wcla551cal — _ (al a2) + (al a";) (al aQ)(al CL3) logq (5647&)
€1
3

— r a T ; )

Wl loop _ lim ey log Haﬁ—l 2(a ag; &1 82) (5647b)
e2—0 e ﬁ 1 FQ(aa - ao’ﬁ; 51, 82)112(013704 - aﬂ7 817 82)
WSt — Tim ¢, log 2125t (5.6.47¢)
€2~>

_ 3(a—a dy — @
W = 1 (1 = dq — do) log q + A p. log(1 —q). (5.6.47d)

€1

Again, the expression for the traces of the B-monodromy matrix are simplified with the full
effective twisted superpotential W Tet us make an overall shift of the Coulomb moduli
and the masses of the hypermultiplets to recover the SU(3) parameters (see section [5.2)).

Then we get the final expressions for the traces of the B-monodromy:

Tr Mp(D3)*!
1 8 _ 9 \yofull 1 pwfull 1 gwtull
_ B:I: + B12 e (aoq Baz) + B13 ec1 da1 4 323 el Oaz (5648)
1 el 9 \yofull Jofull full
_1(_8 _ W 1 9w 1 oW
+ BQil e €1 (aal 8(12) + Bg':l e €1 Oap _'_ B e g1 Oag

where the coefficients are computed as

2mi (5= L o4dim(gz. 4=y 3a L i (G.49G0) . 3a
BE = 3¢t (8780) 3 o gt (s Ha0) iy 2200 9 T ey (B4200) gy 258
€1 €1
s w0 (s (5.6.49)
_grtanan g IBasin (@ = 52 sinm (552 — )
= oo SiD* T (g — 0ty)
and
_ 3 @0,y
ap—ag SlIl7T aﬁ - Slnﬂ- —
By = 4" 5 usin ) (58 — o) (5.6.50)

Hwia SInT (Qor — o) [grppsinm (g — ag)

We observe the precise agreement between ([5.5.56) and (5.6.48)) under the identification of
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parameters,

m_/ =e o, omy =e a o a=1,2,
_ _ (5.6.51)
2720 —2mi 28
my=e€ €1 R my; = €1
Most importantly, we find
1 8\7\7““
= a=1,2. (5.6.52)

@ €1 8aa ’

Therefore, we verify that the generating function for the variety O3[P'\{0, q,1, c0}] of opers
with respect to the generalized NRS coordinate system is identical to the effective twisted

superpotential, namely,
1 —
S |Os[P'\{0,9,1, 00}]] = WM T[4, P1\{0,4, 1, 00}]] (5.6.53)
1

by the relation ((5.6.52]).

Remarks

« The validity of the equivalence (5.6.53) at the 1-loop level was checked in [98] [ The
gauge theoretical derivation of (5.6.53)) that we have shown guarantees its validity at

all orders in the gauge coupling q.

5.6.3 Higher SL(N)-oper

It is straightforward to generalize the procedure to the higher SL(N)-opers D x on P\ {0, q,1,00}.

We schematically describe how we proceed. First, we need to express the traces of the

121n [98], a different, the so-called Liouville/ Toda regularization scheme was used. Although Liouville/ Toda
scheme is natural in the context of the AGT correspondence [63], the {-function regularization arises more
naturally in the gauge theoretical context. Besides, the (-function regularization has a notational advantage
in that the defining equations for the generalized NRS coordinates , are written more simply
without any I'-functions or square roots.
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holonomies of the flat SL(N)-connections in terms of the generalized NRS coordinates, as
we did for N = 2 and N = 3 in section[5.5.2] It is clear that the holonomy along the A-cycle

is still given by

N
« -1 «
My= My =3 (mf”) 105V (5.6.54)
Hence we obtain
N —k
TeMj=) (mé“)) , k=1,--- ,N—-1 (5.6.55)
a=1

The holonomy along the B-cycle is written as

Mg =g;'g;"
(5.6.56)
=my'm;? (]IN + (m) — 1)H1) (]lN + (ml — 1)1'[0) .
Due to the properties of the projection operators, we have
Tr (ILIL)* = (Tr I, IL)*, ke Z2°°. (5.6.57)
Thus we can expand the traces of ([5.6.56) as a polynomial in TrIIII;,
Tr ME = mg*m*(N — 2 4+ m)* + ml'%)
(5.6.58)

4o mgFmy R (md — DR (md — 1)F (Tr II1)*
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for any k =1,--- , N — 1. Since we can express TrIIyII; by the 8 coordinates,

N
Trlloll, = S Tr elI§ T,
a=1
N
~(a ~
= 3 e BB (5.6.59)
a=1

N

() A(B)

= ST I Te LI + 57 o =B Ty 1, T I, 11
a=1 a#pB

we obtain the representation of the traces ([5.6.58|) in terms of the generalized NRS coordi-

nates e, By = By — By -

. . ~L—M
Next, we evaluate the monodromies of the oper ®y. By shifting z — 2z *™ for % 7

we compute M A(@ ~). The A-monodromy matrix for the oper Dy is then

o~
N

M4(Dy) = lim M4 (Dy), (5.6.60)

eo—0

which can be expressed in terms of the e coordinates by comparing its traces with (5.6.55]).

We also compute the B-monodromy for Dy by

~

Mp(®y) = Ro Coo SC;' Ry Cy 7! C, (5.6.61)

from which we compute the B-monodromy matrix for the oper Dy as

Mp(Ds) = lim Mp(Dy) e

eo—0

- (5.6.62)
= lim Ry, Coo SCy' Ry Cy S™H Cl e,
eo—0
Then we find the expressions for the traces
TrMp(®y)*, k=1,--- ,N—1. (5.6.63)
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By comparing these expressions with (5.6.58)), we find that

1 anull
ﬂa:g oo ’ a=1--- ,N—-1 (5664)

This relation verifies that the generating function for the variety On[P'\{0, g, 1, co}] of opers
in the generalized NRS coordinate system {a,,8, | « = 1,--- , N — 1} is identical to the

effective twisted superpotential:

S [OnIP\{0,4,1,00}]] = ;qu“ [T1Ax 1, P'\{0,q,1,00}] . (5.6.65)

5.7 Discussion

We have shown that non-perturbative Dyson-Schwinger equations for the class 8§ theories
with the insertion of a surface defect produce the operators 5 annihilating their partition
functions. These operators were reduced to the opers D in the limit 5 — 0, providing
an explicit relation between the holomorphic coordinates on the variety of opers and the
expectation values of the chiral observables in the limit e — 0. The surface defect parti-
tion functions, i.e., the solutions to 5, were analytically continued to different convergence

domains and glued together in the intermediate domain. This procedure enabled the com-

~
~

putation of the monodromies of the solutions to ®, and therefore the monodromies of the
opers D by taking the limit e — 0. We constructed a higher-rank generalization of the NRS
coordinate system, and represented the monodromies of opers in terms of these coordinates.
The effective twisted superpotential arose as the generating function for the variety of opers
in the generalized NRS coordinate system by construction.

We believe that the subject deserves more investigations in various aspects. Let us
consider the example of g = A;. We have constructed the Darboux coordinate system
(o, B) in which the generating function for the variety O[] oper D, is identified with

the effective twisted superpotential. Meanwhile, O5[C] is a a Lagrangian submanifold of
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Miat (SL(2), €), which is spanned by the off-shell spectra uy = lim., o <Og> for fixed gauge
couplings q. The variation of the gauge couplings, i.e., the elements of the Teichmdiller space
T|[C] of €, gives the foliation of the moduli space Mga (SL(2), €) by the leaves of the varieties
of opers with varying gauge couplings. Thus there exists another Darboux coordinate system
(12 = log q,u2) on Mgat(SL(2),€) induced from the identification Mg, (SL(2), C) ~ T*T[C].
We observe that the relations

1 OW oW
IB_ -

— - — 5.7.1
g, O’ 42 oy’ ( )

identify the effective twisted superpotential with the generating function for the canonical

transformation of the Darboux coordinate systems,

(o z) +— (e, B). (5.7.2)

Let us consider generalizing this relation to the higher rank g = Ay, for a fixed Riemann
surface, say, ]P’%ﬁm . We still have the generalized NRS coordinate system {aﬁ“), BEO‘) i =
0,1,--+,7r—1, a=1,---  N—1} on one hand, but it is apparent that the variation on the Te-
ichmiiller space ']I'[IP’;E] does not saturate the half of the dimension of the moduli space, since
the dimension of the moduli space increases as the rank increases, dim Mgt (SL(3), IP’;m )=
2r(N — 1) = 4r, while the dimension of the Teichmiiller space is independent of the rank,
dim T[]P’%vﬂ] = r. In other words, we need r more parameters 733 to form a Darboux

coordinate system,
{n2, g, Ui, w3 |i=1,--- 7}, (5.7.3)

in which the effective twisted superpotential produces the spectrum u; 3 = lim., ¢ <Oi,3> of
the higher Hamiltonian O; 3 = Tr¢{ under the differentiation with respect to 7;3. Then the

effective twisted superpotential becomes the generating function for the canonical transfor-
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mation between Darboux coordinate systems, through the relations

1 oW
N €1 80[1(0‘)7
oW ; OW
Ui = 7, Uj3 = )
2 87'172 3 87’113

Bl i=0,1,---,r—1, a=1--- ,N—1, (5.7.4)

i=1,-,r (5.7.5)

But what is the meaning of the parameters 7; 37
In the gauge theory side, the meaning of 733 is clear. As investigated in [I18], we may

extend the theory by manually adding the higher times to the microscopic action,
£=Yn, / d'0 Tr 2 + 734 / d'0 Tr @2, (5.7.6)
i=1
whose partition function can still be computed by equivariant localization as, schematically,

) r @) r
Z,‘“St(a, m, &g, &9 To, 7'3) = Z H q‘l/\ | exp [Z Ti,3 oi73 [A]] [J,)\(a, m,eq, 62). (577)

A i=1 i=1
Under the limit 5 — 0, the partition function shows the asymptotic behavior,

W(a,m,eq;79,73)

Zinst(a’ m, £1, €9 To, 7—3) —e €2 (1 + 0(52)) . (578)

Then it is straightforward that we produce the relation

Uiz = lim <Oi,3> = aW (579)

e2—0 B aTi,3 ’

Therefore, the extra parameters that foliate the remaining orthogonal directions to the vari-
eties of opers are the higher times of the extended theory. The varieties O3[C] of opers such
as are located at 733 = 0 and only probe the 7; o-variations.

The question is, then, what the extended opers are, which rise under the flow along the

directions of the higher times. When re-phrased in terms of the gg-characters, the problem is
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to derive proper extended operators 35 from the non-perturbative Dyson-Schwinger equations
of the extended theories with an insertion of a surface defect. The limit €5 — 0 of these
objects would yield the desired extended opers. Note that the expectation values of O;3
would be compensated by the derivatives with respect to 7; 3, so that the issue of equating the
analytically continued expectation values in the intermediate domain would also be resolved
with this enhancement. It is not clear, however, how to derive meaningful expressions for
these extended quantized opers C‘S as of yet, so we leave this to future work. The variation
along the higher times has many different manifestations. It corresponds to varying the
higher Teichmiiller structures studied in [105], [106], flowing along the higher Hamiltonians in
the isomonodromic deformation of Fuchsian systems, and properly extending the Hamilton-
Jacobi formulation of the Painlevé equations discussed in [77] to the higher order Painlevé-
type equations. It would be interesting to see how the extended gauge theory ties up these
different realms of mathematical physics.

In the context of the BPS/CFEFT correspondence, the subject reveals still another fea-
ture along the line of [63]. The well-established relation between the partition functions of
T[An_1, €] and the correlation functions of Ay_;1-Toda CFTs has to be extended when we
deal with the higher ranks N > 3. Namely, we start to face the expectation values of higher
chiral observables in the gauge theory side, which cannot be compensated by the derivatives
of gauge couplings, and they are supposed to correspond to the correlation functions with
inclusion of W-descendant fields in the CFT side. The precise dictionary between the two
objects are yet to be accomplished. The realization of the higher times of the extended the-
ories in the CFT side is even more unclear. The free field representation of the monodromies
of degenerate fields studied in [I19] can be relavant for this study.

Another problem related to this work is the generalized NRS coordinate systems cor-
responding to the non-Lagrangian theories. It is well-known that the higher rank class &
theories do not always admit Lagrangian descriptions. Our computation of monodromy data

of opers heavily utilized the availability of the exact computations of the partition functions
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and the expectation values of the chiral observables. For the non-Lagrangian theories, it is
not even clear what the instanton counting means. Nevertheless, the Fuchsian systems with
the prescribed monodromies around the punctures are still well-defined, and we may wonder
if it is possible to explicily link the accessory parameters of the corresponding opers and the
expectation values of the chiral observables in the non-Lagrangian theories. In the case when
the non-Lagrangian theory is S-dual to a Lagrangian theory, it is desirable to explicitly con-
struct the coordinate transformation [91] between the relavant generalized NRS coordinate

systems and investigate their field theoretical meaning.
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Part 11

Quantum Toroidal Algebras
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Chapter 6

New quantum toroidal algebras from

5d N = 1 instantons on orbifolds

6.1 Introduction

As we observed in the Part [I| to some extent, the Nekrasov partition function has been a
powerful tool to investigate the correspondences of four-dimensional N = 2 supersymmetric
quiver gauge theories with various objects in theoretical physics, i.e., quantum integrable
systems [29], 30, 28], two-dimensional CFTs [63] 64, [10], 14}, [15, 211, 32], flat connections on
Riemann surfaces [91, [I], and isomonodromic deformations of Fuchsian systems [77, 120} 121].

Very rich algebraic structures lie at the heart of these correspondences [9]. For instance,
the AGT correspondence [63] 64] between Nekrasov partition functions and conformal blocks
of Liouville/Toda 2D CFTs can be understood algebraically as the action of W-algebras on
the cohomology of instantons moduli space [122), 123, 124]. In this context, the W-algebra
currents are coupled to an infinite Heisenberg algebra, and the total action is formulated in
terms of a quantum algebra, namely the Spherical Hecke central algebra [124] (isomorphic
to the affine Yangian of gl(1) [125], [126]). The coupling to an Heisenberg algebra is essen-

tial for the definition of a coalgebraic structure, thus emphasizing the underlying quantum
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integrability since the coproduct provides the R-matrix satisfying the celebrated quantum
Yang-Baxter equation.

A closely related but different connection with quantum algebras arises from the type
IIB strings theory realization of the five-dimensional uplifts of 4d N = 2 gauge theories,
that is the 5d N = 1 quiver gauge theories compactified on S*. In this construction, N = 1
gauge theories emerge as the low-energy description of the dynamics of 5-branes webs [127),
128]. Here, each brane carries the charges (p, ¢), generalizing D5-branes (charge (1,0)) and
NS5-branes (charge (0,1)). Their world-volume include the five-dimensional gauge theory
spacetime, together with an extra line segment in the 56-plane. Individual branes’ line
segments are joined by trivalent vertices, and form the (p,q)-branes web. Alternatively,
the (p,q)-brane web can be seen as the toric diagram of a Calabi-Yau threefold on which
topological strings can be compactified [129]. The trivalent vertices are then identified with
the (refined) topological vertex, thereby leading to a very efficient method of computing 5d
Nekrasov partition functions as topological strings amplitudes [130 [131].

Awata, Feigin and Shiraishi observed in [132] that a specific representation of the quantum
toroidal gl(1) algebra (or Ding-lohara-Miki algebra [133, 134]) can be associated to each edge
of the (p, ¢)-branes web. The charges (p, ¢) are identified with the values of the two central
charges while the brane position define the weight of the representation. As such, the D5-
branes correspond to the so-called vertical representation while an horizontal representation
is associated to NS5-branes (possibly dressed by extra D5—branes)[| The refined topological
vertex is then identified with an intertwiner between vertical and horizontal representations,
that is in fact the toroidal version of the vertex operator introduced in [I37] for the quantum
group U, (5/[(2\)) In this way, the Nekrasov partition function is written as a purely algebraic

object using the quantum toroidal algebra, just like conformal blocks with W-algebras [138],

'In fact, the vertical representation is simply the q-deformation of the affine Yangian action mentioned
previously, it is expected to describe a quantum toroidal action on the K-equivariant cohomology of the
quiver variety describing the instanton moduli space. The equivalent of the horizontal representation can
also be defined for 4d N = 2 theories, thus extending the whole algebraic construction of the Nekrasov
partition functions [I35]. However, for this purpose, it is necessary to consider the central extension of the
Drinfeld double of the affine Yangian following from the construction given in [136].
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139]. This algebraic construction turns out to be useful in probing various properties of the
partition function, e.g. in addressing the (q-deformed) AGT correspondence [140), 141], or
in studying strings’ S-duality [142] 143].

In [10], an important class of half-BPS observables, called qq-characters, were defined,
whose characteristic property is the regularity of their gauge theory expectation values.
This regularity property encodes efficiently an infinite set of constraints on the partition
function called non-perturbative Dyson-Schwinger equations [I0]. The algebraic nature of
these constraints was observed in [144] 145]. Actually, the constraints take an even more
elegant form in the algebraic construction described above as they express the invariance of
an operator 7 under the adjoint action of the quantum toroidal algebra [51]. This operator
is obtained by gluing intertwiners along the edges of the (p, ¢)-branes web, and its vacuum
expectation value reproduces the 5d Nekrasov instanton partition.

A natural question is how to generalize the algebraic construction to gauge theories
on more complicated manifolds. Among other manifolds, the Z,-orbifolded C* are of a
particular interest, since the partition functions on these spaces can be computed by simply
projecting out the contributions which are not invariant under the Z,-action [20, 146, [I5].
The generalization of the algebraic construction is not entirely straightforward since it is
necessary to introduce the information of the coloring corresponding to the Z,-action of
the orbifolding. In this scope, deformations of the quantum toroidal gl(1) algebra must be
considered. A special case of the Z,-orbifolded C? is the (un-resolved) A,-type ALE spaces.
The ALE instantons were introduced by Kronheimer in [147], and the ALE instanton moduli
spaces were constructed as quiver varieties in [148], [149]. The algebraic construction of the
corresponding 5d Nekrasov partition functions has been realized recently using an underlying
quantum toroidal gl(p) algebra. There, the index carried by the Drinfeld currents renders the
Zy-coloring due to the orbifolding. Incidentally, the vertical representation of this quantum
toroidal algebra should coincide with the g-deformation of the affine Yangian of gl(p) acting

on the cohomology of the moduli space of ALE instantons, extending by further affinization
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the algebraic actions discovered in [149] [150].

In this work, we extend the algebraic construction of 5d Nekrasov partition functions
to a more general Z,-orbifolding depending on two integer parameters (vq,14). We pro-
pose an extended quantum toroidal algebra relevant to the construction, and prove its Hopf
algebra structure. We define both horizontal and vertical representations, and derive the
vertex operator which intertwines between these representations. Finally, using these ingre-
dients, we give an algebraic construction of Nekrasov partition functions and qg-characters.
The orbifolds considered in this work incorporate the case of codimension-two defect inser-
tion, whose applications to BPS/CFT correspondence, Bethe/gauge correspondence, and
Nekrasov-Rosly-Shatashvili correspondence have been largely investigated [211, [32] 2] 3] [1].

This chapter is written in such a way that mathematicians interested only in the for-
mulation of the extended algebra can focus on the reading of section three, together with
the appendices |G| (quantum toroidal gl(p)), [I| (representations) and |[J| (automorphisms and
gradings) for more details. Instead, the section two provides a brief description of the phys-
ical context in which the algebra emerges, i.e. instantons of 5d N = 1 gauge theories on
the spacetime C?/Z,. Finally, the section four is dedicated to the algebraic construction of
gauge theories observables, giving the expression of the (v, 1»)-colored refined topological

vertex and a few examples of application.

6.2 Instantons on orbifolds

6.2.1 Action of the abelian group Z, on the ADHM data

In order to derive the group action on the instanton moduli space, we focus first on the case
of a pure U(m) gauge theory. In this case, the ADHM construction of the moduli space
[151] involves only two vector spaces M and K of dimension m and k respectively, where
k is the instanton number. Introducing the four matrices By, B, : K — K I : M — K

and J : K — M, the instanton moduli space is identified with the quiver variety (see, for
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instance, [152])
My = {B1,Bs, 1, ] /[By, Bo] + 1] = 0,C[By; BoJI[ (M) = K} /GL(K). (6.2.1)

The complexified global symmetry group GL(M) x SL(2,C)? acts on the ADHM matrices,

preserving the quiver variety My. It contains an (m -+ 2)-dimensional torus that acts follows,
(B, Ba, I,J) — (t1By,taBo, It t 1 Jtity),  (t,t1,t9) € (C)™ x (C*)2. (6.2.2)

The fixed points of this action parameterize the configurations of instantons with total charge
k. They are in one-to-one correspondence with the m-tuple partitions A = ()\(1), A of
the integer k, here identified with the m-tuple Young diagrams with |A| = k boxes. At the

fixed point, the vector space K is decomposed into

K= é b BI'BII(M,), (6.2.3)
a=1 (i j)er®)

where M, denotes the one-dimensional vector spaces generated by the basis vectors of M.
Thus, each box 0 = (o, i, j) of the m-tuple partition A with coordinate (,5) € A corre-
sponds to a one-dimensional vector space Bi-'BJ ' I(M,). We further associate to the box
O the complex variable ¢y = aq + (i —1)e1 + (j — 1)eq called instanton position or, sometimes,
the box content of 0. The parameters aq, - -- ,a,, are the Coulomb branch vevs of the gauge
theory. We also define the exponentiated quantities v, = e (q;,q2) = (e, ef**2) and

Xo = €% = vaqi '3
In this chapter, gauge theories are considered on the 5d orbifolded Q-background S} x
(Ce, x C.,)/Z, where Z, = 7Z/pZ is a subgroup of the torus U(1)* C SO(4). The action of

the group Z, on the spacetime is parameterized by two integers v, 15,

(0,21,2) € Sk x Coy x Coy — (0, 3™ /P2y ¥™2/P20)  with (v, 10) € Z, X Zyy. (6.2.4)
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Furthermore, it is possible to combine it with a global gauge transformation in the subgroup
U(1)™ C U(m). As a result, we obtain an action of Z, on the ADHM data by specialization

of the (m + 2)-torus action [6.2.2] taking
t= diag(e%ma/”)a:l’...,m, t = eX™/P gy = Pme/p, (6.2.5)

This action of the abelian group Z, is parameterized by the m + 2 integers (cq, V1, 2) con-
sidered modulo p. The transformation of the vector spaces in the decomposition of K
leads to associate to each box 0= («,1,j) € A, in addition to the complex variables ¢, and

Xa, the integer ¢(O) such that

BiT'ByT (M) — 2@ BiTIBIT (M), with (@) = cq + (i — Dy + (§ — D) € Z,,.

