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A1. Consider the two dimensional Laplace equation in a circular disk

∆u = 0, |x| < R, u||x|=R = sinφ.

(a). Solve the boundary value problem using separation of variable method.

(b). Solve the boundary value problem using Green’s function method.

(c). If the equation is changed to Poisson’s equation

∆u = f(x),

find the solution.

In polar coordinate
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A2. The heat equation in R space

ut = uxx, x ∈ (−∞, ∞), t > 0

with initial condition u(x, 0) = g(x) is solved with exact solution

u(x, t) =
1√
4πt

∫ ∞
−∞
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(a). Draw the initial condition
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(b). Find the solution for t > 0.

(c). Sketch the trend of the solution as t increases.

(d). Find the approximate maximum and minimum of the solution in the solution domain.



A3. The flood wave in a river follows the conservation law

At + (A3/2)x = 0,

where A(x, t) is the cross sectional area of the water at the location x and time t. A sudden heavy rain
creates a flood with river cross sectional area along its path as follows (set it as t = 0)

A(x, 0) =


1 x ≤ 0

4 0 < x ≤ 10

1 x > 10

.

(a). Find and draw the characteristics of the equation.

(b). Find the solution of cross sectional area along the river at t = 1.

(c). Assume a town is located at x = 31, when will the flood crest reach it?



A4. Let f(z) be an entire function satisfying |f(z)| ≤ |z|2 for all z ∈ C. Show that f(z) = az2 for some
|a| ≤ 1.



A5. Find an explicit conformal map from the unit disc to the infinite strip |Im z| < 1.



B6.

(a). Derive the parameters of Gauss quadrature with three points∫ 1

−1
f(x)dx ≈ C1f(ξ1) + C2f(ξ2) + C3f(ξ3)

such that the integral is exact up to x5.

(b). Use the derived parameter in (a) to calculate

I =

∫ b

a
g(x)dx.

(c). If we divide [a, b] into 2m segments and apply this Gauss quadrature to each pair of segments, count
the total number of arithmetic operations (addition, subtraction, multiplication and division) and total
number of function evaluations for the calculation of the integral in terms of m.

(d). What is the order of the local truncation error and what is the order of the global truncation error?



B7. To find the root of f(x) = 0, we start from Newton’s interpolation formula on two points xn and xn−1.

(a). Write down the interpolation function p1(x) and the exact f(x) through Newton divided differences.

(b). Show that the secant method is equivalent to

p1(xn+1) = 0.

(c). Use the fact that f(ξ) = 0 and p2(xn+1) = 0, to derive

en+1 = xn+1 − ξ = A(xn − ξ)(xn−1 − ξ) = Aenen−1.

What is A?

(d). Convert the en+1 to the form
en+1 = Cern.

Find the value of r and the relation between C and A.



B8. Consider a 1D linear advection equation vt + avx = 0.

(a). Write the Lax-Friedrichs and the Lax-Wendroff methods for this equation in the conservative form
and find the corresponding fluxes.

(b). Derive a flux-limiter method using these fluxes. No need to explicitly specify the limiter function.



B9. Derive a corrected (corner-transport) upwind method for the linear advection equation in 2D space

∂v(x, y, t)

∂t
+ a
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= 0.



B10. Using the discrete Fourier transform, perform stability analysis of the leapfrog scheme for the 1D
diffusion equation vt = νvxx.


