
Linear Plasma Waves 

We start from the linearized set of fluid Maxwell equations:



























To study the 1D linear wave, we will look for a solution in the form of 













We will consider the case of a “small-amplitude” plasma wave in a cold, 
unmagnetized plasma (          ) where the electric field and propagation vector 
are perpendicular to each other.  
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Note that because of the discrepancy between the masses of electrons and 
ions, 
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The implicit assumption in ignoring the ion plasma frequency is that ions are 
so heavy that we can essentially consider them as a uniform immobile 
background. In plasma physics jargon, we call this a high frequency plasma 
wave, since the wave oscillations occurs so fast that the ions don’t have time 
to respond, and can be considered infinitely mobile. 
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The group velocity is always less than c, as required by the special theory of 
relativity. 



Cut off: from the dispersion relation, one can see that frequencies below 

are not supported by this wave:











































This is a very important conclusions. With some exceptions, such as very thin 
plasma and very high intensity lasers, a laser pulse impinging on a plasma 
with higher than the critical frequency will be completely reflected. There are 
several applications that rely on this property such as density measurement. 
One particular application used in petawatt laser experiments is the use of 
“plasma mirrors”, which remove ns or ps “pedestals” in the pulse which can 
create a pre plasma and are detrimental to physics under study, particularly 
in laser-solid interactions [see e.g. Thaury, et al, Nature Physics, 3, 424 
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(2007)]. 



































Other examples of the reflection of waves at 
the cut of frequency include the reflection of 
short wave radios off of the ionosphere 
where plasma density is sufficiently high. 
This effect enabled the communication 
across continents  
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method called igniter heater concept
1 Igniter creates a uniform plasma column

2 Heater laser is focused to the middle heats plasma
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density profile ideal for Laser guiding see eJ P Volfbeyn
Guiding of laser pulses in plasma channels created by
igniter heater techniquephysicsof plasmas 6,2269 1999

A aideal channel e

density profile ninth.tw
zocrcrcn9indrid Iyy I.ggiiIgniterpulse

O r rch plasma

channelradio

Note Up c so my particles can keep up w surfthe

wave

Finally if Te were included nothing changes w this analysis

as you will show in
a homework



Nonlinear Plasma Waves in 1D

Generation of nonlinear plasma waves was investigated in a Russian paper in 
1956 (A.I. Akhiezer, R.V. Polovin, “Theory of wave motion of an electron 
plasma”, Sov.Phys.JETP 3 (1956) 696). John Dawson at UCLA started 
looking at the same problem for acceleration of electrons in the 80’s. 



To look at the for of the plasma waves, we start from the 1D cold fluid 
equation. We make the assumption that electrons move in 1D while ions stay 
in place. In this way, the sources for charge and current density are the 
electrons. Physically, this means that the driver and the accelerating wave 
have nearly uniform transverse profiles and are much larger than 









































In the words of Akhiezer and Polovin, “our problem consists of the general 
investigation of the [1D] wave motion in the plasma; I.e. of such electron 
motions for which all the variables entering [equations above] are functions 
not of ‘r’ and ‘t’ separately, but only of the combination

This combination identifies a wave that travels in the ‘z’ direction with a 
phase velocity 
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of two variables. Using the chain rule, we convert these equations to those in 
terms of 
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Now we want to solve for a relationship between the fields
density or equivalently fluid velocity to get the properties of
this nonlinear wave
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This result was published first by the Akheizer paper referenced above. John 
Dawson (UCLA) realized in 1958 that physically this process is corresponds 
to wave breaking, which means that wave is steepening to the point that the 
top of the wave tilts over and crashes forward. This limit is strictly valid in the 
cold plasma limit. Using the relationships above we can plot the different 
variables.  
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1D wakefield was one of the earliest attempts at developing a plasma 
wakefield theory & some of the conclusions (such as the slope of electric 
field) will remain valid even in 3D. The 1D theory however is of limited 
application. A 1D laser would have to be very intense and very wide 
compared to its wavelength. This has become possible only recently by the 
introduction of petawatt lasers. For the particle beam driver, we also typically 
operate in a regime where beam waist is small compared to the plasma 
wavelength. To get results that are closer to real physics of experiments, we 
will need analyze this physics in multi-dimensions and in particular in 
nonlinear regime.  
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