(6.2.6)
We call color any integer parameter defined modulo p. For short, we also say that c,
and vy, 15 are respectively color of the Coulomb branch vevs, and of the parameters ¢, go.
The map ¢ : A — Z, defines a coloring of the m-tuple partitions A, and K has a natural

decomposition into sectors of a given color ¢(0) = w,

K=& K,(\). (6.2.7)
WEZp

Notations We denote C,(m) the subset of [1,m] such that the Coulomb branch vevs a,
(or va) with a € C,,(m) have color ¢, = w (or, equivalently, that the box (1,1) € A(®) with
a € Cy(m) is of color ¢(a, 1,1) = ¢, = w). Similarly, K, () denotes the set of boxes O € A
of the m-tuple colored partition A that carry the color ¢(0) = w. Besides, in the generic case
vy + vy # 0, the shift of color indices w by the quantity 14 4+ 1, appears in many formulas. To
simplify these expressions, we introduce the notation w = w + 11 4+ v for the shifted indices,
along with the map ¢(0) = ¢(0) + v1 + v». Finally, we also introduce the extra variables g3

and v3 such that ¢1¢g2q3 = 1 and vy + 15 +v3 = 0. Due to the fact that the Z,-action coincides
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with a subgroup of the torus action, in all formulas the shift of color indices w + v; coincide
with a factor ¢; multiplying the parameters associated to instanton positions in the moduli

space.

McKay subgroups in SO(4) Although we are considering here a different problem, it is
interesting to make a short parallel with the action of SU(2), x SU(2)g C SO(4) on the
-background (see, for instance, [153]). This action takes a simpler form if we employ the
quaternionic coordinates

Z=(27), (21,m)€C, xC,, (6.2.8)

zo Z1

Then the 2x 2 matrices (G, Ggr) € SU(2),xSU(2)g act on the quaternions as Z — G ZGp.
The McKay subgroups of SU(2) possess an ADE-classification. For instance, the A,_; series
corresponds to the action of Z,, it is generated (multiplicatively) by the diagonal matrices

G=("7" 2,) (6.2.9)

0 e—2im/p

Considering only the action of the A,_; subgroup on the left, the background coordinates
transform as (21, 20) — (€272, e727/P2,). This transformation can be recovered from the
action of Z, by choosing 1 = —1, = 1. The orbifold of the spacetime under this action
of Z, reproduces the ALE space constructed in [147]. Instantons of N = 1 gauge theories
defined on ALE spacetimes have been extensively studied [147, 148, 149, [150]. In [I54], their
contributions to the gauge theory partition functions have been reproduced using algebraic
techniques based on the quantum toroidal algebra of gl(p). The generalization to DE-type
McKay subgroups with only left action is expected to involve quantum toroidal algebras
based on either so(p) or sp(p) Lie algebras [150].

It is also possible to consider simultaneously the action of two McKay subgroups A,, _;

and A,,_;, with one acting on the left, the other on the right. As a result, coordinates now
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transform as

(21, 22) — (621'77(1)1erz)/(mpz)Zl7 €2i7r(p17p2)/(p1p2)22)_ (6.2.10)

We recognize here another particular case of the Z,-action defined in , albeit more
general than before. It is simply obtained by the specialization v; = p; + po, Vo = p1 — P2
and p = p1po. Thus, the action leads to a particularly rich context. Moreover, taking
v1 = 0, the first coordinate z; is invariant and the orbifolded spacetime can be reinterpreted
as the insertion of a codimension-two defect in a 5d 2-background with no orbifold [21], 20].
We build here a general algebraic framework to address this kind of problems. It may be
possible to further generalize our approach to the action of DE-type McKay subgroups with

both left and right actions, but this is beyond the scope of this work.

6.2.2 Instantons partition function

The computation of the Nekrasov instanton partition function on such Z,-orbifolds has
been performed in [20), [146], 15]E| For simplicity, we do not introduce fundamental matter
multiplets, those being obtained in the limit ¢ — 0 of the gauge coupling parameters.
Furthermore, we only discuss the case of linear quiver gauge theories A,., with U(m®) gauge

groups at each node ¢+ = 1---r. Thus, the node ¢ carries the following parameters:
« a set of colored exponentiated gauge couplings qy,;,

« a p-vector of colored Chern-Simons levels k@ = (k{9),ez ,

« an m@-vector of Coulomb branch vevs a® = (a())™"] defining the exponentiated

a Ja=1

: ; i . i (@)
parameters v(® = (v®)™" with ¢ = eRaa’|

« an associated vector of colors ¥ = (cg))gii

2Strictly speaking, in [146], the authors consider the instantons on the minimal resolution of the orbifold.
Instead, here, following [20, [I5], we simply consider the Z,-invariant part of the instanton moduli space Mj,.
Both approaches should provide the same result [155].
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In addition, each link ¢ — j between two nodes ¢ and j represent a chiral multiplet of matter
fields in the bifundamental representation of the gauge group U(m¥) x U(m\)), with mass
pi; € C. For linear quivers, all bifundamental masses can be set to g3 ' by a rescaling of the
Coulomb branch vevs.

The instantons contribution to the gauge theories partition function is expressed as a
sum over the content of r m®-tuple Young diagrams A describing the configuration of
instantons at the ith node. Each term can be further decomposed into the contributions
of vector (gauge) multiplets, bifundamental chiral (matter) multiplets, and Chern-Simons

factors:

: ® j i i i i i j j
Zo = Z H ( H qufiu(A )|Zvect.(v(z)7A( ))chm( )’)\( ))) H bed.(v( )7 Al )70(])7)\(])|Mij),

A@ i=1 \weZp i—j

with  Zieer.(V,A) = N(v, Ao, AN) 7, Zpa (0, X, 0, X |p) = N(v, Mo’ X),  Zes(k, A) = 11 o,

Oex

(6.2.11)

Vector and bifundamental contributions are written in terms of the Nekrasov factor N (v, Aluv’, X').
For a better readability, we drop the node indices in the following, and simply distinguish the
two nodes involved in the definition of the Nekrasov factor with a prime. In order to write
down the expression of N (v, Aluv’, A') given in [15], we need to introduce the equivariant

character M, and K of the vector spaces M and K associated to each node,

M, =Y el Ky=> el (6.2.12)
a=1 WISPN

A linear involutive operation * acts on such characters by flipping the sign of R: (ef%)* =
e~ R (g* q3) = (1" ¢ ") and thus (efim)* = e~fi%8 (see [10] 14, [15] for more details on

these notations). Introducing Sy = M — Pp Ky with Py = (1 — ¢1)(1 — ¢2), the Nekrasov
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factor writes

M, M, — xS 1% Zy
vP* A ] =1 |:M,UK§\, + q3_1M:;,K/\ — Png)\K;i/} , (6213)
12

N(v, Alv/,\) =1 [

where the I-symbol is the equivariant index functor,

) 1 — Ruw;
I [Z el — %" eRwi] _ e, 1—e (6.2.14)

_ pRw;’
iely iel_ [lies_ 1 — e

and |- - -]Z” denotes the operation of keeping only the Z,-invariant parts. In particular, the
RHS of involves a coloring function ¢ : Z[aq, €1, 2] — Z, defined on weights w; as
the linear map taking the values c¢(a,) = ¢4, c(e1) = 11 and ¢(e2) = 1, so that ¢(¢y) = ¢(O)
(justifying our slight abuse of notations). The [---]|?» projects on Z,-invariant factors.
Replacing the equivariant characters by their expressions [6.2.12] the Nekrasov factor can

be written in a more explicit form,

N, A", X) = [] Seem(xa/xa) X ] H(m,) (1 _ Ao ) x [T 1l (1 — Ua) .

/
Oex OEX a€Cz (g 93Vq OeEN aeC,g)(m) Xo

I\
(6.2.15)

The function S, (z) is sometimes called the scattering function, it carries two color indices

w,w':

Sww/(z> — (1 — QIZ)6W)w/7V1 (1 B q2z)6w’w7y2

. (6.2.16)
(1= 2)% (1 = qugo2)’e~1—

In this expression, the non-zero matrix elements have been expressed in a compact way using
the delta function 4, . defined modulo p (i.e. d, . = 1 iff w = w’ modulo p, zero otherwise).
In fact, Sy (2), and more generally all the matrices of size p X p with indices w, w" appearing
in thischapter, are circulant matrices: their matrix elements only depend on the difference

w — w' of row and column indices. In particular, S,i, w(2) = Sy w—v(z) for all v € Z,.
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Finally, the function S, (z) satisfies a sort of crossing symmetry,

Suw (43/2) = S (2) Srn(2), (6.2.17)

with the function f,.(2) = Fi. 2%« defined b

5ww, — 5ww’+5ww’+ul+uz_5ww’+ul _5WWI+V27 Fww, — (_1)5ww/ (_qS)—éw,W/_u3 (_ql)_(sww/+ul (_qQ)—éwuu-uQ.

(6.2.18)

6.2.3 YV-observables

A new class of BPS-observables for supersymmetric gauge theories was introduced in [10],
they are called qq-characters. As the name suggests, they correspond to a natural deforma-
tion of the g-characters of Frenkel-Reshetikhin [12] from the gauge theory point of view [9].
They were defined in [10] as particular combinations of chiral ring observables in such a way
that their expectation values exhibit an important regularity property [10, 14]. This regular-
ity property encodes an infinite set of constraints called non-perturbative Dyson-Schwinger
equations. From a different viewpoint, gg-characters in 5d gauge theories can also be defined
in terms of Wilson loops [156] (see also [I57] for a string theory perspective)ﬁ

The gg-characters are half-BPS observables written as combinations of —observables.ﬂ In
the case of a Z,-orbifold, it is natural to introduce two inequivalent Y-observables YN (z) =

I {e*RCSA] * and YN (2) =1 [eRCSﬂ “ Where z = e and ¢(¢) = w. These two observables

3The function f,.(2) also controls the asymptotics of the scattering function since S,./(z)%1 and
Sww (2) 2 furw(2)71. It obeys an important reflection symmetry fow/(q3/2) = furw(2)™! coming from
FowFgr, = q;ﬁww, and B&)’w = wa"

4In [21], the qg-characters of 4d N = 2 gauge theories with the insertion of surface defects were considered.
In this case, the non-perturbative Dyson-Schwinger equations produce either Knizhnik - Zamolodchikov
equations or BPZ equations that are satisfied by the surface defect partition functions [32] [3]. These surface
defect partition functions were investigated in the context of Bethe/gauge correspondence in [2], and in their
relation to the oper submanifold of the moduli space of flat connections on Riemann surfaces in [IJ.

5Note that we use slightly different notations for the observables in the five-dimensional theories, compared
to the four-dimensional counterparts which appeared in the Part [ Namely, the Y-observable is denoted as
Y(x) in 4d and Y(z) in 5d. In the same way, the gg-character is denoted as X(z) in 4d and X(z) in 5d.
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encode the recursion relations satisfied by Nekrasov factors,

N(v, Alv', X +0)
N(v, Alv/, X)

N(v, A +0Ov', X)
N(v, Alv', X))

A AN, —
= yc[([]])(xm) = ycﬁ(mi (45" X)), (6.2.19)

Replacing the equivariant characters with the expressions|6.2.12] we find the explicit formulas

YW@= I1 Ova/)x]] Scoulia/z). V()= T1 (1=2/va) [ Seee) @32/ X0)-

acCy,(m) (mISPY a€cCy,(m) oeA
(6.2.20)
Due to the crossing symmetry [6.2.17] these two )-observables satisfy the relation
Y (2) = [V (2), (6.2.21)

with

N = T (=2/ve) T foew(xo/2)- (6.2.22)

acCy(m) aex
It will allow us to express all the equations below in terms of Y (z) only. Furthermore,
the Y-observables possess an alternative expression following from the shell formula derived

in appendix [H]

HDEAW()\)<1 - XD/Z) By

() = HmeRw_ul_VQ(A)(—Xm/(%z)).

HDGAW()\) (—Xo/2)

YN(z) =

_ , 6.2.23
Mocry—s, 0,1 — X0/ (g32)) ( )

Here, the sets A,(A) and R, () denote respectively the set of boxes of color w that can be
added to or removed from the m-tuple Young diagram A. This expression arises from the
cancellations of contributions by neighboring boxes, it plays an essential role in the definition

of the vertical representation of the algebra.

6The presence of the function fo[f‘} (z) can be interpreted as follows.  Note that I(X*) =
(—=1)™ X" det X* I(X), for X = Dier, efwi — S i kX = [Iy] — |I-|, and detX =
Hieu eR“’i/HieL effwi Applying this reflection relation to X = [e’RCSA} va we recover the relation

6.2.21) with f5N(z) given in (6.2.22) identified with (—1)™X" det X*.
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6.3 New quantum toroidal algebras

In order to reconstruct the instanton partition functions on the general orbifold the
definition of a new quantum toroidal algebra is necessary. In addition to the complex param-
eters qi, ¢ and the rank p € Z>°, this algebra will depend on the integers (v1,v2) modulo
Z,. Taking vy = —1p = 1, the Zy-action [6.2.4] reduces to the standard action defining
ALE spaces. Thus, in this limit the (1, v5)-deformed algebra should reduce to the quantum
toroidal algebra of gl(p). In fact, this is true only up to a twist in the definition of the Drin-
feld currents (see the subsection of the appendix). A brief reminder on the quantum
toroidal algebra of gl(p) is given in appendix , it includes its two main representations
called, in the gauge theory context, vertical and horizontal representations.

The key ingredient to define the deformation of the quantum toroidal algebra of gl(p)
is the scattering function S,/ (z) defined in . Indeed, this function plays an essential
role in the two elementary representations involved in the algebraic engineering of partition
functions and gg-characters. In the vertical representation, it enters through the definition
6.2.20| of the Y-observables that describe the recursion relations among Nekrasov factors.
Instead, in the horizontal representation, it expresses the normal-ordering relations between
vertex operators. Thus, from the physics perspective, the scattering function is the natural
object to consider for the deformation of the algebra. Moreover, through the crossing sym-
metry relation [6.2.17] this function defines the p x p matrix 3, that could be identified with
the underlying Cartan matrix of the deformed quantum toroidal algebra (see the subsection
. Note that the matrix [, naturally reduces to the generalized Cartan matrix of the
Kac-Moody algebra gA[p when v; = —15 = 1. In general, it is non-symmetrizable, yet, like in
the case of gl [, it is a circulant matrix. Its eigenvectors v; = (1,2, QJZ, - Q7Y are written

J

in terms of the pth root of unity ; = €*™/?_ and the corresponding eigenvalues read

)\J — _4€i7rl/3j/p Sln(ﬂ'Vlj/])) Sln(ﬂ-VQJ/p) (631)
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In particular, the eigenvector vg = (1,1,--- ,1) has the eigenvalue zero which relates . to
the Cartan matrix of affine Lie algebras, and thus justifies the designation toroidal of the

deformed algebra.

6.3.1 Definition of the algebra

Like in the case of gl(p), the (v, 12)-deformed quantum toroidal algebra is defined in terms
of a central element ¢ and 4p Drinfeld currents, denoted zX(z) and X (2), with w € Z,.
The currents X (z) (together with ¢) generate the Cartan subalgebra, while the currents
1E(2) deform the notion of Chevalley generators e,,, f.,. The algebraic relations obeyed by
the currents resemble those defining the quantum toroidal algebra of gl(p) in|G.1.3 m 3, the main

difference being the presence of shifts in the indices w by the product V3€C|Z|

w5 (2)25 (W) = guw (2/w) a5 (w)a (2),  UE(2)25 (W) = guw (2/w) 2l () (2),
Vo (2)25 (W) = umvse w (@5 2/ )Tl (W)U (2), Uy (2) 75 (W) = Guwr (2/w) 2 (W)t (2),

+ (Vb= (w _gwwfl/:w( g5z /w) T 0 bE (w)] =
o (2)1h (w) dour (2 10) Yo (w)vs (2),  [¥5(2), Y (w)] =0

(25 (2), 20 ()] = Q B 6(2/ W5 (2) = Ot o0 (052/ W) o 052)]

(6.3.2)

In the last relation §(z) = Y ez 2% denotes the multiplicative Dirac delta function and we

introduced the complex parameter

(1—q1)’10(1 - gp)*=°

V=
(1= quga)Prrtva0

F'Y? F=F, =— H(—qi)—5Vf’0. (6.3.3)

"Comparing with the standard definition of quantum toroidal algebras, the Drinfeld currents have been
redefined as follows: z%(z) — 2% (¢F*2), ¥ (2) — ¢F(2) and ¥ (2) — ¥ (q _0/22). This redefinition
makes the coincidence between shlfts of indices w £ v3¢ and spectral parameters z¢; © manifest. In fact, this
asymmetric form of the algebraic relations appears naturally in the construction of a central extension of
the Yangian double [130].
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The other relations in involve the structure function g..(z) defined as a ratio of two
scattering functions. This function depends on the variables (¢;,¢2) € C* x C* and the

integers (11, 15) € Zy X Zy:

St (2)

} 1 gz
Sw/w(z 1 :fw“’/(z 1) H ( )

, 6.3.4
) i=1,2,3 (1- qglz)éw’“/+"i ( )

G’ (Z) =

where the extra variables g3 and v3 obey ¢1q2q3 = 1 and vy + v, + 3 = 0. Note that
the invariance under the Sz-permutation of indices (v, ¢;) is broken to Sy corresponding to
exchange (11, q1) and (5, ¢2). The structure function satisfies the property gu./(2)guw(z71) =
1 necessary for the definiteness of the algebraic relations.

The algebraic relations[6.3.2] are expected to include additional Serre relations. However,
the Drinfeld currents employed here are a twisted version of those used in the formulation
of the quantum toroidal algebra of gl(p). This explains why the function g, (2) defined in
does not quite reproduce the gl(p) structure function as we set vy = —1p = 1.
Even in the case of gl(p), the twist of the currents make the derivation of Serre relations
difficult. We hope to come back to this question in the near future.

Due to the non-trivial power of z in the asymptotics of the functions g, (z), namely

gww/(z)sfww’(zil)v gww’('Z)oNofw’w(Z)i% (635>

the Cartan currents ¥ (2) cannot be expanded in powers of 27 with k > 0 as it is usually
the case for quantum groups. Instead, it is necessary to introduce a zero modes part using

extra operators aioz

=(2) = z_k’xf,k, VE(2) = wiozqcaio exp (i— > z$kaw7ik) . (6.3.6)

kEZ k>0

+
In the appendix , the operators 1), 027%0 are constructed as a specific combination of

grading operators. The Cartan zero modes ¢i0 are invertible, they can be used to define
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another central element ¢ setting

45" = (H w:,o) (H ww,o) - TI Ff“"" [ ¢lowoo)™ (6.3.7)

WEZyp WEZp ! 'wtvse ez,

w,w’=0
w<w!

Note that the ordering of the zero modes is important since they do not commute. It is

chosen here such that the expression of the coproduct defined below simplifies.

Coalgebraic structure A Hopf algebra A over the field C is a C-module equipped with a
unit 14, a product V, a counit €, a coproduct A and an antipode S satisfying the following

properties [15§].

A is both an algebra and a coalgebra. This implies the property V(1 ® e)A = V(e ®

1)A =1 and the coassociativity of the coproduct (1 ® A)A = (A ® 1)A.

e The counit ¢ : A — C and the coproduct A : A - A ® A are homomorphisms
of algebras. The compatibility with the scalar multiplication and the addition are
trivially satisfied. On the other hand, the compatibility with the product requires to

verify e(ee’) = e(e)e(e’) and A(e)A(e’) = A(ee’) for any two elements e, e’ € A.

e The unit 14 : C - A and product V: A® A — A are homomorphisms of coalgebras.

This means A(14) =14 ® 14, (14) = 1, and, once again, A(e)A(e’) = A(ee’).

o The antipode S : A — A is a bijective C-module map satisfying V(S ® 1)A = ¢ =
V(1® S)A.
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The algebra 2|is a Hopf algebra with the coproduct, counit and antipode given by

A(af(2)) = 5 (2) ® L+ ¥y (652) © 25 (2),

Alag () = 05 (2) @6 ey (0 2) + 1@ g, (5°72),

AWE () = UE () U e (05°72), AW (2)) = Uy (50 2) @ U ey (05 2),
S@H(2)) = ~U5agel@52) ' a5(2), S(D(2) = 05 g (@52)0E o052 (at(2)) =0,

SWH(2) = U e(@52) ™ SWL(2) = Viian(63°2) 7 (Ui (2) =1
(6.3.8)

with the standard notation ¢y = ¢ ® 1, ¢g) = 1 ® c. The central element ¢ obeys A(c) =
cay + ¢@), S(c) = —c and €(c) = 0. The proof is a tedious but straightforward calculation
that the axioms defining a Hopf algebra hold for any pair of currents. The antipode is
an anti-homomorphism of algebra, it satisfies S? = (—1)'*°Id. Using the coproduct of the

Cartan zero modes %jim it is possible to compute the coproduct of the central charge ¢

defined in [6.3.7 we findF|

@) Pz, Yo €O Dwen, aI,oqC(l) Dwez, aJ,o) (6.3.10)
3 . . .

Algs*) = (a5° ® g5°) (qg T ®gs

In order to reconstruct the instanton partition functions, we need to introduce two types

of representations: a vertical representation p") with level ¢ = 0 and a horizontal represen-
tation pD) with level ¢ = 1. Such representations are already known in the case of quantum
toroidal algebras of gl(p) (see [159, I60], or the brief summary presented in appendix [G)),
but also for the quantum toroidal gl(1) algebra (or Ding-Iohara-Miki algebra [133] [134])

[T61L 162]. In fact, there are two different point of view concerning these representations.

8The extra factor in the RHS comes from the shifts of the currents’ arguments in the coproduct that
brings

At ) — ot 2¢(1) % —vye (s, Al ) — 20(2) 8 _uye(y) —2Zeya, vsea)
( w,O) - ’(/}w 0®q3 ’(/}w vzc(1y,0? (ww,O) - Yw-—vsc(e), ,093 ®ww V3C(1), 043

(6.3.9)
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In the mathematics literature [161], 162, [159], one often considers a single module, the Fock
module, and present the action of two subalgebras called horizontal and vertical. Miki’s au-
tomorphism S [163, [134] exchanges the two subalgebras, allowing us to define (for instance)
pH) = pV) 6 S. On the opposite, physicists usually introduce two different types of mod-
ules referred as vertical and horizontal modules, somehow fixing the choice of subalgebra.
Of course, the modules are isomorphic thanks to Miki’s automorphism and the two point
of views are equivalent [I143]. However, no analogue of Miki’s automorphism is known yet
for the (v, vy)-deformed algebra. Thus, at this stage, we have no choice but to follow the

second approach and define two distinct representations. This will be done in the next two

subsections.

