Linear Plasma Waves
We start from the linearized set of fluid Maxwell equations:
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To study the 1D linear wave, we will look for a solution in the form of
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We will consider the case of a “small-amplitude” plasma wave in a cold,
unmagnetized plasma ( B.=e ) where the electric field and propagation vector
are perpendicular to each other.

V.E = K.E = o

Te =2 GUW plasma

Broo  um Ma-av\e“'izcé

Tle is o transverse t(c.c-\roménc(-fc Wave (/€. a L:'/h{' wave)
‘tme,\\:«% ‘\'\Nfouﬁ‘/\ Plasma as F includes both E & 8. Nofe
Hot # 8, =o, .

w| E=e

1 -_—D - —
v. El =e t Ux E(:—o — E‘ =% = tnv:a'
bouadary at oo Solution

- —D =2
— —V E:-g_B_‘
= ke



- -— —> =>
VX‘B): = oe,(Vc, - Ve.) No + Moo 9E.

ot
anf\zcé Eu‘e('s (Momm"'um) eq,uu."lav\

2.7, - 4 (E.- U’,l/él)- r?ﬁ Un,

%Vt - a-rl:t { O
ﬁ_,( bo'Ht

-
-

fons & €

We cCan derive He efac*romagnd\‘c wave es{ﬂ-a-\—mn ’pa, the wual
mete & WL ‘L“a.\ﬁiv\é — Ux(TxE)

_Ux (UxE)

= — 'v?(t?jé’)arv‘ﬁ =

(V x81)
(fnsyecse MeAe)

- /%CI ’b\/;. Ve,

Ne 0 & 3 E‘
3t 9t] AR v
S'qbs“'i"u’\'e. ‘f_-,r each SPCuQS ’ﬁ(gm E?ﬂ 1
q,-_c for an electn
1’7 1ﬂ -— ‘6 -—D
VE.-_‘-3_L=/4°cno[£_L ]
c* 91+ M m
ion mass J R € meuss
& | €in ern E
= Mobo e ' e |
_ 2
— ! [_(1,) + (»3‘)] E‘
ve LB

e
ions,

Note that because of the discrepancy between the masses of electrons and

(ﬁr l\!jéﬂsab/\/ 04!

=

= M«
wop M




= _ﬂp7—+ L«DP"',‘.‘_, (PPL

The implicit assumption in ignoring the ion plasma frequency is that ions are
so heavy that we can essentially consider them as a uniform immobile
background. In plasma physics jargon, we call this a high frequency plasma
wave, since the wave oscillations occurs so fast that the ions don’t have time
to respond, and can be considered infinitely mobile.
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The group velocity is always less than ¢, as required by the special theory of
relativity.

Cut off: from the dispersion relation, one can see that frequencies below wp
are not supported by this wave:
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This is a very important conclusions. With some exceptions, such as very thin
plasma and very high intensity lasers, a laser pulse impinging on a plasma
with higher than the critical frequency will be completely reflected. There are
several applications that rely on this property such as density measurement.
One particular application used in petawatt laser experiments is the use of
“plasma mirrors”, which remove ns or ps “pedestals” in the pulse which can
create a pre plasma and are detrimental to physics under study, particularly
in laser-solid interactions [see e.g. Thaury, et al, Nature Physics, 3, 424
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Other examples of the reflection of waves at
the cut of frequency include the reflection of \
short wave radios off of the ionosphere ‘
where plasma density is sufficiently high. \
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Nonlinear Plasma Waves in 1D

Generation of nonlinear plasma waves was investigated in a Russian paper in
1956 (A.l. Akhiezer, R.V. Polovin, “Theory of wave motion of an electron
plasma”, Sov.Phys.JETP 3 (1956) 696). John Dawson at UCLA started
looking at the same problem for acceleration of electrons in the 80’s.

To look at the for of the plasma waves, we start from the 1D cold fluid
equation. We make the assumption that electrons move in 1D while ions stay
in place. In this way, the sources for charge and current density are the
electrons. Physically, this means that the driver and the accelerating wave
have nearly uniform transverse profiles and are much larger than C/ogp
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In the words of Akhiezer and Polovin, “our problem consists of the general
investigation of the [1D] wave motion in the plasma; l.e. of such electron
motions for which all the variables entering [equations above] are functions
not of ‘r’ and ‘t’ separately, but only of the combination ¢ = vgt — 2.

This combination identifies a wave that travels in the ‘z’ direction with a
phase velocity V¢

Thus all variables are a function of a single variable, which itself is a function



of two variables. Using the chain rule, we convert these equations to those in
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This result was published first by the Akheizer paper referenced above. John
Dawson (UCLA) realized in 1958 that physically this process is corresponds
to wave breaking, which means that wave is steepening to the point that the
top of the wave tilts over and crashes forward. This limit is strictly valid in the
cold plasma limit. Using the relationships above we can plot the different
variables. E, N2
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1D wakefield was one of the earliest attempts at developing a plasma
wakefield theory & some of the conclusions (such as the slope of electric
field) will remain valid even in 3D. The 1D theory however is of limited
application. A 1D laser would have to be very intense and very wide
compared to its wavelength. This has become possible only recently by the
introduction of petawatt lasers. For the particle beam driver, we also typically
operate in a regime where beam waist is small compared to the plasma
wavelength. To get results that are closer to real physics of experiments, we
will need analyze this physics in multi-dimensions and in particular in
nonlinear regime.