6.3.2 Vertical representation

The vertical representation presented here is a deformation of the Fock representation for the
quantum toroidal algebra of gl(p) [I59] (see appendix [G.3)). This representation is similar
to the usual finite dimensional representations of quantum groups. Indeed, the Cartan
currents ¢~ (z) are diagonal on a set of weight vectors. The currents z(2) annihilates the
highest weight (or vacuum) |@)), and x} (z) creates excitations. However, the weight vectors
are labeled here by the box configurations of an m-tuple Young diagrams A. Thus, this
representation is infinite dimensional, yet it is graded by the total number of boxes |A|.
From the gauge theory perspective, the vertical representation of the algebra de-
scribes the relation between sectors of different instanton numbers. Thus, vertical modules
are characterized by a basis of states |A)) labeled by instanton configurations. Accordingly,
the representation depend on a set of m (highest) weights v = (v4)a=1..., and a choice of
color ¢, for each weight. This coloring defines the integers m, = |C,(m)| corresponding
to the number of weights v, of color w. The integers m,, provide the levels of the vertical
representation: p")(c) = 0 and p")(¢) = m with m = ¥,z me,. As mentioned previously,

the Cartan currents 9= (z) are diagonal on the basis |A)). On the other hand, the operators
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2E(2) relate the sectors of instanton charge |[A| and |A| & 1 by adding/removing a box to

w

the m-tuple Young diagram A. Their action encodes the recursion relation [6.2.19| obeyed by

Nekrasov factors [I64]. The action of the Drinfeld currents on the states |A)) is derived in

appendix , it readsﬂ

PGS ) AN = F12 37 6(2/x0) Res e VN ()7 A+ 0)),
O€Au(A)

Pz IN) = fa'2) Y 6(z/x0) Res =~ V(g 2) A — ), (6.3.12)

O€Rw(A)

PV (W5 (=) A = [T )], A

In the first two lines, A, () and R, () correspond respectively to the set of boxes of color

w that can be added to or removed from A. In the last line, the subscript £ denotes the

Z|:t1

expansion of the function W (z) for | — o0. This function is written as a ratio of the

Y-observables defined in [6.2.20],

Vo'(a5'z) :
7a Wlth fLA}(z) = ch)‘]<Z) H Ua/z H fwc XD/Z

P (2) = [N (g52)
ny)\} z a€Cy,(m) Oex
(6.3.13)

We notice that the highest weights are still encoded in the form of a Drinfeld polynomial
pu(2):
1/2 2)

- HaGC* (m)( 3Ua) pw(QS —1/2
me @ . with pu(z) = (1—q5"2/va).
Maccum)(=va)  po(gy*2) aGCl;I( ) ’

(6.3.14)
When v3 = 0, we have w = w and the prefactor reduces to the usual expression g3 where

my, = degpy(2).
The functions fN(z) and f¥(z) controls the asymptotics of the functions YN (z) and

9The definition of the vertical representation is not unique due, for instance, to the following invariance
of Drinfeld currents at ¢ = 0:

VE(2) = CuzyE(2), zh(2) = zf(2), z5(2) = Cuz®z](2). (6.3.11)

Here a particular choice is made to simplify the derivation of intertwiners in section 4 below.
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WR(2),

N (g3t2)

W21, WEGAE)T = BN (LB )
fo (g3 2)

As a result, the action of the zero-modes of the Cartan currents read

HaGC’@ (m) <_q3va)
HaECw (m) (_UOC)

(6.3.16)
pMak o) |A) = (Z B@cm)) AN, p(ag,) IA) = (mw —mg— ) ﬁwc@) RY)

P @) AN = NG N, oV (w50) IA) = V() AN,

Oex Oex

The value of the second central charge is obtained by taking the product over w, we recover

p)(E) = m.

Contragredient representation The definition of intertwiners in the next section re-
quires the introduction of the dual basis ((A|. The algebra acts on the dual basis with

the contragredient representation p(")*, defined such that

(A (0" () IND) = (41 6Y* (@) 1A, (6.3.17)

for any element e of the algebra. Thus, the action of the contragredient representation
depends on the choice of a scalar product for the vertical states. It turns out that the
analysis of intertwining relations simplifies for a particular choice of scalar product for which

states are orthogonal but not orthonormal,

(AIX) = ax(v) o (6.3.18)

1 are chosen so that the contragredient representation of x=(z) acts on

The norms ay(v)~
(] in the same way as the original representation p(*)(27(2)) acts on |A)) (note that x>

becomes z]). As a result, the norms have to obey the two following recursion relations for
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a box x of color ¢(0) = w:

ax—o(v) _ O 1 (g o) Res 2 9N (2) YN (g2,
CL,\('U) z=x0o
2 (6.3.19)
AIxolv) _Qlefg‘](qngD)*l Res zflﬁ)&[f‘](Z)flyu[s)‘](qglz)*l-
CL)\('U) zZ=X0O

The solution is expressed in terms of the vector contribution Ze. (v, A) defined in [6.2.11}

ar(v) = (~FOPMZ (0. N T T (—xe/(g3va)). (6.3.20)

OeX OJGCE([]) (m)

6.3.3 Horizontal representation

The horizontal representation of the algebra is the equivalent of the vertex represen-
tations constructed by Saito in [160] for quantum toroidal algebras of gl(p). It has level
p"(c) = 1 and depends on p weights u,, € C* and p integers n,, € Z. In this represen-
tation, Drinfeld currents are constructed as a direct product of two (commuting) algebras.
The first algebra is called here the zero modes factor, it is defined in terms the two operators

Q. (2), P,(z) satisfying the exchange relation

Po(2)Qur(w) = fuwr (w/2)Qur (w) Py (2). (6.3.21)

In appendix[[.2] these operators are constructed explicitly in terms of 2p Heisenberg algebras.
As a result, the operator P,(z) acts on the vacuum state |@) as P,(z) |@) = |9), and Q,(z)
acts on the dual vacuum (| as (&| Q,(2) = (&]. Accordingly, we define the normal ordering
of these operators by writing the @, (z)-dependence on the left.

The second algebra involved in the horizontal representation is defined upon the modes
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. of p coupled free bosons (w € Z, and k € Z*) satisfying the commutation relationsﬂ
[aw,ka aw’,l] = kék—&-lqgﬂ {duw’ + qg_kéw&)’ - q’f(sw W't T qgéw w’—&-ug} 5 (k > 0) (6323)

As usual, the vacuum state |@) is annihilated by the positive modes (k > 0), while negative
modes create excitations. The dual state (@] is annihilated by negative modes. Thus, these
modes are normal ordered by moving the positive modes to the right. The representation of

the Drinfeld currents 2= and 1= is given in terms of the vertex operators

n 2k 27k —k/2 _ 2k z7k k/g
N (2) = exp Z ?aw,—k exp | — Z TQS Qg |, M, (2) =exp|— Z zaw,—k exp Z 2 . 43
k>0 k>0 k>0 k>0

i (2) = exp (—

k>0 k>0

—k k
z —k k _ Z _
> (a5 Po,p — QB/2aw,k)) , n(z) =exp (Z 7 (g Fag, g — Oéw,—k)) :

(6.3.24)

Combining the zero modes and vertex operators, the horizontal representation writes

p(H)(xi (2)) = woz ™ Qui2)nS (2), ™ (2 (2) = w2 Qu(z) " Palas *2)m, (2),
D5 (2) = FV2Pa(a5 " 2)el (),

(H) - /2 %W ng nw anw(q§12> (- _
P (5 (2)) = F”qus 0.0) Palgz ' 2)e, (2).

(6.3.25)

It is shown in appendix [[.2] that the expressions in the RHS obey the algebraic relations[6.3.2]
at the levels p#)(c) = 1 and p")(¢) = n+p if v, + v, < p and p¥)(¢) = n otherwise, where

n = Zwez;p n,. Note that even in the ALE case 1 = —vy = 1, the horizontal representation

10The RHS of these commutation relations involves the coefficients agfd)/ = 0'(— k) =

kq§/2 [6%,/ + qgkéwu—,/ — ¥ i, — @50, w/+l,2] appearing in the expansion of the scattering function

6.2.16,

— _ 27k
[Sww (2)]_ = exp <Z 43 kmo’@) v [Sww (2)]4 = furw(2) Lexp (—Z 12 q§/2 (,k)> . (6.3.22)

k>0 k>0
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given here is slightly more general than the one proposed in [I65]. Indeed, in the latter the
Z,-symmetry is broken by a choice of color wy, setting u,, = ud, o, and n, = nd, ., Instead,
in our construction of the gauge theory partition functions, it is necessary to keep u, and
n, arbitrary in order to be able to assign a different gauge coupling q,, and Chern-Simons

level x,, for each color w.

6.4 Algebraic engineering

The algebraic engineering of 5d N = 1 quiver gauge theories on C., x C_., x Sk (without
orbifold) follows from their correspondence with topological string theories in which the
Nekrasov instanton partition function is obtained as a topological strings amplitude [130].
Indeed, these amplitudes are computed using the (refined) topological vertex [131l [166), [167]
that was identified in [141] with an intertwiner between certain modules of the Ding-Tohara-
Miki algebra [133],[134], also known as the quantum toroidal algebra of gl(1). This intertwiner
is in fact the toroidal analogue of the vertex operators introduced in [I37] to compute the
form factors of the XXZ Heisenberg spin chain. As result, the powerful topological strings
computational methods for supersymmetric gauge theories can be reformulated in the lan-
guage of quantum integrability.

The correspondence between 5d N = 1 gauge theories and quantum toroidal algebras is
better formulated using the (p, ¢)-brane realization of the gauge theories in type IIB string
theory [127, 128]. In this realization, quiver gauge theories are reproduced by the low energy
dynamics of a network of 5-branes with charges (p,q). These branes generalize both NS5-
branes (0, 1) and D5-branes (1,0). They wrap the 5-dimensional spacetime, and define a line
segment in the 56-plane of the ten dimensional strings spacetime. These segments meet at
trivalent vertices and form a web called the (p, q)-branes web. For instance, in the case of
linear quivers, a set of m-D5 branes is associated to each node bearing a U(m) gauge group.

These D5-branes are suspended between dressed NS5-branes (i.e. branes of charge (n,1)).
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In this context, the relevant quantum toroidal algebra is determined by the spacetime of the
gauge theory. Then, each brane of the (p, ¢)-branes web is associated to a representation of
the algebra, identifying the levels with the charges p(c) = ¢, p(¢) = p and the weights with
the (exponentiated) position of the branes [154] 139, 138]. Thus, to a D5-brane corresponds
a vertical representation with m = 1, while horizontal representations are associated to
dressed NS-branes of charge (n,1). It was further noticed in [5I] that the set of m D5-
branes of a single node (with a U(m) gauge group) can be directly described by a vertical
representation with p()(¢) = m. Following the identification of the (p, ¢)-branes web with
the toric diagram of the Calabi-Yau in topological strings [129], the trivalent junctions of
branes coincide with the vertex operator of the algebra acting on the modules determined by
the branes charge. Finally, the automorphisms of the algebra renders the various geometrical
operations (translations, rotations) applied to the branes web [143].

For each (p, ¢)-branes web it is possible to write down an operator T constructed by ‘glu-
ing’ the vertex operators of nodes connected by an edge. The gluing procedure is done by
a product of operators in horizontal representations (NS5), and a scalar product in vertical
ones (D5). The T-operator obtained in this way acts on the tensor product of representa-
tions corresponding to the external branes of the web (i.e. the semi-infinite line segments).
These representations are in fact horizontal modules, and the vacuum expectation value of
the T-operator reproduces the instantons partition function. The gg-characters are further
obtained by introducing algebra elements (in the proper representation) within the vacuum
expectation value [5I]. We will give several examples below.

This algebraic construction of gauge theories BPS-observables has been generalized in a
several directions: D-type quivers [168], 6D spacetime and elliptic algebras [169], 4d N = 2
gauge theories and the affine Yangian of gl(1) [I35], 5d N = 1 gauge theories on ALE spaces
[154], and 3D N = 2* gauge theories [I65]. In this section, we present yet another general-
ization corresponding to deformed ALE spaces with the Z,-action described in section two.

However, we do not wish to reproduce the whole construction here as it is a straightforward
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application of the methods developed earlier [154] 139} 138, [51]. Instead, we will only pro-
vide the main ingredient, namely the expression of the vertex operator, and a few selected

examples to illustrate the construction.

6.4.1 Vertex operators

We consider two types of vertex operators, denoted ® and ®*, and obtained, up to a nor-

malization factor, by solving the following equations
P e@ =2 (0 @p" Ale)), (pV @M Ale)) " =2 (e),  (64.1)

where e is any of the currents z(z), 9 (z) or the central charge c[lY] Here A’ denotes the
opposite coproduct obtained by permutation A’ = PAP. In order to distinguish the two
horizontal representations, we denoted them p*) and p#"), they depend on the parameters
Uy, n, and u! . n! respectively. Thus, the vertex operator ® (and also ®*) depend on the set
of weights u,, u/,, v, and integers n,, n/ ,m,. A solution to the equations is found only

if these parameters satisfy the two constraints

u, = u, H (—q3va), N, =mn,+mg. (6.4.2)
aeCy

The first relation expresses a constraint among the position of the branes in the 56-planes.
The second equation is the charge conservation at the vertex. Due to the spacetime orbifold,
the branes charges p in (p,q) degenerates into charges p, with w € Z, identified with the
integers n,, and mg of horizontal /vertical representations.H Summing over w, these con-
straints reproduce the conservation of the levels n’ = n+m that follows from the application
of the intertwining relations to the element e = ¢ with the coproduct [6.3.10} Due to the

presence of an algebra automorphism exchanging ¢ and ¢ in the gl(p)-case [163], we expect

1Tn fact, these relations are also satisfied for the grading operator &,(z) (see appendix .
12There is an unfortunate conflict of notations here since the integer p labeling the Z,-orbifold is unrelated
to the charge p = )" p,, of the branes.
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a similar degeneration of the charge ¢ into ¢,. It is not observed here because only a single
charge ¢ = 1 flow through the topological vertex.
By definition, the vertex operator ®* is a vector in the vertical module while ® is a dual

vector,

o = ;qh (A, @ = ;@; A, (6.4.3)

Each vertical component ®, (or ®%) is a Fock vertex operator acting on the horizontal

module,
Py =1ix: Py H ﬁj(m)(Xm) 5 A=100 P H nc_(m)—ul—yg (43x0)
Oex oex
tr = P2 Tl T Quolo) (644
Oex Oex
t:k\ = F_l)\‘/Q H (_UC(D)—Vl—I/Q)_l(qSXD)HC(D)7V17V2 H : Qc(m)—ul—uz (q3XD>_1PC(D)<XD) oy
oex oex

A sketch of the derivation can be found in the appendix , together with the (rather lengthy)
expressions of the vacuum components @, and ®}. The vertex operators ® and ®* given
here are a generalization of the colored refined topological vertex derived in [I54], [170] with
extra parameters (v, ).

The vertical components [6.4.4] of the vertex operators obey important normal ordering

relations, from which we recover the vector and bifundamental contributions to the partition
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functions [51][7]

PPy = GV |0) NV, N|v,A) 7 DDy
D\Dy = G(V|g3 ') N (v, N|g5 M v, A) : @D,

(6.4.6)
P3Py = GV V)N, N |v, A) : 3Dy :

P3Py = G(V|g3 ' v) T IN(V, N gz to, A) T 930

The expression of the one-loop factors G(v|v’) can be found in appendix [K] formula [K.1.11]
Note also that, following the method presented in [I38|, [154], it is a priori possible to show
that @, and @} are solutions of the double deformed Knizhnik - Zamolodchikov (or (g, t)-KZ)

equations.

6.4.2 Partition functions and ¢g-characters

The simplest example of algebraic engineering is given by the pure U(m) gauge theory with
quiver A;. In this case, the (p, ¢)-brane web can be described roughly as a set of m D5-branes
suspended between two (dressed) NS5-branes. The corresponding 7T -operator is obtained as
a product of vertex operators ® and ®* in the vertical channel [51], it acts on the tensor

product of two horizontal modules,

TU(m) =& & = Za)\ ) Pr®@ @, : Ho H. — H'® H,. (6.4.7)

BTo simplify the notations, we have omitted the dependence of the Nekrasov factors in the vectors of
colors ¢ = (cq)M and ¢/. The shortcut notation g3 'v’ in N(v, g3 v’,X’) should be understood as a
shift of the weights gz v/, together with the corresponding shift of indices ¢/, — v3 = &,. Thus, we have the
important relation

N (v, )\\qglvl, A) =N, Nv,A) f(v,A\]v', ), with:

F X X) = ] fememba/xa) x [T 11 (—) I 11 (—U“> ) (6.4.5)

— DEX a€C, @) (m’) a BEN a€Cyq) (m) q43Xo
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In order to distinguish the horizontal modules, we added the subscript * to the ones on
which ®* act. Accordingly, we denote the parameters of these representations (n, ") and

w? W

(n¥, u!). Evaluating the vacuum expectation value of this operator, we recover the instanton

w? W

partition function of the underlying gauge theory:

Zinst = (0| @ (8] TIUmM)]|2)@|2) =>" ]I a5 z (0, N) Zes (K, ) (6.4.8)

A WEZyp

where we have identified the colored gauge coupling q,, and Chern-Simons level x,, with

U, n
_ —1/2 w w+vg %k
o =F 03 R = My~ T (6.4.9)
w—+v3

By construction, the operator T[U(m)] commutes with the action of the algebra defined

by the opposite coproduct A" [51], namely,
(P @ pM) Al(e) TIU (m)] = TIU(m)] (01 @ p")) Alle), e € A (6.4.10)

For this reason, 7[U(m)] plays the role of the screening operator in [138]. The gauge theory
expectation value of the fundamental gg-characters is obtained by insertion of A'(x,,,(g32))

in the horizontal vacuum expectation value,

o L elelal (01 @ pM) Aag,,(6:2)) TIU(m)] |2) @ |2)
[A] 1 _ 1w
(T "2)) g, = 22 @@ @] T0m)]|2) @12)

(6.4.11)

where the gauge averaging of a chiral ring observable O is performed over the instanton
configurations weighted by the vector (and Chern-Simons) contributions to the partition

function,

1
<O[A]> - Z H qfwo\)zvect<v>)\)ZCS("\%)\)O[A], (6.4.12)
gauge Zinst.

A WEZyp
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and the gg-character writes

. G32)"es
A () = P (2) + Qg )

. 6.4.13
wtvs (Q3Z) ( )

Note that the first term involve the Y-observable YX*(2) = fMN(2)YN(z). As shown in [51],
it follows from the commutation relations that the quantity <X£A](q§ 1z)>gauge is a
finite Laurent series in z (i.e. a polynomial upon multiplication by a positive power of z).
This is in fact due to the radial ordering of operators in the horizontal Fock spaces. Indeed,
when z(2) is inserted on the left of 7, the correlator as a well-defined expansion around
z = 00. On the other hand, when x(z) in inserted on the right, the expansion around
z = 0 is now well-defined. The non-trivial equality between the two expansions (|6.4.10))
implies that both series are finite, and thus that the correlator is a finite Laurent series in
z. Asymptotically, the Y-observables behave as y}}l 32_59], y}}l* 51 and yj}] ~1, y}}l* ;OZ/BLA]
with BN = |A,(A)| = |Rusrs(N)]. When v = 0, the exponent BN becomes independent of
A, BN = m,. As a result, the gauge average of the gg-character X,,(z) is a polynomial of

degree m,, when |k,| < m,,. Unfortunately, when v3 # 0 not much can be said.

Another fundamental gg-character can be obtained using the generator z(z) instead,

) (@@ (g (o) & pl) Nz} (2)) TU(m)] |2) ® |2)
[A] 1 —(u 1, ng,
(80(072)) 0 = () @lo (2] T0m)]|2) & o) ’

Rw+vg
with XN (2) = YN (2) + iy Py \5)
© NGV (a32)

(6.4.14)

The presence of two different fundamental gg-characters is a specificity of 5d N = 1 gauge
theories on orbifolds: when p = 1, the two gg-characters are equivalent (they only differ by
multiplication of a constant times a power of z). Further, as we shall see below, in the 4d
limit R — 0, the gg-characters XM (2) and XN*(2) reduce to the same expression. The

gauge averages ((6.4.11)) and (6.4.14)) for the gg-characters have been computed at the first
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few orders in the gauge couplings q,, for the gauge groups U(1) and U(2) and various orbifold
parameters. In all cases, it has been observed that these quantities are indeed finite Laurent
series in the argument z. Finally, it is worth mentioning that higher gg-characters can be
obtained by multiple insertions of the coproducts A’(z£(z)). We refer to [51] for more details

on the computation of gg-characters.

4d limit When the radius R of the background circle S} is sent to zero, the gauge theory
reduces to a 4d N = 2 gauge theory. This limit can be performed directly on the parti-
tion functions and gg-characters, re-introducing the radius dependences in the parameters
(q1,q2) = (efier, effe2) v, = efta x, = efi¥a . Sending R — 0 in the expression [6.2.11] of the
instanton partition function, we observe that the Chern-Simons contribution is subdominant

while, after setting the spectral variable to z = e, the scattering function [6.2.16| becomes

S(4d)(<) — (C+ 51)5‘”’“"”1 ¢+ 52)6“’“'_”2
/ (O’ (€ 4 1 + £) 0’112

ww

(6.4.15)

This function satisfies a simpler crossing symmetry So(gl,) (—=C—e1—e9) = f (1d) g(ad) (¢) where

ww! Mw'w

f(4d) _

ww’

(—1)% in now independent of the spectral variable (. As a result, the function
fIM(2) reduces to a sign. When v = 0, this sign is simply (—1)™«, it can be absorbed in
the definition of q,,. In this way, both XX (z) and XN*(2) reproduce the expression of the

4d fundamental gg-character given in [15] 21].

Ay quiver Linear quiver gauge theories can be treated along the same lines. For instance,
the Ay quiver gauge theory with gauge group U(m;) x U(ms) is obtained by considering two
sets of m; and my D5-branes suspended between three dressed NS5-branes. The T-operator

is simply the product of the single nodes operators T [U(m1)] and T[U(mz)] in a common

227



horizontal representation,

TIU(my) x U(ma)] = &1 - 005 - D5 = > aym (vV)aye (0?) 01 @ o0, (L @ o7

A A2
A A3
(6.4.16)
The vacuum expectation value is computed using the normal ordering relation for the
2 1)*
product <I>§\<)2><I>§\<)1),

Zinst. =

1
Gog o) 21 ® (218 (2] TIU(m) xUlm)]|2) ® |2) ® @) (64.17)

It reproduces the instanton partition function for the Ay quiver gauge theory, with
the identification of the parameters at each node ¢ = 1,2. The gg-characters can also

be constructed along the lines of [51].

6.5 Discussion

In this chapter, we have reconstructed algebraically the instanton partition functions for N =
1 linear quiver gauge theories with unitary gauge groups on the five dimensional background
Sk x (C,, x C,)/Z,. The action of the abelian group considered here is a generalization by
two integers (11, o) of the standard action defining ALE spaces. These extra parameters led
us to introduce a deformation of the quantum toroidal algebra of gl(p). This new quantum
toroidal algebra appears to be defined upon a non-symmetrizable Cartan matrix 3,.. Yet,
we have shown that it still possesses the structure of a Hopf algebra with the deformed
Drinfeld coproduct given in We have also presented two different representations,
called vertical and horizontal, that are respectively the deformation of the Fock module [I59]
and the vertex representation [160] of the quantum toroidal algebra of gl(p). Other types of
representations should exist, like the Macmahon representation obtained for gl(p) as a tensor
products of Fock modules in [I59]. Although the definition of this new algebra may appear

intricate, the physical context in which it emerges is very natural, and its representations
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are simple generalizations of the usual ones.

Quantum toroidal algebras extend the definition of quantum affine algebras (or quantum
groups) by an extra affinization. In fact, the quantum toroidal algebra of gl(p) is generated
by two orthogonal quantum affine subalgebra Uq(ﬁ/[(p\)) [171), 172]. Then, one may wonder
if the (v1, vo)-deformed algebra possesses a similar property. Of course, it is assuming that
a quantum affine algebra built upon the Cartan matrix 3., can be defined properly. In
fact, we expect that this is indeed the case, and that such quantum affine algebra retains
a quasitriangular Hopf algebra structure, making it suitable for the construction of new
quantum integrable systems.

On the gauge theory side, several generalizations of our approach could be implemented.
For instance, the abelian group Z, could be replaced by a Mckay subgroup of SU(2) of type
DE, with either left, right, or both left-right action. As shown by Nakajima in [149, [150],
in the first two cases a quantum affine algebra of type so/sp acts on the cohomology of the
instanton moduli space. This action is expected to be lifted to a quantum toroidal algebra
in K-theory. Accordingly, the algebraic engineering should involve the quantum toroidal
s0/sp algebras. However, the effective construction requires some new developments in the
representation theory of these algebras.

When v, = 0, the orbifold can be interpreted as the presence of a surface defect [21]. In

this case, the Cartan matrix [, appears to vanish but the algebra remains non-trivial,

1 _ Z 6w,w/ 1 _ Z 60.),0./71/1
S (2) = < G2 > Lo az ’
-z 1 —qige=
_ 6ww’ _ 6w,w/7u _ 6w,w/+u
gww’(z) = q2_117q212 17(115 1 q217q312 1 :
1—qy 2 1—gqs5 2 1—qi 2

When v; = 1, the structure function g,.(z) reproduces the one that defines the quantum

(6.5.1)

toroidal algebra of gl(p) with ¢o and g3 exchanged (up to a factor g3 wot/ 2). However, the
function S, (2) is different from the one appearing in|G.2.6, and thus horizontal and vertical

representations of the (vq, v,)-deformed algebra degenerate into new representations for the
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quantum toroidal algebra of gl(p). We hope to come back to the study of this problem in a
future publication.

Finally, an important question was left behind in our study, namely the correspondence
with (g-deformed) W-algebras. This type of correspondences is now well-understood in the
case of quantum toroidal gl(1). There, the q-W-algebras appearing in horizontal or vertical
representations play different roles. In the horizontal case, a representation of level ¢ = m
can be built by tensoring m level one representations. It is thus expressed in terms of m sets
of bosonic modes that are coupled through their commutation relations. Diagonalizing these
relations, the Drinfeld currents can be expressed in terms of q-W,, currents coupled to an
infinite Heisenberg algebra. This dual q-W-algebra corresponds to the quiver W-algebra of
Kimura and Pestun [I73]. Using Miki’s automorphism [163], [134], vertical representations of
level ¢ = m can be mapped on horizontal ones, and thus expressed in terms of q-W,,, currents
coupled to the Heisenberg algebra. In the vertical case, the dual W-algebra is responsible
for the AGT-like correspondence with g-deformed conformal blocks [I40]. Alternatively,
the AGT correspondence can also be seen directly in the degenerate limit R — 0 in which
the vertical representation of the toroidal algebra reduces to a representation of the affine
Yangian of gl(1) that is known to contain the action of W,,,-currents [124} 125] 126].

A similar type of duality is believed to hold between the degenerate limit of the quan-
tum toroidal algebra of gl(p) and the cose M/ g[(a/—\p)m, leading to an AGT cor-
respondence between instantons on ALE spaces and parafermionic conformal field theories
[174, 155, [I75]. This conjecture has been verified for small values of p and m by comparing
the conformal blocks of the coset theory with the gauge theories instanton partition functions
[174, 176, 177, 178, 179, [180], or the limit R — 0 of 5d topological strings amplitudes [170].
There are two main strategies to extend this duality to the (vq, 15)-deformed algebra. One
possibility is again to compare instanton partition functions with conformal blocks. This ap-

proach was taken in [146] where the gauge theory calculations led to conjectural expressions

4The parameter « is determined by the Q-background parameters (1, €z).
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for these conformal blocks. But, unfortunately, the corresponding conformal field theory
appears to be unknown. Another possible approach consists in identifying directly the (q-
deformed) coset algebra generators acting on the vertical modules of the quantum toroidal
algebra. For this purpose, one could diagonalize the commutation relations for the modes
a1, in the horizontal representations, and then define the analogue of Miki’s automorphism
to map the horizontal representations to the vertical ones. From the strings theory per-
spective, the latter is expected to exist since it should describe the fiber-base duality of the
topological strings (or, the S-duality in Type IIB string theory) [142], [143]. This approach

appears very promising and we hope to be able to report soon on this problem.
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Vertex Operator Algebras
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Chapter 7

SCFT/VOA correspondence via

()-deformation

7.1 Introduction

Superconformal field theories (SCFTs) exhibit interesting aspects and rich structures due to
their large symmetry group. A striking feature revealed in [I81] is that any superconformal
field theory with an su(1,1]|2) superconformal subalgebra which acts as anti-holomorphic
Mobius transformations on a two-dimensional plane possesses a protected sector isomorphic
to a two-dimensional vertex operator algebra (VOA).E] The protected sector is formed as a
certain (Q + S)-cohomology, spanned by twisted-translations of Schur operators with their
operator product expansions (OPEs) in the cohomology.

For Lagrangian four-dimensional N = 2 superconformal theories, the procedure of ob-
taining this chiral algebra can be briefly described as follows. It can be shown that chiral
algebras produced by free hypermultiplet and free vector multiplet are those of symplec-
tic bosons (also known as 7 system) and bc ghosts, respectively. When they are coupled

to produce an interacting SCF'T, the prescription is first to take the naive tensor product

'We use the terms vertex operator algebra and chiral algebra interchangeably.
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of those two-dimensional chiral algebras with the gauge-invariance constraint and then to
pass to the cohomology of the nilpotent BRST operator. Such a procedure led to many
conjectural relations in [I81] between N = 2 superconformal QCDs and W-algebras, which
were checked at the level of the equivalence of the superconformal indices and the vacuum
characters. For related works, see also [182] 183, [184] [185].

The protected chiral algebra is particularly interesting since it is a non-commutative
algebra of local operators in two dimensions, which is not easily expected for theories in
higher dimensions. It turns out that the non-commutative deformation parameter h, which
appears in the numerators of the OPEs of chiral algebra, is given by the relative coefficient
of the combination @+ S. Even though this is a direct consequence of OPE computation, it
seems that an intuitive understanding of the appearance of the non-commutative deformation
parameter is still absent. Therefore, it could be useful to approach the mentioned chiral
algebra in an alternative framework where the origin of the non-commutative deformation
parameter is well understood. The main goal of this chapter is to make such an attempt.

The framework that we are referring to is the (2-deformation of supersymmetric gauge
theories [6]. It was firstly introduced in [6] to regularize the partition function of N = 2
gauge theories on the non-compact C%. Essentially, the Q-deformation is implemented by
modifying the theory as a cohomological field theory with respect to the supersymmetry
which squares to an isometry of the underlying manifold. It effectively turns on a potential
along the direction orthogonal to the isometry, and thus localizes the theory on the fixed
points of the isometry. A remarkable discovery made in [28] was that the two-dimensional
()-deformation on N = 2 gauge theories can be used to quantize the classical integrable
system whose Hamiltonians are given by the N = 2 chiral operators. One may regard this
quantization at the level of the representations of the non-commutative deformation of the
algebra of holomorphic functions on the phase space of the integrable system, where the non-
commutative deformation paramter is identified with the (2-deformation parameter ¢ = h.

A similar feature is also present in other contexts: in three-dimensional N = 4 theories, for
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example, the ()-deformation on the Rozansky-Witten theory leads to a non-commutative
deformation of the Higgs branch chiral ring [186], 187, [188].

For which theory should we implement the (2-deformation to recover the chiral algebra?
In [189], Kapustin discussed the holomorphic-topological twist of N = 2 gauge theories on a
product manifold € x G+, in which the theory is topological along, say, G+ and holomorphic
along C (see also [190, 191) 192] for earlier works on partially holomorphic and partially
topological theories). The cohomology of local operators, therefore, forms a chiral algebra
on €, albeit a commutative one since local operators can commute with each other by escaping
to the direction of Ct. Now we can imagine implementing the Q-deformation with respect
to the isometry on Ct, effectively creating a potential along the direction of Ct. As local
operators are now trapped on € due to the potential, it is natural to expect that we obtain
a non-commutative deformation of the chiral algebra. The height of the potential would be
controlled by none other than the (2-deformation parameter, and we expect the identification
of the non-commutative deformation parameter with the {2-deformation parameter. We will
see that this is indeed the case.

To obtain the two-dimensional chiral algebra, we have to perform supersymmetric local-
ization of the 2-deformed holomorphic-topological theory to produce a chiral CF'T on €. The
algebra of local operators of this CFT would provide our desired chiral algebra. It turns out
that the localization procedure can be conducted in a very similar manner with [193], where
the localization of the 2-deformed two-dimensional Landau-Ginzburg model was discussed.
In fact, our localization can be viewed as the gauge theory analogue of [193] on €+, which
was discussed in [194] in its application of recovering four-dimensional Chern-Simons theory
from six-dimensional supersymmetric gauge theory (see also [186, [195] for the discussion of
B-models on the compact disk where the localization locus was chosen to be constant maps),
occuring at each point of C. The localization locus is given by solutions to certain gradient
flow equations (emanating from the critical point of the superpotential as we take G+ = R?).

To obtain the action of the localized theory on €, we have to evaluate the action on this
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localization locus. This can be accomplished with the help of the equivariant integration, in
a similar manner that [8] applies an equivariant integration on C? to yield the representations
of N = 2 chiral operators on the instanton moduli space. For the case at hand, it turns out
that there is no non-trivial topological sector of gauge field configurations in the localization
locus, so that the further integration on the instanton moduli space would not take place.
This chapter is organized as follows. In section we briefly review the Donaldson-
Witten twist and the holomorphic-topological twist of Kapustin for four-dimensional N = 2
theories. In section [7.3] we perform the supersymmetric localization of the Q-deformed
holomorphic-topological theory to obtain the two-dimensional chiral CET. In section [7.4] we
discuss the identification of S% x S! partition function of N = 2 SCFT and torus partition
function of chiral CFT, which lead to the equivalence of the Schur index and the vaccum

character. We conclude in section [7.5 with discussions.

7.2 Holomorphic-topological twist of N = 2 theories

Let us consider a N = 2 supersymmetric theory on a four-dimensional Euclidean manifold,
X = € x @+, where € and Gt are Riemann surfaces. A curved background on X would
generically break all the supersymmetries. To preserve some supersymmetries, we need to
twist the holonomy group with the R-symmetry group, for which the supercharges with
charge 0 under the twisted holonomy group would remain preserved.

The holonomy group of X is U(1l)e x U(1)er and the R-symmetry group of a N = 2
supersymmetric theory is SU(2)g x U(1),. The N = 2 superalgebra contains the following

supercharges
Q4 Of A=12a=+a=4, (7.2.1)

where A is the SU(2)g R-symmetry index and «, & are un-dotted and dotted spinor indices.
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We choose the conventions for the generators of the holonomy as
M@=M+++M+J~r, M :./\/l++—/\/l++. (7.2.2)

The table shows the supercharges and their quantum numbers. Note that U(1)g C

SU(2)g is the maximal torus.

0l o @ @ O 9 & &
1 1 1 1 1 1 1 1
RS T S Bt S I
i S A S I R A
bR B R AR e Bt
v, 3 2z 2 3 T3 T3 Tz T3

Table 7.1: N = 2 supercharges and quantum numbers

7.2.1 Donaldson-Witten twist

Let us first review how the Donaldson-Witten twist comes about. For a curved metric on

€1, we twist the holonomy U(1)e. by taking the diagonal subgroup

Under the twist, we preserve the N = (2, 2) supersymmetry on € whose fermionic generators

are
Q', 93, 9}, 9% (7.2.4)
When € is also curved, we can make a further twist

U1)s — U(L)e x U(1)g (7.2.5)
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to preserve @L, Q2. The Donaldson-Witten supercharge is precisely the linear combination

of these supercharges,
Qpw = O} + Q% (7.2.6)

Here, @i and Q2 are preserved independently but Qpw is the one which is preserved for
any curved background on X, not necessarily a product metric.
To describe the Q-deformation made upon the twist, let us suppose G+ = R? for a

moment. One may take a specific combination of supercharges
Q=0 + Q% +e(wQ! —wQ?), (7.2.7)

where w = 2! +i2? and w = x' —iz? are the coordinates on €. This supercharge squares to
the isometry of G+ generated by V = wd,, —w0s. In general background on G+ the deformed
supercharge would not be preserved since the last two supercharges are not preserved as we
have seen above. However, one can still construct a deformation of the theory which has a
supercharge which squares to the isometry on C*. In practice, we can start from the theory
on R*, write the variations of component fields with respect to the naive supercharge ((7.2.7)),
and then seek a way of re-writing them in metric-independent fashion so that deformed
supersymmetry variations are consistently defined on arbitrary product manifold € x G*.
The action of the theory has to be modified correspondingly to ensure the invariance under
the deformed supersymmetry.
oL o' @2 @ o 9of &2 &

U1, ©0 -1 1 0 0 -1 1 0
Ul 1 0 0 -1 0 1 -1 0

Table 7.2: Donaldson-Witten twist

238



7.2.2 Holomorphic-topological twist

Now we apply a similar procedure to our main subject: the holomorphic-topological twist of
four-dimensional N = 2 supersymmetry introduced in [I89]. Let us first breifly review the
holomorphic-topological twist. For a curved metric on €+, we twist the holonomy U(1)eL

by taking the diagonal subgroup
U(1)pr = U(1)er x U(1),. (7.2.8)

Under the twist, we preserve the N = (0, 4) supersymmetry on € whose fermionic generators

are
Q4 94 A=12 (7.2.9)

When € is also curved, we can make a further twist
Ul —U(l)exU(1)g (7.2.10)

to preserve Q! O!. The holomorphic-twist supercharge is the following linear combination

of supercharges,
Q=0Q' + 0. (7.2.11)

Note that the translations along G+ and the anti-holomorphic translation along € are actually

Q-exact:

{Q> Q?&-} = _,P—i-;a
(9,02} =P_; (7.2.12)

{Q, 0%} =—{Q, 0%} =-P__,
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hence it gets the name holomorphic-topological twist. Let us suppose G+ = R? for a moment.

Then we would preserve
Q.= Q! + Q' +e(wQ% +wd?), (7.2.13)
which squares to the isometry on G*:
Q? = e(w{Q}, Q1 } + w{Q', Q1}) = —2=(wP, — WPy). (7.2.14)

In general background on G, the deformed supercharge would not be preserved since the
last two supercharges are not preserved as we have seen. However, just as the case of
the Donaldson-Witten twist, it is still possible to implement the (2-deformation of the
holomorphic-topological theory by consistently deforming the supersymmetry variations and
the action. We will see in the following section how this is actually accomplished.

It is crucial to note that, unlike the Donaldson-Witten case, we make use of the U(1), R~
symmetry to make a twist with the isometry on C*. Recalling that the deformed supercharge
squares to the isometry on G+, we see that the localization with respect to this supercharge
would not work if the U(1), R-symmetry is anomalous. This is precisely the case when the
theory is not superconformal. Thus we restrict our attention to N = 2 superconformal the-
ories in relating their 2-deformation on holomorphic-topological twist with two-dimensional
chiral algebras. It is interesting to see that the superconformality is required in a slightly
different manner compared to the (Q + §)-cohomology story in [181], where the supercon-
formal supercharge S explicitly appears in defining the cohomology of local operators in the

chiral algebra.

Un), 1 0 0 -1 1 0 o0 -1
Uvl),, 1 0 1 0 -1 0 -1 0

Qo o' 91 & 9 9o 9 &

Table 7.3: Holomorphic-topological twist

240



7.3 Chiral CFT from ()-deformation and localization

The general analysis of the previous section can be applied to N = 2 gauge theories, on
which we focus from now on. We perform supersymmetric localization on the (2-deformed
holomorphic-topological theory, to produce a two-dimensional chiral CF'T. The desired chiral

algebra is obtained as the algebra of local operators of this two-dimensional CF'T.

7.3.1 Holomorphic-topological twist of N = 2 gauge theory

Let us start from the N = 2 vector multiplet. The vector multiplet contains a gauge

connection A, gaugini A\ and A

(o)

a complex scalar ¢, and an auxiliary field D g, where
A = 1,2 is the SU(2)g R-symmetry index. Following the analysis of the previous section,
the holomorphic-topological twist changes the quantum numbers of these component fields

as in the table [7.4]

AL AL A2 a2 XL XL X2 X2 ¢ ¢ D%, DY, D%
U0 & <% 3 4 b 5 & 5 00 0 0 0
vme. §o-b ol s 8 00 0 0o
HOTEE S N I T e e T I B
ORI T T S S S S S S U SR
uvl, ¢ o0 0 -1 1 0 0 -1 0 0 0 1 -1
Uvl)py 0 -1 0 -1 0 1 0 1 -11 0 0 0

Table 7.4: N = 2 vector multiplet; gaugini, scalars, and auxiliary field

Correspondingly, we change the notation for the component fields by their representations

under the Lorentz group after the twist,

A=, AL=2g, A=) A2 =)y,

A= A, M =2, A=) A=)\, (7.3.1)
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The N = 2 supersymmetry variations can be written as

6A, = iCoha —iCAG 0

S = —iC* 4
8 =il N4

. ] ~ ~ (7.3.2)
OAg = iFWUWCA +2D,¢0"Ca + ¢0" D, Ca + 2iCald, @] + DapC”

I - - L N
631 = 5 Fwd" Ca + 2D,06" (o + $6"DyCa — 2iCal, 9] + DanC”

0Dap = —iCa"DyAp + iCa0" DyAp — 2[p, Cadp] + 2[d, Cadp] + (A < B),

with the fermionic parameters ¢ and (2. In a general metric background, the supersym-
metry would be preserved only if ¢4 and ¢4 are Killing spinors. Let us first place the
theory on the flat R*. Since the holomorphic-topological supercharge is Q = Q' + Q| it
is straightforward to write out the variations of the component fields with respect to the

holomorphic-topological supercharge, using the notation ((7.3.1)), as

QA, =X\, — A\, QA; =0, QA, =Xy, QAz=—)u,
Q(bi) == i>\u77 Q(;w = Z'S\wa
A\, =D,, Qg =0, Qlsy = —4F:p + 4Dz,
QN = 2F.; + 2F 0 — 4iDydg + 2i[éw, bu] + D,
i ) ) ) (7.3.3)
Q)\z = DZ7 Q)‘w - 07 Q/\Zw - _4F2w - 4iD2¢w7
QN = 2F.: — 2F, 5 + 4Dy — 2i[ba, bu] + D,
QD, =0, 9QD: =4d:(\— \) + 4duAso — ddgdsw + 4dw, Asw] + 4]dw, Asal,

QD =2D:(\, — A.) — 2Dy + 2Dg Ay — 2[0a, M) — 2[Puw, M-
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Now we turn to the action for the vector multiplet. It is given by

9
Siop = —#/TrFAF

1 1 1 - .
Syee = p / dz Tr [2FWF“” — 5DABD ap — 4d,pD"¢ + 49, ¢]? (7.3.4)

—2iM 0" Dy h g — 2346, Aa] + 23 [0, XA]] :

where g is the gauge coupling. As we will see momentarily, the topological term does not
affect the theory and there would be no dependence on . Thus we drop the topological
term from now on. Then a computation shows that the rest of the action turns out to be

Q-exact:
1 - -
Svec = Q [2/d4$ TI‘ |:2)\21I1(_sz + ZDz(bw) - 2)‘2w<Fz@ + ZDz¢@) +
g
- 1 -
+ A+ ) (—Fzg + 5D —iDg, + ting@)

+(A = X) (= Fu — iDat — iDués — i[dm, du])]| -
(7.3.5)

To ensure the positive-definiteness of the action, we impose the reality properties to the

bosonic fields,

A,=A, ¢=—¢, Dap=-DP (7.3.6)
while requiring the symplectic-Majorana conditions to the gaugini,
(Maa) = PP N5, (Maa) = M PePh (7.3.7)

As mentioned in the previous section, the holomorphic-topological supercharge Q = Q! +
Q! is in fact preserved in any product metric background as long as we make the proper twist

of the isometry with the R-symmetry group. Hence we would like to write the supersymmetry
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variation rules to make sense in a general metric background. This requires a bunch of re-

definition of component fields,

6= dpdw — ¢ppdv, A=A+ip, A=A—ip, \=2\,dw—2\sdw
= M de D= Dadwnds, o= T A M n e
2 . 2 4 (7.3.8)

5 Azwd Azpdw 1 _
ez:)\z_Aza 52: wl_ w, Dg:TGng’LU/\d’LU

D+ 2F.: — 2iDyég + 2iDgdn.

D

For convenience, let us also denote the curvature of the complezified connection A, A by

F = 811}-’4117 - 8117-’411) - i[Aw7A1D]7 J—? = 8w~’Zl 8 A [Aw,fi@],
fwi == awAZ - aZAw - i[Aw> A2]7 ‘F’IIIZ = 87JJA a A [Awa Ag],

) ) (7.3.9)
fwz = 8wAz - az-/4z - i[Awa Az]a ‘Fu’)z = aﬂ;A a A [AuM Az]?

fg:fwgdw—i—fwgd’u_], fZ:szdw+.F@Zd7IJ.

Then the supersymmetry variations are significantly simplified in terms of these new fields,

QA=0, QA=)
QAN =0, Q=7F,
Qa=D, QD =0,
(7.3.10)
QA; =0, QA,=40.,
Qpz = Fz, 90, =0,

QDg = Delpg + DEV, Q,U/Z = DZ7 QDZ = 0,

where we have used the new covariant derivative De1r = dei — A (we also denote De1 =
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der —iA). The action (7.3.5)) for the vector multiplet can be also written in these fields as

1 _
Svec =Q {2 / dQZ/ Tr [—JT'-*QL V—« (*@LD — 2Z.DQL *eL ¢ — 4*@L Fzg)
g=Je et
(7.3.11)
+4ﬁz A ‘kelpg + 4[&2 *GL D2:| }

To make a N = 2 gauge theory superconformal, we in general need to couple hypermulti-
plets to the vector multiplet. Let us consider r hypermultiplets which consist of scalars ¢4y,
fermions 17, 17, and auxiliary fields F Yiy» where I =1,--- 2r is the Sp(r) flavor index. The
auxiliary SU(2) A= 1,2 is introduced to achieve an off-shell description of the hypermulti-
plet. We will only use Sp(1)" C Sp(r) subgroup of the flavor symmetry, so let us restrict a
single free hypermultiplet (r = 1) for a moment.

Recall that U(1)e is twisted with the maximal torus of the SU(2)r R-symmetry group,
U(l)r € SU(2)g. For the hypermultiplet, we will take a further twist with the maximal

torus of the flavor symmetry:
Ul)e = U(l)e x U(1)r x U(1) g o, (7.3.12)

where U(1) ;- is the maximal torus of the SU(2) flavor group or the SU(2) auxiliary group.
This is not really necessary but it will fix the spins of the resulting two-dimenisonal symplectic
bosons to be integers. One can always undo this further twist. The tables [7.5] and [7.6] show

the quantum numbers of the component fields in the hypermultiplet under the twist.

di1 q12 Q421 (@22
U(l)@ 0 0 0 0
U(l)@L 0 0 0 0
UDr -3 -3 3 3
U(l)r 0 0 0 0
Ur 5 =3 5 —3
U(l)é 0 —1 1 0
Ul 0 0 0 0

Table 7.5: N = 2 hypermultiplet, scalars
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Vi1 Y1 Yy Yoo +1 Yoy +2 Yoy
JOTIEESEES S A B A S A
O T I I
U(l)R 0 0 0 0 0 0 0 0
YO N A e e T
GOV S S T S W S S
U(l)’@ 1 0 0 — 1 0 0 -1
U(l)@ 1 0 1 0 -1 0 -1 0

Table 7.6: N = 2 hypermultiplet, fermions

We define correspondingly

4= = @1, ¢z = —qi2, (= q22, q~T = q11,
wzw = 77Z)—i-17 ¢z§ = ¢—1: %w = 1/)4-17 ¢z£ = ¢;1
Y Z=io, Y=o, YPp = ¢+2, s =)oy,

F.=Fy, F.=F, F=Fy F=-F,.

(7.3.13)

Let us take the hypermultiplet to be valued in a unitary representation R of the gauge
group (R denotes the complex conjugate representation which is isomorphic to the dual
representation). We take the convention such that the component fields q., ', ¥.u, .z,
Vow, sz, F,, F1 are valued in R while ¢s, g, Uy, V3, V. Vs, Fs, F are valued in R. The

N = 2 supersymmetry variations are given by

Sqar = —iCathr + ity

0y = —20"CAD,uqar + 4iCH S - qa)r — 0" DulAqar — 20AFy,

0y = _Q&uCADMQAI + 4i5A(¢ “qa)1 — 6MDMCAQAI - QEAFAI

5F ;= iCs0" Dt — iC;6" Dby — 26 - Cx)r — 2(Cide - )1 +2(8 - Cid)r + 2 ida - 4P,

(7.3.14)
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where the fermionic parameters 5 As 5 4 should satisfy the constraints

Cals—Caly =0, CAa+ =0, A4+ =0, CAonly+{Rord =0,

(7.3.15)

to ensure the off-shell invariance of the supersymmetry. Since the holomorphic-topological
supercharge is Q = Q' + Q' we have to find the solutions for 5 4 and f 4 for (¢ =1 and
C~f = 1. It is not hard to find that (v; =1 and 52; = —1 satisfy the equations . Now
it is straightforward to write out all the variations of component fields under the action of

the holomorphic-topological supercharge:

~ . .7 ~ 7/ 2z 7
Qq. =0, Q4=0, Qg:=iy:+i: Qi = _59 (V22 + 1.2)
szw - 4tiQz7 szi = _4iDZQZ + 2FT
Qyy = 4iDyG, Qs = —4iDs — 2F

Q&zw = —4iDyq., Q&zé = 4iDzq, — QFT

(7.3.16)

Qg = —4iDyg, Qs = 4iDsG + 2F;

QF, =0, QFt=0

QFz - 2wazw + 2Dw1/;zﬁ: - 2Dz<¢z,§ + 1/;7;2) - 2(5\2 - Az) : qT + 2()‘ - :\) P

QF = 2Dythy + 2Dythy — 2D, (s + :) +2(X. — X.) - g +2(A = A) - G

Finally the action for the hypermultiplet is given by
1 4 [1 Ay A 7 L4 B ! T L. 4
Shyp :gg/d z [ZD”q Dtga —q {¢7 (b}QA + Eq Dapq” — 51/10 D;ﬂ/f - §F FA

(7.3.17)

— 5000 + 5060 — g A+ Bag?]

To ensure the positive-definiteness of the action, we impose the following reality properties
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for the scalars,

(qAI) - QIJEABQBJa (FAI) QIJ ABFBJ, (7318)

while requiring the fermions to be 2-symplectic Majorana
(o) = €2 5, (ar) = Q4. (7.3.19)
where Q7 is the real antisymmetric Sp(r)-invariant tensor satisfying
Q) ==Qp;, QYK = b (7.3.20)

Repeating the argument made for the vector multiplet, the holomorphic-topological su-
percharge is preserved for any product manifold after the twist. Hence we would like to write
the supersymmetry variations in metric-independent fashion. This is achieved by making a

bunch of re-definition of fields,

1 - 1 ; | j
g = ZZ(¢wdw - wiﬂdw)a gz = ZZ<¢zwdw - 'lvbzu’;dw)v Y= _%gzz(¢25 + ¢25)’
_ 17 (s = ee) Hyz — wz)d Adw, C=i(hs + Us),
4 ' 2 (7.3.21)
LF. 4+ 2D.qY)dw Adib, h= “(F —ig"D.q.)dw A dib,

dw A\ dw, nz;=

h, = - S
8 8
h' = —2i(F" —i¢**Dsq.)dw A dw, hs = —2i(Fs + 2iD=q)dw A da.

In terms of these new fields, the holomorphic-topological supercharge is represented in a
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simple manner,

Qq. =0, Q& =Derq., Qh,="Dei&, +iv-q.
Qq:O, QU:DGLC], Qh:DQLU+iV'q7

(7.3.22)
Qy = hT, Qnt = 0, 9Qnz:=hz, Qh;=0,

Q' =7, Qy=0, Qp=¢( Q;:=0.

Also in terms of the re-defined fields, the hypermultiplet action can be written as a linear

combination of Q-closed part and a Q-exact part,
Shyp = Shyp,cl + Shyp,exta (7323)

where the Q-exact part is given by

1 7 B 7 1, N
Shypext = Q {92 /e d*z /eL Nz (*elhz - 2quT> + X (*eLh + 2qu2> 5 (QT@ “q+qza - qz)

_ _ 1
—Der§' Axero — Dergs A xeré, — 5615#2 : Cf} )
(7.3.24)

whereas the Q-closed part is given by

8
Shyp,c = % / dQZ’/L §: N Dzo + h,Dzq — hDzq. —1q.Dz - ¢ — 1q€. N pz —iq.pz N 0.
g% Je e

(7.3.25)

Combining the vector multiplet action ([7.3.11]) and the hypermultiplet action ([7.3.24)), (7.3.25),

we obtain the full action of the holomorphic-topological theory

S = Svec + Shyp,cl + Shyp,ext,- (7326)

It should be reminded that, as firstly discovered in [I89], the dependence on the metric on €+

249



and the Kéahler form on € enters only through the Q-exact terms, ensuring that the theory
is topological along G+ and holomorphic along C. Also note that we can absorb the gauge
coupling in the Q-closed part into the fields, so that the dependence on the gauge coupling
also becomes absent. We also absorb the irrelevant numerical prefactors in some terms in
Svec Dy rescaling the metric on €. Now we may take the theory on a general product metric
background of € x G+ while its component fields take values of appropriate differential forms.

For later use, it is convenient to define the following specific combinations of component

fields:

QZEQZ+§Z+hZ
Q=4+0+h (7.3.27)

Az = Az + pz + D3,

on which our localizing supercharge will act as the equivariant differential on Ct. Note that

we can re-write the Q-closed part of the action ([7.3.25)) using these combinations as

Shyp,cl = 81 /e d*z /@l Q. N (0: —iA:)Q. (7.3.28)

where - denotes the action according to the representation under the gauge group. This

expression will turn out to be useful in finding the action of the localized theory on C.

7.3.2 ()-deformation

Suppose there is a vector field V' = Vect(€1) which generates an isometry on €+. The -
deformation can be defined at the level of supersymmetry variations of component fields, so
that the deformed supercharge squares to this isometry plus possibly a gauge transformation,
in a similar manner with [193] [194] for two-dimensional theories. For the case at hand, the

holomorphic-topological theory on € x G+, we can deform the supersymmetry variations in
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(7.3.10) and ([7.3.22)) as

Q.A=ciyrv, QA=\—ciyv,

QN =2y F' — 2teDertyop, Qv =F,
Q.a=D, 9.D=c¢ctyDera,

QA; =cevps, QA =0,

Q.ps = Fs+ewyDs, Q0, =cy F,,

QEDE = Delpz + D2V7 Qa,uz = Dz7 QaDz = 5D(Ei Ly iz,

for the vector multiplet and

Qaq,z = 5LV§za ngz = D(?lq,z + 5L\/hz7 Qahz = DGsz +av- qz
Q.G =c¢cwyo, Q.0 =DerG+cewyh, Qh=Deio+iv-q,
QEX = hT? QEhT - 5DGLLVX7 Qani = hZa thé = €D@LLV7727

0.4' =7, Qy=cewDerq, Q.qz = 9. =ewyDergs.

for each hypermultiplet. Note that

Q? = &(Derty + tyDer) = eLy + Gaugelety Al

(7.3.29)

(7.3.30)

(7.3.31)

where the first term is the Lie derivative with respect to the vector field V' and the second

term is the infinitesimal gauge transformation generated by ety A. Hence the deformed

supercharge squares to an isometry generated by V plus a gauge transformation. Also it

is immediate that Q. reduces to the original holomorphic-topological supercharge Q when

¢ = 0. Hence Q. indeed implements the (2-deformation of the holomorphic-topological theory

on € x Gt with respect to the isometry V.

We should correspondingly deform the action so that it is annihilated by the deformed

supercharge. The action for the vector multiplet can be taken as the variation under the
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deformed supercharge of the same expression:

Sveqa = Qa /dQZ/ Tr {—JE' *elL V — (*@LD — QiD@L *eL ¢ — *@LFzg)
¢ Je (7.3.32)

+fz N *eLpz + [y *etL DE} .

Similarly the Q-exact part of the hypermultiplet action can be modified to:

7 5 7 1, .
Shypext,e = e /edzz /el Nz (*eLhz - 2quT> + X (*elh + 2qu2> 3 (qa q'+ gsa q,z>

_ _ 1
—De1§' Axero — Deigs A xeré, — SUL, q'.

(7.3.33)

Since V generates an isometry on C*, £y leaves the metric invariant and commutes with
*e.. Hence ([7.3.31)) guarantees that these actions are Q.-invariant.
When there is no boundary on G+, the Q.-closed part of the action can be taken as before

(7.3.28)). It is straightforward to check the Q.-invariance of this action.

7.3.3 Gauge-fixing

Gauge-fixing is needed to properly evaluate the path integral. We implement the gauge-fixing
by the standard BRST procedure. We introduce a ghost ¢, an antighost ¢, and an auxiliary
field p which are in adjoint representation of the gauge group. The BRST transformations
of these fields are
;
Qpc = —5{0, c}, Qpe=p, Qpp=0,

(7.3.34)
QpX = Gauge|c] X,
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where X denotes all other component fields introduced in previous section. We also postulate

the Q.-variations for these fields as
Q.c=—eayA, 9.c=0, Q.p=ciydeLcC. (7.3.35)

Now we define a new supercharge Q as the combination of the -deformed supercharge and

the BRST supercharge, Q= Q. + Qp. Then we observe that

A

Q% = e(derty + tyder) = Ly (7.3.36)

for all fields. Note that the supercharge now squares to the isometry generated by V' without
any gauge transformation. We use this supercharge Q to construct our cohomological field

theory.

Since (|7.3.32) and ([7.3.33|) are defined as Q.-variations of gauge invariant expressions,

they are also automatically Q-exact:

SVec,s = Q /d22 /L Tr [—ﬁ *el V — (& (*QLD — 2'L.D@L KL Qb — *GLFZZ)
e e
+ﬁz N *eLpz + [y *eL DZ}
A 2 i ~T ‘ L. 1
Shyp,ext,e = 9 ed z oL Nz (*erh, — §qu +x [ *erh + §qu,2 5 (qa 4+ gz QZ)
_ _ 1
- DGLQT N *er0 — Derqz Nxer§, — nguz : Cfa

(7.3.37)

It is also clear that (|7.3.28)) is Q-closed since it is gauge-invariant. To gauge-fix we introduce

another Q-exact term to the action
Sge = O / Tre Gy, (7.3.38)
where G, is a properly chosen gauge-fixing function. We will take the standard Lorentz
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gauge-fixing function

Gax = V, A", p=w,w, (7.3.39)

where V the Levi-Civita connection on €+, while keeping the gauge redundancy on C intact.

We will fix the residual gauge redundancy after localizing the theory onto C.

7.3.4 Localization

For the purpose of recovering the chiral CFT on €, we will take G+ = R? from now on. Let
us analyze the localization locus of the path integral. The auxiliary fields D., hz, and Al

only enters in the action in linear terms. Hence we can integrate them out to find

1
D; = 2 *el QEQT
m:%WLma (7.3.40)

h = —% *eL DZQE

The localization locus is given by the fixed point set of the supersymmetry variations. Hence
we set the right hand sides of (7.3.29) and ([7.3.30)) to zero. Thus we have, among other

equatoins,

F = 0, LvF — iDCiLV(b = 0, D= 0,
(7.3.41)

F:+eyD: =0, Derq, +etyh, =0, Derf+ectyh =0.

From the equations in the first low and the gauge-fixing condition, we get A = 0. Applying
this to the equations in the second row yields, among other equations, D;¢ = [¢.¢.] = [¢, q] =

0 and thus ¢ = 0 for non-trivial solutions of A;, ¢., and ¢§. Then we arrive at

A=0. (7.3.42)
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With ((7.3.40)) and ([7.3.42)) the rest of the equations in the second row of (|7.3.41)) yield

1
der Az = 5 el q:q"
deiq, = —%av wer Dot (7.3.43)

7
d@J_QN = §€LV *eL ngi-

Let us introduce the polar coordinate on G+ = R?, where the flat metric on €t is simply
written as dsg, = dr?+r2dp?. Then our generator of the isometry is V = 9,,. The equations

(7.3.43) can be written in the polar coordinates as

0,A: =0, 0,q. =0, 0,4=0,
. . . (7.3.44)
a'rAZ - —§€Tq;(fr, arq,z - _§€TDz(jT7 arq~ - §5Tqu,€'

By re-defining the radial coordinate by ¢ = 55%, the equations in the second line become

l

. .
0 A: = ——qsi', 0. = —==D.q', 9= ~=D.q-. (7.3.45)
2¢ 2¢

2¢
Solutions to these equations are precisely the gradient trajectories on which two-dimensional
B-model on R? localizes, as discussed in [193] with its full detail, generated by the function
Re (%) where W is the holomorphic superpotential. For the case at hand, one could view the
four-dimensional holomorphic-topological theory on € x G+ as a two-dimensional B-twisted
gauge theory on C1, as done in [194] for the six-dimensional holomorphic-topological theory
to obtain the four-dimensional Chern-Simons theory. The superpotential has to be chosen
as W = [0 d?2 ¢, DG to reproduce the four-dimensional holomorphic-topological theory in
the ¢ — 0 limit. As we approch to infinity t — oo, A;, ¢., and ¢ should end on the critical
points {dW = 0} of the superpotential to guarantee that the action does not diverge
199

2Generally, when the critical points are non-isolated we can choose a Lagrangian submanifold of the
critical points to have a constant one-loop determinant [194], so we make such a choice here.
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Now that we identified the localization locus, let us evaluate the effective action of the
localized path integral. Recall that our theory is holomorphic along €, so that the localized
path integral should define a two-dimensional chiral CF'T on €. Also note that the localiza-
tion locus does not contain any non-trivial topological sector of gauge field configurations, so
that all we have to do is to evaluate the O-closed part of the action on the localization locus
properly. This can be accomplished by performing an equivariant integration on €+ = R?
for the action integral as follows.

To facilitate the equivariant integration, it is crucial to note that Q acts on the combi-

nations ((7.3.27)) as the equivariant differential der + e11y on €+ = R? plus a gauge covariant

contribution:
0Q. = (dex + ety —iCQ,
QQ = (des + £y — iC-)Q (7.3.46)
OA: = (der + ety —iC)A; — 9:C,

where

C=c+A+v (7.3.47)

acts as if it is a gauge connection for those complexes. Note that the last term in the third
equality ensures that J; — iA; can be treated as a covariant derivative as far as Q-variation

is concerned, namely it preserves the gauge charge:
0 ((0: = iA:)Q) = (dex + v —iC-) ((0: — iA:)Q) . (7.3.48)

This would have failed without the last term of the third equality of (7.3.46)). Therefore, Q
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acts as the equivariant differential on the gauge-invariant combination,

0 (Q: A (9: = iA=)Q) = (dex + e1v) (Qx A (0 — iA:)Q) - (7.3.49)

In other words, @, A (0; — i.Ag‘)Q is equivariantly closed when it is viewed as an element in
the Q—cohomology. Hence we apply the Atiyah-Bott equivariant localization formula for the
action integral ([7.3.28)) (while absorbing irrelevant numerical constant in front into ¢, and

d) to obtain

1
Shyp.cl = e / d*z q. Dz, (7.3.50)
e

where ¢ = ¢q.dz is a (1,0)-form in the representation R and q is a 0-form in the representation
R of the gauge group, respectively. Here ¢., ¢, and Az are understood as solutions to the
gradient trajectory equations evaluated at the origin of G+, w = w = 0. Note that
the Q-deformation parameter € appears in the denominator of the action since €+ = R? has
the unit weight under the isometry of V' = 0,. Consequently ¢ plays the role of the Planck
constant of the localized theory on €, which therefore appears in the numerator of the OPEs.
Hence we confirm the identification of the non-commutative deformation parameter and the
()-deformation parameter.

Now we choose to fix the residual gauge by the gauge-fixing function A; = 0, yielding

the gauge fixing term in the action
1 2
- / d*zTr (=p.As + b.Dsc). (7.3.51)
e Je

Hence when the auxiliary field p, is integrated out, we are left with

1 3 iasi
g/e (Tr bOc + ; q'0q ) , (7.3.52)
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where ¢ enumerates all the hypermultiplets that we coupled to the vector multiplet to make
the original N = 2 theory superconformal. The algebra generated by the local operators of
this theory are nothing but the chiral algebra of the standard be-S~ system with the BRST

charge

1 rd o
Qrst = — § —— (Tr bee — ZqZCCIZ> : (7.3.53)

eJ 2m

Hence we arrive at the result expected from [I81].

7.4 Superconformal indices and vacuum characters

As a consequence of the SCFT/VOA correspondence in [I81], the Schur index of the N = 2
SCFT and the vacuum character of the chiral algebra are identified by directly comparing
their state-counting formulas. Here we discuss how the (2-deformation approach provides a

path integral point of view on the identification.

7.4.1 Schur index of N =2 SCFT

The Schur index is defined by the Schur limit of the N = 2 superconformal index [196]. It is

given as
Ts = Try, (1) g%, (7.4.1)

where E is the scaling dimension and R is the Cartan of the SU(2)g R-symmetry as before.

The trace is over the i—BPS states satisfying

Hs: E—=(1+j2)—2R=0, j1—ja+r=0. (7.4.2)
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The operators corresponding to these states are called Schur operators. It is straightforward
to compute the single-letter indices for the vector multiplet and the hypermultiplet by finding
those operators in the component fields. The full index is simply given by the plethystic
exponential of the sum of all the single-letter indices, integrated over the gauge group. We

will not reproduce the exact forms of those expressions here.

7.4.2 Schur index and vacuum character

In [197], the Schur index was derived by supersymmetric localization of N = 2 SCFT par-
tition function on S® x S', up to a multiplicative factor of the Casimir energy. The metric

background used in the computation was the following S3-fibration over S:

ds? = 12cos? 0 (dp — (By + Ba)dt)” + 12sin® 6 (dx — (By — Ba)dt)” + 12d6* — I2(1 + (By + Ba))%dt?,
(7.4.3)

where ¢, x, and t are periodic coordinates with period 27 and 6 € [0, 5]. [ is the radius of
the three-sphere which was written as a torus fibration over the #-interval. It was shown in
[197] that the variations of 51 and Sy do not affect the partition function. Then £; and [,
were chosen to be real and ReT = — () + (2) so that above metric restricts to the Kéhler
metric on the torus at 8 = 0. Here, we may make a different choice of these parameters at

our convenience: 3 = —fs = 3. Then the metric becomes

ds* = I*(—7%dt* 4 cos® 0d¢*) + I*(d6” + sin® 0(dy — 28dt)?). (7.4.4)

First note that sinf ~ 6 as 6 ~ 0 and sin ~ const as 6 ~ 7. Hence the above metric
describes the product of a torus (¢,¢) and a cigar (6, x) with a twist along the ¢ direction
with respect to the isometry on the cigar V' = 0,. This is precisely the context where the
(2-deformation is realized as a metric background [7), 31].

Hence we can make a direct connection between the partition functions in four-dimension
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and two-dimension. First we localize the {2-deformed holomorphic-topological theory on €, as
we have shown in the previous section, we would get the chiral CFT of the gauged symplectic

bosons on the torus € with the metric

dsg = P(—=7%dt* + d¢*) = 1*dzd?, (7.4.5)

where 2 = ¢ + 7t and Z = ¢ — 7t. Hence the we arrive at the identification of the S3 x S!
partition function of the four-dimensinoal SCFT with the torus partition function of the
two-dimensional chiral CFT.

In the localizing supercharge related to the holomorphic-topological twist, the S® x S!
partition function of four-dimensinoal SCF'T computes the Schur index of the theory up to
some multiplicative factor of Casimir energy [197]. Also the torus partition functions of two-
dimensional chiral CFT compute the characters of the chiral algebra. Hence we re-discover
one of the consequences of the SCFT/VOA correspondence found in [I81], the identification
of the Schur index and the vaccum character. To fully justify the appearance of the vacuum
character, we really have to understand how the boundary condition (periodicity) for the
local operators follows from the metric . It should be inherited from the S-deformation
of the metric from the usual S x St to , so that a more detailed analysis is needed
on the meric as the (2-background. We leave this to future work.

7.5 Discussion

In the (Q+S)-cohomology construction of the chiral algebra [I81], the be-system is obtained
by the cohomology of the Schur operators in the vector multiplets: the gaugini. In our
notation, the relevant gaugini fields are precisely p, and 6, in ([7.3.8]). However, it is still not
very clear how these fields are related to the be-system in our construction which arises in
the two-dimensional gauge fixing. The main problem is that neither u, nor 6, is Q-closed, so

that it is not immediate to see how they come into play in the Q-cohomological field theory.
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It would be nice if we can understand this issue more clearly.

An interesting observation was made in [198] for the SCET/VOA correspondence at the
level of N' = 2 superconformal indices. It discovered a relation between the Macdonald index,
a refinement of the Schur index, of N = 2 SCFTs and the refined character of VOAs. A
conjectural construction of a filtration of the vacuum module was suggested, from which the
refined character was defined by its associated graded vector space. In [199], the construction
of such filtrations was analyzed in great detail. It would be nice if we can understand
this relation through the (2-deformation formulation of the chiral algebra. A path integral
representation of the Macdonald index or the suggested refined character would be helpful
for this study.

Finally, the Q-deformation approach to the chiral algebra discussed so far only applies
to Lagrangian SCFTs. It was observed that in some cases there are N = 1 preserving
deformations of N = 2 SQCDs such that the renormalization group flows from the deformed
SQCDs to non-Lagrangian N = 2 SCFTs such as Argyres-Douglas theories and Minahan-
Nemeschansky theories [200], 201, 202], 203, 204]. It would be nice if we could find a way to
apply the 2-deformation procedure to the non-Lagrangian SCFTs, perhaps by using such

deformations.
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Part 1V

Appendices

262



Appendix A

Examples of split surface defect

partition functions

Al N=2

For N = 2 case we can compare the results from the gauge theory with the well-known
Mathieu functions with half-period and whole-period, in [205] for example. We observe the

precise match between the two.
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1) apl = €1

‘I’id(am = €1>€,A7Z> + a(01)(@01 = 51,6';/\72)

2 4 6 8 0
! (iA—+§—3¢A—+A—i“A1 +O(A12)>
€1

_ 65 1 125 " 9667~ 720¢9
Ry A7223/2 4 ,-3/2 . A74 55/2 4 ,—5/2 - S1/2 4 ,—1/2 - »5=3/2 1 ,3/2
e2 2 = 12 8 12
. AﬁG ST/2 L ,=T/2 . :FZ5/2 _ ,—5/2 - 23/2 L ,=3/2 N +,1/2 4 ,-1/2
£§ 144 18 48 8
AB (P24 7792 g1 7T N 49(F2%2 + 27%2)  37(z12 4+ 2717
¥ 2880 192 28 1152

A0 /11/2 4 o —11/2 N ZF29/2 — »9/2 N S7/2 4 5=T7/2
86400 3600 5760
A1(£252 4 27%2)  317(2%2 4 273/2)  121(F2Y2 + 271/2)

gl0

) + O(A") + 0(52)1

1152 2304 1728
(A.1.1)
Using the dictionary (3.5.5) we compute
g2 A2 At AS A% 11AM
) DL L T — < u—— ) [\ €3 ) Al1.2
o = 3 F 5 T2 T T g5 T s T OWY) (A-1.2)

These split eigenvalues and split eigenstate wavefunctions exactly match with the known

results for the Mathieu function.
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11) g1 = 261

Wiq(ao1 = 2¢1,€,A,z) £ E(01)(6101 = 2¢1, €, A,
_ A (s roam)
A2 (224272
+ 4+ (= — (11
[z 24 = ( 3 ( )) +
244 n ( 7 1 >
360 2718
254 275
8640
284 276
302400

+O(A?) + O(zy)]

AG
et
A8
el
AlO

gl0

(2 £273)+

( 11 1
25920

2 4
o 1 1) A
1 4 D)
> * (3 2) &2
iii) g1 = 351

A* (234273
€1

1 1 3 -3
@mimJ“iZ>+

4j:—4 <
q:14400>(Z )+ 155520

z)

24 _<gi;>@i210
49

—(1+1
)
25655 133
<i)@iz*)
10368 54

91283 | 37

134855
64) (2 +27%) —

5w4(1i10

(A.1.3)

+

8
52;-+-C)(A92)

—(m@i8> (A.1.4)
4327 9) 5

‘I’id(am = 3e1, €, A, Z) + E(01)(@01 = 3€1>€7A7Z)

L(_ Aty A 13A8  A10
: 3 5~ Tas0s7 g
—e 2 851 1251 128051 6451

+O(A12)>

T 82 L2

X = T2 5(23/2 - 2—3/2) S1/2

A2 [ 5/2
3/2 —-3/2 - _
[z Fz + 5% < 1
T 2—9/2 11(25/2 ¥ 2—5/2)

»—1/2
= +

. 232 4 432

40 B 32 B

( S7/2

S1/2

T 12
1 4

A6 29/2
+ % -
e8 720 640

T2 4 2752 1621(2%2 F 273/2)

+ 12
8 64

21(£21/2 — 271/2)

A8 [ 11/2 = ,—11/2 11(27/2 T 2—7/2>
+’E§ 20160

11520
A0 —13/2

64 51200 128

)

3(F2T2 +277/2) 12329(25/2 £ 27°/2)

413/2 + 2z 59/2 L ,—9/2
+'EE5' 806400

32256
9(£23/2 — 273/%)
+

3200
14061(21/2 5 271/2)

1843200

128 102400

>+Om%+0@ﬂ (A.1.5)
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L9 AT AR 130 5AN
— T + O(A"? A.16
m=s= 3 T 52 F 37 T ga0e7 T 128 TON) (A-16)

A2 N=3

In the case of N = 3 we do not have a known result to compare to. Although the degenerate
perturbative expansion can be done in principle for the non-Hermitian Hamiltonians, it
quickly becomes tedious for increasing orders. The following results from gauge theory

provides an alternative way to compute the split eigenfunctions and the split eigenvalues.
i) apy = ap2 = €1

[ (012 (a, €, A, 2) + (¥ (ga1)(a, e, A, 2) + P Fiq(a, e, A, 2)]|ag, —aga=c;

1 2 A4 A8 JA 10
5(( +< 1+12E C +@(A )) _ a9 77+1 7"70+1

€1
B z

A2 22 2
[1+<Z—”+<2Z—°+—2(z—l+z—2+c(z°?+ °)+< ( 0+Z—1))
z1 z2 €3 220 z1 2z1 z1292 222 z2

A% 20 z% zg 21 323 21 zg 20 2 1 zS’ 3z021 zg z%
+ = —7—72—72—7+C — - —+ 7~ o +¢ -——+ 3+ > + —
5 2z1 12z 4z2 2z9 421 4zq 4z z5 2z9 2 1222 4z2 z129 4zpz2

=e

1 0
n Ai6 E z‘;’ _ ﬁ _ 3z021 B 523 _ Z% _ %072 2122 zg zg’
&6 8 14423 23 422 4zq1z9 62022 422 622 4zpz1 3623
1 0 2 2 1 0 1
e 20 z% zé zg ZS’ 5z1 521 3zg 2822 zg zozg
821 18zg 36z1z§ 4z§ 4z‘fzz dzg  dzo  4zg 6z§ sz 1442411
2 3zg z1 ER zgzl zg zf 20 z? 5zo zozg
+¢ T2 A 7T 3 st e ts s Y aees 1 3
421 4z 14422 622 62122 422 822 362022 4z 1821
A8 323 z1 z‘l1 zé 72521 2528’ 72% z‘;’ 13z9 52%22 52% zozg 523 z%
8 422 4zg  2880z3 19223 3623 72212 2423 4822z 821 28825 7222 2427 144202} 576z}
e, § 4 528 B z? ‘ 28 B zg’ 528 B 32021 1323 B 252% Z0%2 Tz122 Szgzg B 723 B zg zoz;1
16 7223 19223 576212‘21 2423 1442222 422 8z12z9  T2zpz2 422 3623 2882‘1" 242021 4829 = 288029
+C2 +25z0 zf zg 52821 zé 5zozf zg 5211; 728 1321 z% 3zo 7z§zg 252% zozg
1621 2423 288025 = 288z 482123 7223 422 1442022 24222 8z9 5762322 429 3623 7222 19221
+O(AY) 4 0(e2>] (A.2.1)

From the dictionary (3.5.7)) we compute

At NS 348

B =5 = (N =5 - PR S O(A™) (A.2.2)

E 2 2 —e1)A* 2 A6 3(4an — 321 A8
§7m:1 = 51 + <A2< 2@0 _|_€1) . C2 (ao 51) . ( ap +€1) —|—C ( ao 61)

27 g2 4et 4¢$

+ O(A™).

(A.2.3)
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11) agy = Ap2 = 281

(¥ 012y (a, €, A, 2) + (¥ (ga1)(a, &, A, 2) + C¥iq(a, e, A, 2)]lagy —agp=2¢;

1 A% 246 25A 10
(74253*275 +< *O(A )) -20 2045 204,
1 z z, 1
0

2 2 2 3 2 3 2
kD P A z1 z0 z2 20 En 2522 2 ER 2021 kD
1+C?+C 72+72<777+7+C(,7+ 2, + 23)+C (?Jr 7 ))

z z5 € 3z 22 21 21 2122 1 3 5 23 2122
A4 z% zg 2271 4zo z% 1 4zg zé 22022 zgzg 9 zg zé 4z§z1 QzS z%
+ = 2422 n 222 B z + 9z + 422 +e 75 + 923 + 42222 - 322 + 2424 +e 7222 + 2422 + 923 B 32122 + 422
€1 0 2 2 0 1 1 172 1 1 1 2 2 125 2
i ﬁ E z% B zg %021 323 Szg B z% 2022 52122 5z§ Zg
e$ \ 27 36028 1823 622 2z120 22120 82023 422 7223 362021 3623
14z§ 21 zg zg 3z0 5z§ 5z8z2 z2 zgz% zgzg
to\om2 T T T 36228 T sz T2, 3623 7224 62, 823 | 36020
1 0 172 125 2 172 1 1 1 1
3z0 zg SZgzl zg 5zoz% 147,[2) z% zg z1 z?)zg zoz%
+< 221 36058 | 72:8 82128 | 3623 2722 | 362022 62225 | dza 1823 | 88
2 2 125 2 2 023 172 2 1 1
Ai8 35z(2) 29z1 ZAII B z?j 2z[2)z1 7z3 B z? B 44zq _ z:f 61z2 z§z2 5z§ zoz% zg zé
s§ 32z§ 16220 864023 576z§ 27z§ 9z1z§ 96z§ 2729 90z§z2 5421 180z3 192z§ 18z§ 54z0z§ 576z§1
iy 5z§ _ 44zq _ z% zg z‘oL 3523 zg 612% Tz1 2z9 29z(2]z2 z%z% _ z% _ zozg zgzé1
19224 27z 57622 5762223 182123 3222 542322 54222 9z 27z 16223 1802° 9622 9024 = 864029
1 1 0 172 125 2 172 172 2 0 1 1 1 1 1
2 E 228 zg zézl 2(5) zgz% 2928 zf zg‘ 61lzp21 z‘lL 4423 z? Tzoz2 Z(Q)ZS
+e t 3723 T 564028 T 18023 902123 | 10223 | 16223 | 54:8 962222 | 5422 5762222 27z1z2 | 1820z 922 57624
1 2 2 125 2 2 2 172 2 122 022 1 1
+OAY) 4 0(52>] (A.2.4)

¢ _4s§+CA4+2A6 5, 5A8
-3 g2 9¢ef 4e8

¢ _ 16e} N C2(a0 —251)/\4 N d(ag —4e)A° o (5ag — 621)A8

Es =
Bm=2 7 97 £2 9e4 2e6

+ O(A') (A.2.5)

+ O(A")  (A.2.6)
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Appendix B

Generalized hypergeometric function

A generalized hypergeometric function ,F, (ar,--- ,a,; b1, -+ ,by; 2) is defined as the power
series
o7} aﬁ . a’ﬁ Zn
PFy(ar by bz = Y e (B.0.1)
n=0 ~1 q '
where the parameters ay,--- ,ap, by, ,b, are complex numbers. The notation z™ is the

rising factorial or Pochhammer function, which is defined for real values of n using the

Gamma function provided that x and = +n are real numbers that are not negative integers,

5 I(x+n)
"= B.0.2
x () (B.0.2)
The generalized hypergeometric function ,F, (ai,--- ,a,;b1,- -+ ,b,; 2) is a solution to the

generalized hypergeometric function,

i d d £ d
[znl;[l (Zdz —|—an) —ao 1_[1 (Zdz +0b, — 1)] oFy(ar, -+ ap by, - by 2) =0, (B.0.3)

Clearly, the order of the parameters {ay, - - ,a,}, or the order of the parameters {b;,--- ,b,}
can be changed without changing the value of the function. The standard hypergeometric
function o F} (a, b; c; z) is simply a special case of the generalized hypergeometric function

when p =2 and ¢ = 1.
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If any a; is a non-positive integer, then the series only has a finite number of
terms and becomes a polynomial of degree —a;. If any by, is a non-positive integer (excepting
the previous case with by, < a;), then the series is undefined. Excluding these special
cases for which the numerator or the denominator of the coefficients can be 0, the radius of
convergence can be determined using the ratio test. In this dissertation, we are interested
in the case p = ¢ + 1. The ratio of coefficients tends to one, implying that the series

converges for |z| < 1 and diverges for |z| > 1.
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Appendix C

U(1) factor

In this appendix, we derive the U(1) factor using the non-perturbative Dyson-Schwinger
equations.
When N = 1, we have Yo(z) = x — ag, and the non-perturbative Dyson-Schwinger

equations lead to

= (Ur[2]) + (U:[1,1]) = (U0, 1]) — ao(U[1])

= > ui ((G2) —ao(Gin) + D Uity ((Gy1Ginn) — €(Cin)) s (C.0.1)

i=0 0<iy<ig<r

where

Cj,l = EL]‘ — dj+1 -+ g, (002)

G2 = aj(a; —aj41+¢) —erea (b — kiya) - (C.0.3)
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Picking up the residue at t = —z; ! we obtain

e1&2(k; — kj1) = (a5 —ao) (@; — aj41 +€)

i=j+1 i T A
Jj—1 2

+ Z (@i — @iy1) (a’] — Qj1 + €)
i=0 71 T %]
r 2 - - -

= (aj — aj1) (@ — Gip1 +€)

i=j+1 % A
-1

+ Z J ((_ZZ - &iH) (&] — C_Lj_H + 6) . (004)
i=0 “i T %j

From the structure of the instanton partition function, we see that

d .
<kj — kj+1> = Zja lOg Zlnstanton. (C05)
J

Therefore, we have the U(1) part of the instanton partition function
(@i —ai41) (3 -8j+11¢)

Zinstanton — H (1 _ ZJ) c1e0 ] (006)

0<i<j<r i
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Appendix D

The accessory operator H>

We present the full expression for the accessory operator ﬁg(Z, q) in D5 below.

ﬁQ(Z7q)
(1) | 94 3 2 (AD) AW
77(17 ) 1<O> +6162(12&0—4A1 +2A2 +1551+8€2 2712 ( ) 2
DV 13\¥3/ 4, 6 194 3 Z 9
- ( A<1)>2 3ay — AV L 3B +225) AP AWM a2 (g 4A§” + 248 — 95 — 26, N AP
2 3 36 3 12 3
@\?*

_ A _
~ 8ag +7g1 +2€2A(11)A§1) 2182 (N g — AAW = ( 128) n 5162(Ag A,)

N g182(Ag + Aso — Ay) N 7a051 N [locar @0,000,0r + €2(2a0,5 + 3ao) N 512 + 48¢1e9 + 263 AW
3 2 3 18 2
o AV A AP (<120 + 240 + AL + 361 + 102, )

_ _ A (1) ) v
q 5152( A+ Ay + 2 qaq+ 3 12

(A1) =5 (4).

26162

(12(10 + 1551 + 852)

2
AP (<120 + 8AY + 240 — 216, — 14e,) (<1270 + 445" ~ 321 - 10e5) (A)

* 12 + 18 + 36
3 (1) m)?
(~120 + 2847 — 392, — d6e5) (AL") . o 8e,
2G, — L 4 =2
- 36 AT ( “0TT T )
3e?+9 382 e1e9A o — €2+ ) 0 000 o
+A§1) c10(Ag — Ag) — ap€1 _ ages + ap,pE2 n €1 + J€1€2 + 38¢5 n 1€2 H,Ka ap,a 00,
2 3 18 3
_ (3¢ 4ap pes 1263 — 15e160 — 1663 €162000 — € + [0 00,0000/
+A§1) (5162(Ao —Ay) + ao <21 52) + O;f 2 L 1; 2 2 4 > 3H <o’ 70,0700 )
—an)(2 — 2a0 — 2 _ A7 3
+2e1e9e(Ag — Ag) + ga(ao g — ao)(2a0,3 — 2ag — 3¢1) n £3(4ao,p —4ag +3e1)  35e3
2 6 9
(1)( L _ )( (1) o _ )
+ 3(1 )A Al =3e) (A7 — A ,

(D.0.1)
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where we have defined

A, = e (52 _ (a21 — az2)* + (ag1 — a273)32 — (a21 — asp)(az; — a273)> ‘ (D.0.2)

The accessory parameter H, can be obtained simply by taking the limit e; — 0.
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Appendix E

Computing the non-regular parts of

X

We present the explicit expressions for the non-regular parts of the fundamental refined
qq-character X, for the N = 3 case, i.e., the (2,1)-type Zs-orbifold surface defect. The

computation for the NV = 2 case is easier and can be done in a similar way.

[71] Xo (=)

= %(ko — k1)? — *(/{0 — k1) + e1e2k1 + (€ — ag)er(ko — k) + 1 (Z o~ ZCD)

Ko K1

(Z aﬁ Zm+a+€1(k50 ) + = ZCL‘— Zera ]{?0—]{?1)—5182]{?1

B#B @ ,375,3

+e1 (; co — ;CD)]

(E.0.1)
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63 53
= —(/{30 k?l) — El(k‘o — ]{?1)2 + 8%62]{31(/{?0 — ]{31) + gl(k‘o — k‘l) — €1€2€]€1 + 28162 ZCD
Ky

—1—51 (ko — k1) (ZCD —ZCD) —51 (ZCD—ZCD) + &1 (ZCD ;Cé)
+ (6 — ag) (Zl(ko — k1)2 — %(k‘o — kl) + 189k + &4 (Z co — ZCD)>

Ko K1

(Zaﬁ Zm+,a+51(k0—k1) +(Za; Zmiﬁ) (ko — k1)

B#8 @ p#8

]{70 — ]{?1) — 8152]{?1(]{30 — k?l) + 51 k?o (Z cOo — ZCD) ]{70 — ]{71) — 28152 ZCD

K

} af—Zmi’a —I—E% ZCD—ZCD + &1 ZC%—ZCZD —61826161
3 /875/8 @ Ky K Ky Kq
1 1 2
( ZerQ) (2 Za%—§zmi’a+%(k’o—k‘1)—8162k’1+51 (ZCD—ZCD))}
o b5 g Ko K

(E.0.2)
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53
6 (k?g — k}l)?’ _ —(l{jo - k‘l)Q — gl(l{io — k?l) — 8%62]{30(]{30 k?l) + 81 k‘o — kl (Z Co — ZCD)

Ko K1 Ko B#B

2
+ et (Z o — ZCD) — & (Z cH — ZCD) + 26169 Y cq — e169eko — e1(ko — k1) [] (e — ap)
( Zaﬁ) (22 0—1{11)2—{—z%(ko—k1)+€1€2k‘o—51 (ZCD—ZCD))

ﬁ;ﬁﬁ KO Kl

3

£
(ko — ki)

+ 0 3

1 g
6 <CL5 — Zm,@ — 61(l€0 — k1)> + ;(ko — k1)2 + 5%€2k0<k0 — kl) —

e
— 51 (a% — Zm2_7a> k‘o — k’l) — 61825]{30 — 28152 ZCD + CLB Zm

Ko

<l b (ZCD—ZCD)—eI (zca—zcm)—el (ZCD zca)
+ (aﬂ - Eo;m—,a> (‘621(130 ki) — e1g9ko — &1 (Z co — ZCD) + @ _ Xa 72712_@)

(E.0.3)
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Appendix F

Computing the Poisson brackets

Let us first recap some definitions. Let N &~ CV be a vector space with a volume form. Let

gi, M; € End(N),, i=-1,0,1,...,r+1

be SL(N) matrices, such that

M_y =g

g=m(1+(mN=1)IL), i=01,...r
N

Mi=g-1gogr-..gi = > m I, i=0,1,
a=1

MT-‘rl = ]]-N7

where the projection operators I are written in terms of

E,E® e N, E;,E“ e N~

E(E) =1, E"(EP) =06,4
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(F.0.2)

(F.0.3)



as

The following formulas are useful throughout the computation: for any o, =1, ...

(@) ¢ N
(o m; (mz — 1) r(a I
EN(EY) = = B (B B (B))
Mipim; - — M
@ mN 1 N
= e =) B () B (B,

_ 5 7
mi+1mz(+)1 - mz( )

We packaged the Darboux coordinates into

1
Ai(x) = Try (x— M) =" TN M;
=0
N g Try ILITY
B;(x) = Try I1; (I’—Mz) ;4 =’ Z I01\77@«)’

where we express B;(z) via

Di(r) = Try gi (x — Mi)il Git1
P_y(m;!
= mmy g (m — 1) (mp — 1)Bi(x) + mymgg 2! (M _ 1)

Pi(z)
1-N_—1 (Pi+1(mi+1$)

—mam P 1) + mym; 1 A(2).

The brackets remained to be computed are

(F.0.4)

(F.0.5)

(F.0.6)

(F.0.7)

(F.0.8)

Using the geometric representation ((5.5.24)), the first Poisson bracket is computed as (see
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Figure F.1: The geometric picture for {ID;(x), A;(y)}.

Figure |F.1))

M; 1 M; 1
{Di(x)aAi(y)} =Try ((y _ Mi)2gi$ — MigiH) —Try (92' (y— M2z — Mi9i+1>
1
I1;
(y_Mi)Q’ 1 r — M,

Hi+1-

(F.0.9)

On the other hand, a direct computation gives (we omit the 27 in front of the a coordinates)

-N -N
—mm g (m; " — D(m; 5 —1) Z 3 o
i (= m?)(y — m{)?

By comparing the two expressions, we derive:

{BE“), agﬁ)} = 0ap, i=0,1,-,r—1, a,B=1-N. (F.0.11)
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Figure F.2: The geometric picture for {D;(z), Di1(y)}.

Next, we compute from the geometric representation (see Figure [F.2))

{Di($)7Di+1(y)} =Try ([gi-i-la gi(x — Mi)_ll gir1(y — Mi+1)_1gz‘+2) : (F.0.12)

On the other hand, a direct computation gives

{Di(ﬂf),ﬂ)m(y)} = mmy, mip(my Y — 1) (m — (miy — D{Bi(x), Bira(y)}

- _ _ Py(m;}
- mam? mesa (Y — 1) (Y — 1)y~ {w, <y>}

Pia(y)
_ _ _ 1 Pia(miz
— mim@2+1Nmi+2(mi+]\1[ - 1)(mi+]\2] - 1)33 ! {W7Bi+1(9)} :
(F.0.13)

Each term can be explicitly computed. By comparing the results we derive

{BE“),BEﬂ}:o, i=0,1,-,r—1, a,8=1,--- ,N. (F.0.14)
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LN \
fkf\\ )

R
/ N —LH‘

Figure F.3: The geometric picture for {ID;(x), D;(y)}.

Finally, we compute from the geometric representation (see Figure [F.3])

1 1 M,
{Di(m)aDi(?J)} = Try <L/ — Mi9i+1,gz‘+1] .y gH—lgz — Mz)

1 M; 1
M ngrlgzy Mz

i ([gix_
)

Miagi+1 y—
9i, mgiﬂ
)
Gi+1, gzl‘ — ]\4Z .

(F.0.15)

1
Try (gi——0i
+ rN<gy_Mig+1

1
Ty | gi———0:
+ 1ry <gy_Mig+1

On the other hand, a direct computation gives

= = (i — 1) (Bule), Adly)} -+ (o) Bl

+mimi (m; Y —1)(m ] — 1) (y_l {IB%Z( b 1m }—l—x { ol m) x),IB%i(y)}>
w2 = ) 1) (5 {Bxx Bl o fBestleant) g )
+ m?mfﬂ(m;N - 1)2(mi_+1\17 - 1)2{Bi(x)>Bi(y)}a

(F.0.16)
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in which all the brackets are explicitly computable. By comparing the results we derive
%(8) .
{B , B, } 1=0,1,---,r=1, a,6=1,--- , N. (F.0.17)

Therefore, we confirm that the Poisson brackets for the coordinates a , 5 are canonical.
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Appendix G

Quantum toroidal algebra of gl(p)

In this appendix, we remind the definition of the quantum toroidal algebra of gl(p), give its
vertical and horizontal representations, and comment on the reduction vy = —vy = 1 of the

algebraic relations [6.3.2]

G.1 Definition

Quantum toroidal algebras were introduced by V. Ginzburg and M. Kapranov and E.

Vasserot in [I71]. In general, they can be built over an affine Kac-Moody algebra g, but

(1)

»-1, also called quantum

we will focus in this appendix on the case of an algebra of type A

toroidal g = gl(p) algebra. This algebra is formulated in terms of the Drinfeld currents

zy(z) =) Zﬁkl’ika Ua(z) =3 Zij?ﬁiik- (G.1.1)

keZ k>0

+

*(z) are associated to the simple roots a,, of

Like the Chevalley generators, the operators z
d. On the other hand, the operators ¢)=(2) describe the Cartan sector of the algebra, they
are naturally associated to the coroots o). We denote the Cartan matrix B, = (), au),

in the case of gl(p), we have B, = 204 o — 0 w+1 — Owwr—1 (here 4, denotes the Kronecker

delta with indices taken modulo p). In this case, the original relations can be deformed by
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an extra central parameter x, using the antisymmetric matrix my, = 0y 0/—1 — 0w w41 [160] :E|

+ £ = (2 7w:—gww/(qcz/w) (W (2), (2 (w) = gouw (z/w) et (w)zT (2
(g (2), ¢ (w)] =0, 7 (2)¢, (w) gww,(q_,:z/w)%f( Wi (2), 25 (2)25 (W) = Guw (2/w) ™ a5, (w)ag (

U (2)a5 () = guuwr (P2 /0)Fa (w5 (2), ¥ (2)25 (W) = guw (6722 /w) 2l ()i (2)

(25 (2), 2 (w)] = Owur

s [l )l (a2 3l ) (47%2)]

> |28 o) (20@)aEiy (W) = (@ + 0% (o) T (0)25 (20) + 24 ()27 (200) 25 (20(2)] = 0,
€S2

(G.1.3)

and 1/1:20@/); 0o = U, 01/1:5 o = 1. In these relations, ¢ € C*, c is a central element, and the

matrix g (z) writes]

1— wa/ Mw!
L e = guu(2) ™ = guw (R 2) 7 (GLL5)

— _6ww/
gww/ (Z) =4 1 — q_ﬁww/ /{mww/27

In order to compare with the gauge theory quantities, we should set g = qgl,/ 2, k= (q/qp)"?
then
8oy o Sy ot 8oy
g =gz \* [ l—qz \ 7 1 1= gz} !
1
wo' (2) = —_— - —_— . G.1.6
Yoo (2) <Q3 1—q3_12> (Q3 11—z 3 1—q 2 ( )

IThe generators of this algebra are sometimes denoted z%(2) — E;i(2), z5 (2) = Fi(2), ¥5(2) — K (2).
More rigorously the 2+ — 2* exchange relation should be written

+8

(K™ 2 = ot w)a (2)a (w) = (K™’ P’ 2 — ) (w)at (2). (G1.2)

This subtlety only affects the colliding points z = ¢FPwe’ g™
tion with the Chern-Simons levels k,, of the gauge theory.
2This matrix is sometimes also written

««’w. The parameter x here bears not connec-

m
m —ml_q Z

Guuw (2) = 0p__, (K" 2),  Op(2) =q O (271 = 0,0 (2) ™ = 0_(2). (G.1.4)

1—qg ™z’

285



Modes decomposition The algebraic relations can also be directly written for the

modes of the Drinfeld currents. In particular, introducing

UE(z) = ¢lgexp (£ 2 Fay | (G.1.7)
k>1
we find,
’ c —key (K c k
UE o (2) = P aE (00, [tk awi] = (607 Gty [t a5 )] = 27N 0t L

(G.1.8)

where the coefficients ¢\, appear in the expansion of log gww/(z):

ww

_ 1
/ tk k k —km, / - '
[gww/(z)]i = qiﬁw exp | £ Z Zijcc(uw’) ) Cc(uuz’ = Cc(u’w) - %K s (qkﬁw —q “Baw )7
k>0
(G.1.10)
where [-- -]+ denotes the expansion in powers of z¥!1. In addition to the central charge c, it

possible to define a second central charge using the zero modes of the Cartan currents:
p—1 B
[[vio=a™ (G.1.11)
w=0

Finally, the algebra can be supplemented with the following grading operators,

d =+ —d +, - d |+ —d +,
¢"z5(2)q = 2i(q'2), WS =vs( ),
(G.l.l?)
do .+ —dy A6 o+ de 1t —do, _ .t
q“r(2)g ™ =gy (2), UL ()™ = Yy(2).
3 Alternatively,
1 _ _ _ _
o = 2 (05 = 450w + (65 — 670w 1 + () — 63 ") 0w 1] = (B, — UKy, (G.1.9)
where 5&]), =1+ q’g)éww/ — qfkéw,w/,l — q;kéw’wurl is the mass-deformed Cartan matrix of Kimura and

Pestun [I73] with the mass pu. = ¢ associated to each link e : w — w + 1 of the necklace quiver.
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G.2 Horizontal representation

Representations of this type have central charge ¢ = 1, they have been constructed by Saito
in [160] under the name vertex representations. We review here this construction.
For ¢ # 0, the Cartan modes a, ) define p coupled Heisenberg subalgebras. For later

convenience we introduce the rescaled modes

k
_ (H) = _
Ay k= — P (aw,k) [aw,ka aw’,l] — kék l
gk —q7* " q*

qk‘ﬂww/ _ qileww’

s (G211
—dq

The representation of the currents z2(z) and 9= (2) can be factorized into two commuting
parts: a zero mode part (XE(z), YX(2)), and a vertex operator part (n(z), ¢=(z)) built

over the Cartan modes o, x:

P (@5 () = XS (s (2), PP WE(2)) = Yl (2). (G.2.2)

We focus first on the vertex operators part, it writes

—k Fk
Z z _
nf(z) =: exp ($ Z kqu'kl/Qaw,k) :, gof(z) = exp (:I: Z T(C]k —q k)aw,:tk) ;
keZ k>0
(G.2.3)
note that ¢*(2) =: nF(¢*/22)n; (¢¥/?2) .. The Fock vacuum |@) is annihilated by positive
modes ay, >0, and we define accordingly the normal ordering : --- : by writing positive

modes on the right. It is a matter of simple algebra to derive the following normal-ordering
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relations:

it (2)n% (w) = Su(w/2)~" nk (2)nh (w) 5, 15 (2 (w) = Sww(Pw/2) ™" g (2)n5 (w) -,

7741[(3)775’ (w) = Surw(quw/z) : 3 (

o w
o (V2 () = ( EAE ) (225 (w) -
)

Sww(w/z)

_ ww(w/2)
s (2) 9 (¢ Pw) = ( MUSEDE

Sww(w/z)

o (o Surw(qu/z
PiE)vat) = (o

) ot ()

(G.2.4)

with the function

— Uk bk, @7 — g7
Sww(2) =exp [ Y kz q "k — . (G.2.5)

k>0 9 —4q

In fact, it is possible to resum the infinite series and write the matrix elements S,/ (z) as

simple rational functions:

|wa’ ‘71 6w w!— _ 6w w!
Sww’(z) — H (1 — Kk ww/q2r 1Bt ) sign (B,,.,7) _ (1 - Q1Z)5 ’ 1(1 QZZ)(; ’ +1' (G26)
=0 (1= 2)%" (1 = qugoz)’’

We then observe the crossing symmetry,

Sww’(qQ/z) fww ( ) ww(Z)7 fww ( ) = wUJ’zﬂ , Faw = <_Q)_walﬁ_mw“’,ﬂ“’“’/, (GQ?)

and F . F, = ¢ 2% | f,.(¢*/2) fuw(2) = 1. The structure function g,.(z) can be written

as a ratio of functions S, (z) with shifted arguments,

S (2)

o, Suw(2)
Sw/w(z—l)'

S (q Z) = fww( )

G (2) = q (G.2.8)

We now turn to the analysis of the zero-modes. In [160], Saito introduces the symbols e*~
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associated to the roots o, and obeying the commutation relations e® e’ = (—1)w’ et e
(in particular symbols attached to the same root commute). These symbols, together with
the operators a, o and d,, act on states parameterized by a root a = > wez, Twlw (r, € Z)

and a fundamental weight A,

e |aaAwo> = H (_1)%,5““/ |O‘ +aw7Awo>v Oar,y |O‘vAwo> = <O‘Zaﬂ +Awo> |O‘aAwo>7

w'<w

270 o, Ay = 208t ) T oot 2 o, A, )

(IJI

(G.2.9)

In this representation,

qa% ea“’/ — q,wa/ €a“’/ qaaw Zaw70 eaw/ — zﬂww’ mew/ﬁww’/2eaw/ Zaw’o. (G210>

Thus, introducing XF(z) = e z1%%.0 and YF = ¢=%« we find the algebraic relations

X5 () X5 (w) = foulaz/w)X5(w) X5 (2), X5 (2)X5 (W) = fuuwlgz/w) " X5 (w)X5(2),

Vi Xh(w) = g+ X ()Y}

w ?

Y, XA (w) = g7 XE(w)Y

w ?

VY5 =0.

) w!

(G.2.11)

It is easy to verify that these are indeed the factors needed to reproduce the algebraic

relations [G.1.3] The only difficulty appears in the verification of the commutation relation

+

+ a7,)] for which we need to use the property z%0w %0 = z9%wy =% to treat the zero

[z

mode dependence. The value of the central charge ¢ can be recovered by noticing that

oA B+Ayy=1 = ][ =« (G.2.12)

WEZyp WEZyp

This representation has been extended to higher level ¢ in [154]. Note however that in the

definition of the (v1, v5)-deformed horizontal representation, a set of 4p Heisenberg algebras
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will be employed to define to the zero-modes X and Y instead of the symbols introduced
in

G.3 Vertical representations

The vertical representations have central charge ¢ = 0 and thus the Cartan currents ¢=(z)
commute. They are diagonal in the basis of states |A)) labeled by m-tuple Young diagram
A= (AW ... X)) The representation depends on an m-vector of weights v = (vy, -+ , V)
and a choice of coloring ¢, for each component v,. We denote m,, = |C,,(m)| the number of
weights v, of color ¢, = w (obviously, m = 3,5 m.). The action of the Drinfeld currents

on the states |A\)) reads

PN = @) TLER 70" 5 (/0 Rey =y — A +0),

OEA OEAL ()

PV (@5 (2) IA) = ¢z S I )@/ > 6(2/xa) Resz LY (g5t2) |A — o)),

OeX OeRw(A)
PV WER) IN) = [T ()] I,
(G.3.1)

In the first two lines, summations are performed over the set of boxes of color w that can be
added (A, (X)) to or removed from (R, (A)) the m-tuple Young diagram A. The summands
are expressed in terms of residues involving the functions YN(z), and the action of the
Cartan is given as an expansion of the functions WN(z) in powers of 2F'. These two sets of

functions are defined as follows:

T —-m 1-— q Va /< Al )}g‘} q_2z
\IJ[’\](Z) =q " H / H Yue(o) Z/XD = /Bw ( )

w a€Co(m) 1-— Ua/Z e j}L’\](Z) ) (G ; 2)
370[.;)\](/2> = H (1 - Ua/z) H Sc(D)w(XD/Z)7 ﬁg\] =My — Z ﬁ‘“c(m)
a€Cy(m) Oex OeA
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The zero modes of the Cartan act as
[A]
PV W5 e) IA) = 7% X)), (G.3.3)

and, taking the product over the index w, we deduce the level p(V)(&) = m.

G.4 Relation with the (v,15)-deformed algebra

The physical quantity we need to reproduce is the scattering function S, (z) defined in
6.2.16, In this scope, it is easier to compare the horizontal representations, and reproduce
the commutation of the Heisenberg subalgebras [6.3.22| using the gl(p) formula |G.2.1} This
leads to identify the Cartan matrix with the matrix ., defined in[6.2.18, Furthermore, the
factor k™««’ has to be replaced with a more general matrix k., that readsﬂ
— 5w @’ _5w,w’ v _au,w’ v

Row =4 @37 qp gy T (G.4.1)

Using this identification, the crossing symmetry relation reduces to for v3 = 0,

and the formula for F,,, reproduces the definition|6.2.18] The function S, (z) defined
in [6.2.16] is recovered by replacing the expression with

Zk ek qkﬂwlw _ q_kﬁw’w
Sww’(z) = exp Z ?q Reolw P % . (G42)
k>0 7 —4q

The definition of the structure function g, (z) is a little more difficult because of the
freedom in defining the zero-mode factor. Comparing with the formula for the case of

gl(p), the most natural choice would be

(1= giz)Pe s

) S (2) Bt T2
9o (2) = fuow(qz) —F—— = ¢ F° , || — —. G.4.3
it (7) ' )Sw/w(z—l) o i=1,2,3 (1—gq lz)éw’w i ( )
4We could also express the coefficients agil, = kﬁww//@;f, = kqlg/ 25&1, in terms of the mass-deformed

.k _ _
Cartan matrix BE}J}, = 0w + @500 — a1 k5w,w'+u1 —q, kdw,wq_w.
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Unfortunately, with this definition, the identity gfug,(z) gf},zu(z_l) = 1 is NOT satisfied, yet

it is necessary for the consistency of the algebraic relations. This prompts us to propose
instead the definition given in where the factor f,,/(¢z) is missing. Unfortunately, this
redefinition of the structure function g, (z) breaks the natural symmetry between positive
and negative currents, and makes the definition of the central charge ¢ more difficult. Note

also that another possibility could have been to define

(1= giz)Pse s

(2)
gww’(z) - , ; (G44)
AL ey
but this would require us to modify the definition of the function S, (2):
(2) SLSJQLZI(Z) (2) (1 — qlz)éw,wl—ul (1 — q2z)6w,w’—u2
G (2) = = Siu(z) = (G.45)

B T T (L= gyt e

w'w
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Appendix H

Shell formula

We provide here a short derivation of the shell formula [6.2.23] for the functions YN (z).
Since K, (A) is a direct sum of K, (A®), the function Y (2) factorizes into contributions

of the individual Young diagrams )}

“1(2). Thus, it is possible to focus on the case of a
single Young diagram A(® corresponding to a weight v, of color ¢,. The proof will be done
by recursion on the number of boxes. We start with an empty Young diagram, for which
R,(2) = @. The box 0= (1,1) is of color ¢(O) = ¢,, thus A,(@) = {(1,1)} if w = ¢, and
A, (@) = @ otherwise. Accordingly, we recover YI?l(2) = (1 — v,/2)% <o,

Now, let’s add a box O to A®. From the definition [6.3.13] we have

yL)JQ)Jr[]](Z) B (1 — quD/z)5c<D),w—V1 (1 — QQXD/Z)(SC(D)’W_VQ (H.O.l)

yya)l(z) (1= Xa/2)%@% (1 — qigaxa/z) @1

@

—1

Qa a3

@20 qfl /51| |
- - I I

Figure H.1: Generic and degenerate configurations of a box added to the corner of a Young
diagram
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There are four possible configurations for adding box in A(®), all represented in figure [H.1|

We start with the generic case, for which

A,(ANY +0) = A, AN\ {o] c@ =w}U{qo| c@) =w — 11} U{g0 | ¢[@) = w — 1},
Reen0y N +0) = Ry NN U{D] c[@) =w — vy — 1}

(H.0.2)

We employed here the shortcut notation ¢i'o (qgﬂm) to designate the box of coordinate
(i£1,7) (resp. (4,7 £1)) next too = (4,7). In this generic case, the factors induced by the
variation of the content of the sets A, and R,_,,_,, reproduce the extra factor S, (Xa/?)
in the RHS of [L.O.1]

We now turn to the first case of the degenerate configurations represented on figure [H.1]
In this case, only one more box can be added to A,(A® +0). On the other hand, the

addition of the box 0O prevents the removal of the box ¢; '0. As a result,

AW +0) = AL AN\ {D] ¢(0) = w} U{aD | ¢(@) = w — m},
Rw—l/1—l/2<)‘(a) + D) = Rw—Vl—VQ(A(a)) U {D | C(D) W= - V2} \ {ql_ID | C(D) =W = VQ}'

(H.0.3)

Once again, we observe the agreement between the variation of the RHS [6.2.23] and the

recursion relation The other two cases are treated in the same way.
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Appendix 1

Representations of the extended

algebra

I.1 Vertical representation

The vertical representation is of the highest weight type. The highest state |@)), also called
vacuum state, is annihilated by the currents x(z), while 7 (z) create excitations. The
excited states |A)) are parameterized by an m-tuple Young diagram X. The weights v =
(vy,- - ,vn) parameterize the action of the Cartan 1X(z) on the vacuum state. The two
Cartan currents commute, they are diagonal in the basis |A)), with the eigenvalue [TN(2)]
where 4+ denotes an expansion in powers of zF!. The action of x(2) add/remove a box of

+ x7], it is natural

color w. In order to produce the Dirac d-function in the commutator |z
to assume that modes mfk depends on the index k only through a factor of x* where O is

the box that is added/removed. Taking all these assumptions in consideration, we arrive at
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the following ansatz:

wf(2) A= 3 8(z/xa) AL (@) A+ o),

OeAu(A)

o (2) AN = Y0 8(z/xe) AL (2) A —0O), (1.1.1)

OeRw(A)

VEE I = (W) M),

where AN (1) are the coefficients to be determined.

When the central charge ¢ is vanishing, the algebra [6.3.2| simplifies drastically,

T (2)3E (W) = guw (z/w) et (w)ad(2), (03 (2), 5 (w)] = WE(2), v35 (w)] =0,
5(2)25 () = guw (2/w0) 5 (W)EE(2), U5 ()25 (W) = guw (2/w)F 2 ()5 (2),
(25 (2), 05 (w)] = Q0 wd(2/w) [ (2) = v5 (2)] -
(1.1.2)

Plugging in the ansatz and the expression [6.3.13|for W (), we find that these relations

are satisfied provided that

A (@) AT (@) = QO Res e 'WN(2), o€ Ru(N),

Z=X0O
APN@) AN @) = —QRes 27U (z), me Au(), (I.1.3)
AT (y) AL () ,
M = QWW/(Xy/XD)ilm’ C(D) =w, C(y) = Ww.

The first two relations come from the projection of the commutator [z, x7] on the basis
|A)), decomposing the RHS as

WG], - [ = 3 6/xe) Res s R(E) ¢ YD 6(2/x0) Res 2T wl(z),

* DEAw (M) D€ R (A)

(L.1.4)

The last equation in arises from the exchange relations xz*z*. Then, it is simply a
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matter of calculation to check that the following coefficients do indeed satisfy the relations

L1.3}

AfM (@) = FY? Res 27 'Y (2) 71 = QYT (xo)

Z=X0O

A = a1 2) Res = VM g5 12) = P2 fN g5 2) 08 05 o).

(I.1.5)

1.2 Horizontal representation

Here the strategy is to start by computing the algebraic relations satisfied by the vertex
operators n- and ¢, compare them with and introduce the zero-modes factors to
compensate unwanted factors. Using the definition [6.3.24] we can compute the normal-

ordering relations

e (2)nd (w) = Su(w/2)~ gk (2)nk (w) -, nt (2)ng (w) = Sww(w/2) = 0% (2)n5 (w) -,
N ()0 (W) = Suws(gsw/z2) " g (2)n5 (W) = furw(z/w) ™ Spw (z/w) ™t 0 (2)05 (w) -,

Mo ()15 (W) = Sur a(gsw/2) = ny ()15 (W) = furw(2/W) S (2/w) 1 ()15 (w) -,

(1.2.1)
and, since ¢ (2) =:nf (2)n; (2) : and ¢ (2) = 0 (g5 ' 2)n; () 1,
o5 (25 (W) = furo(2/w0) 5 G (2/0) 5 0f (205 (w) -,
My ()0 (W) = for(@s2/w) e (G32/w) = 1S (2) 0 (W) -
(1.2.2)

Mo (2)¢r (W) = furo(2/W0) " g (2/w) " 2y (2) 0 (w) 2,

+ (o () = Joro(asz/w) gow (gsz/w) | Do (w) :
Pl () (w) = e IR S el (ew)

We deduce the algebraic relations between vertex operators. Comparing them with the

currents algebra [6.3.2] at ¢ = 1, we observe that the latter are satisfied provided that we set

(H)

P (@5 (2) = X5 (25 (2), PP (05(2)) = Yo (2) 05 (2), (1.2.3)
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X3 ()Xo (w) = X (2) X5 (w) = fuw (w/2) X5 (w) X ] (2),

Y () X5 (w) = foru(z/w) T XZ (2)Y (w),

X3 ()Y (w) = faro(gsz/w) Y5 (w) XS (2), X5 (2)Y (w) = furu(z/w) Y (w) X (2),
Y (2) = FV2 X5 ()X, (2) s Yo (2) = FY2 X (g5 '2) X, (2) +

(1.2.5)

The last two relations come from the commutator [z, z7], they have been obtained using

the pole decomposition of the function S, (w/z) which brings
[Sww(w/2)], = [Sww(w/2)]_ =Q [5w7w/5(z/w)F_1/2 - 5w@/5(q3z/w)Fl/2} : (I.2.6)
The relations [2.5] are satisfied if we set

(=1
XH2) = Qu(2), XJ(2)=Qu(2) 'Pu(gzs'2), Y (2)=F Y?Py(gz'2), Y, (2)= Fl/ngqE’;)Pw(qg]
w(z
(I.2.7)
where @, (z) and P, (w) obey [6.3.21) These operators can be constructed in terms of 2p

Heisenberg algebras [py, ¢/ = 0w and [Py, §u] = du by setting

Qw(z) — eqw+qw logz’ Pw(z) = = Zw’ 5ww/pwl QZLU/ 5ww/ﬁw’ (_1)pw (_qg)_puH—l/s (_ql)_pwful (_q2)_pw7u2 .

(1.2.8)

Combining the operators X, Y* and the vertex operators n=, 1), we find the representation

6.3.25 The dependence in the weights u,, and levels n,, is recovered using the freedom to

!Note that these relations imply

()Y (w) = 7fw/w<2/w) S(w)Y (2
Yw ( )Yw’( ) fd;’w(QSz/w)Yw/( )Yw ( ) (124)
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shift the operators q., G, as q. — ¢ +1og(uy,), G — Gu — Ne-

It remains to compute the central charge ¢. The zero modes of the Cartan currents write

_ _ —1
P (ko) = F ' PPy(q5")  p" (1) = F1/2Zi:q§w%%(qgl)- (1.2.9)

We deduce that
" (H %o(w;o)‘l) =g =) (1.2.10)

WEZy
Since (G, P (w)] = BuwPo(w), the operator ¢ commute with P, (z), thus it is central in this
representation. Moreover, since @, (z) acts trivially on the dual state (&|, we have ¢ = 0.
Finally, we also have to take into account the non-commutation of the zero modes which

brings the extra factor

=l p—1 5 p—1 5 p—1 p—1 5
ww ' N ' —p - ,
H ja) - H CJ3W Fww’Fw’w — H qgw“’ X F H Fww’ == H Q3ww . (1211)
w,w’=0 w'w w,w!=0 w,w’=0 w,w'=0 w,w! =0
w<w! w<w! w<w! w<w!

Since [, is circulant, it is easy to compute

p—1 v+ vy < p),

Y fuw =14 Gt <) (1.2.12)
w,w!=0 0 (else),

w<w

assuming 0 < vy, v < p — 1. This gives us the value of the central charge c.
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Appendix J

Automorphisms, gradings and modes

expansion

J.1 Automorphisms and gradings

The algebraic relations can be supplemented with the grading operators d and d,

(w € Z,) acting on the currents as

eada:f(z)e_ad = xi(eaz), eadﬂ}f(z)e_o‘d = ¢;—L(eo‘z),

€aJw$i/ (2,)6—&(11, — €ia6‘*”‘*’,l'i:/ (2)7 eagw¢; (Z>e—aczw — @b:)_/ (Z), eaczw w;/ (z)e—oﬂw _ ea(éw’w/,%c—&ww/)d);/ (2)7

w

(J.1.1)

for any parameter a € C. The grading operator d reflects the invariance of the algebra
under rescaling of the variable z — €%z, it defines the automorphisms 7, acting on an

clement z of the algebra as 7,(z) = e®@xze~*?. Similarly, the grading operators d,, defines

ad, 1,

w e 0d

the automorphisms 7, ,(x) = e @ associated to the invariance under the following

rescaling of the currents for a fixed w:

w5 (2) = e (2), U5 (2) = e (2), Uiine(?) = €U5(2), (J.1.2)
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() and Y52, 1. () remain invariant.

while the currents :L“f,;éw(z), Y
In addition to the automorphisms 7, and 7, o, the algebraic relations are invariant under

a third class of automorphisms 7, ,(z) = e®do pe=ods defined as

eadwwi (Z)eiad“’ — Ziaawﬂwll'i (2), eawa;(Z)efaczw — w;(z%

w’ w’

] ) (J.1.3)
eadw w;, (Z)efad“ — (qgcz)a‘;w’w’*vacz*a‘w 7/};/ <z>

This transformation is the generalization of the element 7 of the SL(2,Z) group of automor-
phisms for the quantum toroidal algebra of gl; (or Ding-Iohara-Miki algebra) [51]. With a

slight abuse of terminology, we will also call d,, a grading operator.

J.2 Modes expansion

In order to define properly the modes expansion of the currents z=(2) and ¥=(2), we need
to remove some part of the zero modes factors. For this purpose, we use a twist by a
combination of automorphisms to define the new currents #£(z) and ¢)=(z) with proper

modes expansion. First, we introduce the following combinations of grading operators,

Fw = (_1)dw<_q3)707w+l/3(_ql)idw_u1 <_Q2)7Jw_u27 6&) = - Zﬁww’JwH Dw = 62“’/ wa/dw/a
(J.2.1)

such that

Foat (w)F;' = FEL af (), 2P0t (w)z™P = :FPevgt (w), Dyat(w)D;' = w*Pew 2k (w),

_ — Fww/fu c - — — ,— , _
Fwww’ (w)Fw b= };17/3 ww’ (’LU), Zﬁwd}w’ (’UJ)Z P = Zﬁww P _VSwa’ (’LU),

Daﬂ#;/ (w)D;l _ w*ﬁww'+5ww'—u3c w;/ (w)’

(J.2.2)
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and 97, (w) remains invariant. Defining &,(2) = 2% D, F,,, we find

Eu(2) (W) = fuuwr (w/2) a0l (W)Eu(2),  [€u(2), & (w)] = 0,

U (w) = ¥ (w)é (2 27, (w) = Jo v el "w0/2) | - w)é,(z
gw( )¢w’( ) ¢w’( >§w< )7 gw( )¢w’( ) fww/(w/z) ¢w’( )gw( )

(J.2.3)

The operator &,(z) is used to define the twisted currents

wh(2) =50(2), 25(2) =8, (2)&(as 7)., vE(2) = 9 (2)6a(as'2), W0 (2) = U5 (2)6uselds ),
(J.2.4)

S()75(w0) = furs(2/w0) ! g (2/0) 5 (W) (2),
Vo (2)T5(0) = fumme w650/ 2) 7 Gomie wr (g5 2 /w)E5 (W) (2),

Vo (2)T5 (W) = four (W] 2) g (2/10) 1T (W) (2),

T+ (V= (w) — Jor—vse w(@32/W) Guror —vse(@52 /W) ~_ WVt (=
50 ) = L A e 20 ) g ),

PN (0) ~ far /2 T (00T ) = Db (2) 03160 = B (B7) bt 0.

The operators ,(z) do not fully decouple from the twisted algebra as it appears in the
commutation relation [Z*, #7]. The exchange relations 1)* —# now have the correct behavior

as 2zt — 0o to define the expansions

keZ k>0 k>0

(1.2.6)

S ahat, () = B (zz ) Jo(2) = G20 exp (z)

The currents 1;; (z) still conserve a zero mode dependence d,,( that is required to reproduce

the exchange relation with the grading operator &,(z). From the asymptotic behavior
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of the algebraic relations, we deduce that this zero mode operator a,, commutes with all

the twisted currents Z2, ¢/ but not with the gradings &,(2):
Euo(2) w0 = o —vse™Puwr ypiarog (7). (J.2.7)

Note that this operator becomes central if 3 = 0 or ¢ = 0. Expanding in powers of the
spectral parameters, the exchange relations ¢ — # and ¢ — ¢ given in provide the

commutation relations between the modes,

(e k505 G t] = Orst(g5 ™S e = ) ko0, 75 ) = 2035 44
(J.2.8)
ke (—k - . k) ~
[aw,—k<0a +' z] = %k fuw jrugcxi_’,lfk’ [aw,—k<07$w/,z] C¢(uw) W=k
wherd]
_ 1
cfjji, = cfu,f) - = (@6 ar vy — @ O ). (J.2.10)
k i=1,2,3

In particular, when ¢ # 0, the modes a, of the Cartan currents define p Heisenberg sub-
algebras. This property is used to build the horizontal representation in appendix [[.2] The

exchange relations £ — Z can also be written in terms of modes by projecting the following

relations:
2P (w — g '2) e+ 3] (2)3] (w) = Fupw’ (w — gi2) &} (w)af (2),
i=1,2,3 i=1.2,3
2Pt (w — qiz) ' =g (2)d, (w) = FyLwPe (w — g ') i, (w)dg (2).
i=1,2,3 i=1,2,3

(J.2.11)

A priori, the commutator [Z1, Z7] could also be written in terms of modes, but the expression

is rather cumbersome. On the other hand, the grading operators have simple actions on the

!These coefficients appear in the expansions

[gww ( )]+ = fur w eXP (Z 27k fﬁ}) s gww/( )] = fww eXp ( sz ((/Jw]f)> . (J29)

k>0 k>0
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modes:

d,3%,) = —kil ), [doaws] = —kawr, [dU5]=0, [d awo=0,

[Czwa i'j,:/ k] = iéw,w/i‘j}:',ka [Czwa aw/,k] = 07 [Jom j;_',o] = [Jwy dw’,o] = O, [Jwa 1;;’,0] = <5w,w’71/3c
- ~ ~ <. ~ —cs ~

edwiﬁf’ K€ e =1 NI dwww' oeidw = :5',07 edww;',oefdw = (3 ‘ w’wu%cw;ﬁo’

[dy, aw ] = 0, eyt 0o — Ol vge 0 o

(J.2.12)

J.3 Coproduct

The Hopf algebra structure can be extended to include the grading operators, provided we

define the coproduct, counit and antipode as

Ald)=do1+1®d, A(d,) :Ciw®1+1®ciu7u3c<1)a

Aldy) =d,®@1+1®d,_ vsey T (log gz) ¢ ® Jw,ygcw,

- B B (J.3.1)
€(d> = E( w) = €(dw> = 07 S(d) = _d7 S(dw) = _dw+1/307
S(CZW) = _CZerl/sc + (log Q3) ng+1/30-
We deduce, for the composite operators,
A(Bw) = ﬁw ®1I+1® 60.)71/36(1)7 €<6w> = 07 S(ﬂw) = _6w+1/307
A(F,)=F,® Fovseqys e(F,) =1, S(F,) = ijy?)c, (J.3.2)

A(D ) D ® qs —¢(1)Bu— ugc(l)Dw vsc(1y E(Dw) = 1’ S(Fw) — qgﬂw+u3cD 1

w—+v3e)?

and, finally,

A(6u(2)) = u(2) @ Cumrne (a5 V2),  e(6ul2)) = 1, S(6u(2)) = Curumeldsz) " (1.3.3)
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We can also compute the coproduct for the twisted currents,

AGE() = F5(2) © 1+ Tpone (657 2)6ul(2) © 75(2)
A5 (2)) = 6a05"2) ™ © Famaegy (85 "2+ 35(2) © D (05 2),
AW () = 65 (2) @ Ty (05°2),

b - c —2c c
A(ww (Z)) - ""_”3C<2)(q (2> )®ww V3C(1)(q )fw ey~ V50<2)(q e )5@ 2vzc(y— VJC(Q)(q o ) )

(J.3.4)

and deduce

k —k —k
A(aw,k>0) = Qu k ®1+ C]g X aw—l/30<1),k7 A(aw,—k<0) = aw—l/30(2),—k? X qs ¢ + ds ¢ X aw—ugc(l),—ka

A(aw,()) = a'w—ugc(z),o ®1+1® aw—ugc(l),() +1® <5w—u30(1)—1/30(2> - Bw—21/30(1>—1/30(2)> )
(J.3.5)

together with the coproduct of the zero modes @Df,o-

J.4 Vertical representation

In the vertical representation, the grading operators d,, and d,, commute with the currents
¥ (2), therefore they are diagonal in the basis |A)). Their eigenvalues can be determined

recursively using the relations with the currents z*(z),

pOM) IN) = LA, A0 () IN) = (Z Gt 108 XD) PYNEERNCXRY

Oex

where the eigenvalues on the vacuum have been chosen to be zero. Then, the representation

of &,(z) takes the simple form

P (E(2)) [A) = FD (=) 1A, (J.4.2)
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with the function fo[f‘] (2) defined in[6.3.13, We find the representation of the twisted currents

to be
PI@ES) N = F2 Y 3(z/x) Res = 9(2) " A+,

OcAw(A)

p @) X)) = X 8(z/x) Res 27 92 (g512) A — ),

DERL(A)
PV E (=) AN = (5" )I[WB}(z)LP\», PV (Wke) =1, (J.4.3)

(b= (2 — FN () [wN V) [aecy (m)(—d3va)
PV (W5 (2) A = [N [N)] IN), p V(@) = Moce )

PV (ag ) IN) = (Z Corc D)XD> AN, P (o) = My — ma.

oex
J.5 Horizontal representation

Computing the exchange relations of the operators e®?< and e“?~ with the Drinfeld currents

leads to the identification of the representation for grading operators

P (dy) =po, p(do) =D = p(E(2) = Pu(2). (J.5.1)
Thus, we find the representation for the twisted currents,

P (2) = w2 ™ Qu)nl (2), "M (35(2)) = w2 Qu(2) " (2),

P (WL () = F720(2), (1.5.2)
P (G5(2) = P ggeane B D )

and the modes

1, g k L
P(H)(%,k>o) = —%(Q:s /204w,k - C]3/204a;,k)7 P(H)(%,fko) = —%(% kawﬁk - Oéw,fk)a

7 — 7 — Ug No—0o o —Gw ~ o ~ ~
P(H)( :;r,o> =F 1/27 P(H) (¢w,o) = F1/2*Q3 @ eldote P(H)<aw,0) =Ny — Ny + o — Gu-

(J.5.3)
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We can verify that a, o commutes with the twisted currents, and satisfies the relation

with the grading operator &, (z).
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Appendix K

Derivation of the vertex operators

K.1 Definition of the vacuum components

Before sketching the derivation of the solution for the intertwining relations, we would like
to provide a bold argument for the definition of the vacuum components ¢, and @7 entering
in the definition of the intertwiners. In fact, the full partition function of the gauge
theory, including classical, one-loop and instantons contributions, has a nice description
in terms of the melting crystal picture [7, 206]. Indeed, the one-loop contribution can be
written as a double product over the boxes of completely filled (infinite) Young diagrams
A* ={(a,i,7) /a=1---myi=1---00,7 =1---00}, assuming a (s-regularization for the
infinite product. Then, the instanton correction of order O(g*) is obtained by removing k
boxes to A*, taking the double product over A = A\ A = {(«,1,7) a =1---m,i =
)\ga) +1---00,j =1---00} and summing over the configurations A of k& = |A| boxes. The
vacuum component ®, of the intertwiner ® is associated to this infinite product over boxes

in A, so that formally

Py~ ] UZED)(XD)_I oo Gata: ] U;ED)(XD)_I : (K.1.1)

oeAx> geae

and similarly for ®}, replacing n;ED) (Xo) With 1.5 4, (a3X0)-
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In order to develop this idea, we may introduce a very crude cut-off NV such that A is
obtained as the limit N — oo of m Young diagrams consisting of squares of size (pN) x (pN),
ie. Any = {(a,4,j)/a=1---myi=1---pN,j = 1---pN}. Then, we may consider the
product over boxes (a,i,j) € Ay and decompose the indices (i,7) as i = i + 1 + k;p,

j:j+1+kjpwith2,3:0---p—1andki,kj:()-~-N—1. We end up with

I A (anlq; PGS ok 2%
H Uc (o) XD 1:[ exXp _Z Z q1 c&+21/1+31/2,7k

OeAN H k>0 ki,k;=0

(anCJz’Y RS —kk: —kk
X €xp (Z 1k‘ Z Chp P OécaJr%l/H»;ug,k 5

k>0 ik =0

(K.1.2)

Performing the sum over k; and k;, we find

- ro (Vadiqh)" 1 — qpkN 1— g™
H n;{@(XD) ! = H H eXp (_ Z li pk Oéca-i-gyl-‘rjug,—k‘

OeAn a=17347=0 k>0 11— 1- dz

(Vaglady) ™ 1 — g PN 1 — g7
X exp (Z L 1_ q;pk 1_ quk Qegtivi+jvak |

(K.1.3)

At this stage, the limit N — oo is ill-defined because the first exponential converges when
|11, ]g2] < 1 while the second exponential for |¢|, |g2|] > 1. However, we notice that each
color can be treated independently, and their contribution written in terms of the vacuum
component for the intertwiner describing instantons on a (2-background with no orbifold
[T41, [51], with the replacement 1,69 — pey, peo. Thus, we can borrow the corresponding

operator and simply define

—k

o — 11T (vagig)* o (vagia37)
g = H H exp _Z k k)aca-i-im-i-jl/z,—k exp Z —

k ks Qeativi4junk |
a=17j=1 o k(1 —a")(1— a5 im0 k(1= (1 — ™) o )

(K.1.4)
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The appearance of quantities defined on the background C,., x C,., x S}, is reminiscent of
the surface defect interpretation of the orbifold developed in [21] [I]. It may also be related
to the abelianization procedure described in the case of gl(p) (unrefined, i.e. g3 = 1) in [I54].

Using the definition [K.1.4] we obtain the following normal-ordering relation]|

ms ()0 = [ (I—va/2) " inf(2)®s:, Pomi(z) = [[ (1-2/(gsva))™" 0 (2) %0,

a€Cy(m) aeCy(m)
1, (2)0s = [I (L—aqva/2) i 05(2)®o s o (2) = I (1—2/(g3va)) s 0 (2)@a
aeCysh(m) a€Cyx(m)

(K.1.6)

Since ¢£(2) can be expressed in terms of n=(2), we easily deduce the normal-ordering rela-
tions for these vertex operators as well. This argument can also be applied to ®}, it leads

to define

m p—1 (v 73 \k
. D)
Py = H H exp (Z % pk)Oéca+<¢—1)u1+(j—1)u2,—k>

a=17j=0 0 k(1 —a")(1 — ¢

(anziqgw/)ik
X ex > Oy 7170 :
P ( E>0 k(]' _pk)(l —Pk) e

(K.1.7)

and we obtain

15(2)25 = [ (I—asva/2) :ni(2)25 ()= [ (1—2/(asva)) : ni(2)25 -,

a€Cysh(m) a€Cyx(m)
N, (2)05 = I O-adu/z) g ()2 Pon(2) = I (1—2/(gsva)) ™" o015 (2) @+
aeCw+2yl+2y2 (m) aeCyxh(m)
(K.1.8)
1'We have used the following property to perform the sum over indices i, j:
L
: Z da) e 2ol = (= = ). (K.1.5)

i,j=0
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We can also compute

P,® =GV |v) DD, PEDY = G(V|gg v) T BEDY -,
(K.1.9)
DDy = G(v'|g5'v) : Pp®Y :,  PLPL = G(V|v) : DL, ¢,

where we G(v|v’) denotes the bifundamental contribution at one-loop expressed in terms of

the function G, 4,(2) [

/

—_

p— ool

Zk

m m - -
’U|’U H H . qg ,ani+1 J+1/’U ) Ot ,ca+(z+1)l/1+(]+l)l/27 gq17q2 (Z) = exp (_ Z E

a=1a'=1 Z :0

(K.1.11)

K.2 Solution of intertwining relations

Once projected on the vertical states using the decomposition [6.4.3] the intertwining relations

64T write

25 (2)0x = W (2)raf (2) + pV) (2f(2)) - D,
15 (2)®x = Brag () + [ V(a5 (2)) - da] U1 (2), (K.2.1)

U (2)0x = TN DA0S(2), v (2)0a(2) = WL (g5 )P (2),

and

75 (2) 3 = ®rad(2) = Uiy, i (032) [0V (@l (2) - 23],
U2 (g5 )25 ()83 = B (2) — o (a5 (g5 2)) - B3, (K.2.2)
V()@ = U (g3t ) 00l (2), Ws (2)@5(2) = W (g5 te) e ().

2Note that when the weights are shifted as v — gzv, we have to shift the colors ¢, — ¢ + 3 accordingly.
For instance,

m m -
c / = =
'u|q3 H H H o, 5 ’qi+1 J+1/Ua) el F AL HG V2 (K.l.lO)
i,7=0

a=1a’'=1

e \

311

k=1 (1 o

@)1 —g5)



To lighten the notations, we have omitted the horizontal representations p) and p#") and
indicated the vertical action with a central dot. In order to show that the operators ®, and
@3 defined in satisfy these relations, we need to compute the factors coming from the
normal ordering of products with the Drinfeld currents in the horizontal representation. It

is easier to treat separately the vertex operators part,

15 (2)0a = YN ()it () s dand(2) = f (g5 2) VN (g3 )Tl (2)@a
0o (2)®x = Valgs'2) 1 (2)@a s @iy (2) = fV (g5 2) V5 (05722) = 05 (2) @ -,
ph(2)0x = (g3 ) O (2) L g (2)Ba Bl (2) = @l (2) @

2 —2
w v % Z —_ —_ —

oo ()n = g ()Bx s Bagm(z) = fP(grle)derzarenlls 2 g g,
fw+2u1+2uz(QB Z)

(K.2.3)

* * Al — — %
0t ()05 = V(g5 t2) st ()05 5, @l (2) = g 9 Valay t2) st (2) @5 -,
— * A — — — * * — A — *
10 (2)®h = Voo (6322) 705 ()@, ®ans (2) = F(g502) " alaz o)™ g (2) 5 s
_ A — — * * *
@i( ) fw+21/1+2u2( 322)‘1%[3}((13 13) b SOI(Z)(I)A 5 @Agp:(z) = 4,0:5(2’)(1))\ 5

[A] —2
—_ * — * *x  _— — — w211 1253 q — *
P = e (9055 By (z) = gy Lz B D gy e
fw+2u1+2u2 (Q3 )

(K.2.4)

and the zero-modes part,

Po(2)ta = fN(2): Po(2)ta s, [Qulz),ta] =0,

(K.2.5)
P.(2)ts = g5t ) 7 Pua)ty . Qu(2) = M (g3 12) 7t 15Qu(2) -

From these relations, we to deduce the normal ordering relations for the currents z= and .

Then, the relation [K.2.1 and [K.2.2| for the Cartan currents 1= follow directly, provided that

the weights and levels satisfy the relation [6.4.2] This condition is related to the difference
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between the functions fN and f}ﬁ%

! 2N, —
upz ™ [N (g2

The relations [K.2.1] and [K.2.2] involving the currents 22 are harder to prove. This is done

by decomposition of the functions YN (z) as sum over poles. We refer the reader to [51] for

a more detailed explanation.
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Appendix L

Spinor conventions

The spinor indices in v, and ¢* are raised and lowered by

U = ePhg, o = €50

» o (L.0.1)
g = =P €ap, P = —ac’,
where €'2 = —¢p = 12 = —€i5 = 1. We use the convention for the spinor index contraction
UX = 1V"Xa, X = DaX®. (L.0.2)
The symplectic-Majorana spinors ¢4 and ¢4 are defined by
(Yan)t = €AB€aB¢ﬁB, (lzaA)T = EABEM%B, (L.0.3)

where the SU(2)p indices are raised and lowered as X4 = A8 Xp and X, = e, X P with

€2 = —€p = 1.

The o-matrices are defined by

0t = (iT,1)ag, &% = (—i7, 1), (L.0.4)

314



where T are the Pauli matrices.
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