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A1. Solve the initial value problem:
utt − uxx = 0

u(x, 0) =

{
sinπx if 0 < x < 1
0 otherwise

, ut(x, 0) =

{
π cosπ(x− 2) if 2 < x < 3
0 otherwise

.

Find and draw the solutions at t = 1, 2, 3 if

(1). x ∈ (−∞,∞).

(2). x ∈ (0,∞) with ux(0, t) = 0.

For both (1) and (2)

(3). Find and draw the domain of dependence of the point (x, t) = (1, 2).

(4). Find and draw the range of influence of the point (x, t) = (1, 0) up to t = 3.



A2. Solve Laplace equation
∆u = 0, Ω : {x ∈ (0, 1), y ∈ (0, 1)}

with the boundary condition
u(x, 0) = 0, u(x, 1) = 4x(1− x)

u(0, y) = sin 2πy, u(1, y) = sinπy.

Find the maximum and minimum of the solution.



A3. For the conservation law
ut + f(u)x = 0,

where flux function is f(u) = u(1 + u).

u(x, 0) =


ul x < −1
um −1 < x < 1
ur x > 1

(a). Draw characteristics and find solution u(x, t) if ul = um = 1 and ur = 3.

(b). Draw characteristics and find solution u(x, t) if ul = 3 and ur = um = 1.

(c). Draw characteristics and find solution u(x, t) if ul = 3, um = 2 and ur = 1.

(d). Solve the Riemann problem

u(x, 0) =

{
ul x < 0
ur x > 0

(e). Find the Riemann solution at x/t = 0.



A4. Prove for any α ∈ C and n ≥ 2 that the polynomial αzn + z + 1 has at least one root in the disc
{|z| ≤ 2}.



A5. Compute

I =

∫ π

0

1

2− cosx
dx.



B6. Consider the function f : R2 → R defined by

f(x) =
1

2
(x21 − x2)2 +

1

2
(1− x1)2.

a) Use the first- and second-order optimality conditions to show that x∗ = [1, 1] is a local minimum.

b) Give the linear system for the first iteration of Newton’s method for minimizing f using x0 = [2, 2]T

as the starting point.

c) Give the first iteration of the steepest descent method for minimizing f using x0 = [2, 2]T as the
starting point.



B7. For an initial value problem
y′(t) = f(t, y),

with y(0) = y0, Heun’s method given by

yk+1 = yk +
h

2
(k1 + k2),

where

k1 = f(tk, yk)

k2 = f(tk + hk, yk + hkk1).

a) Write the Butcher array of this method in the form of
c A

bT
. Recall that the general form of an

s-stage Runge-Kutta method can be given as

uk+1 = uk + hF (tn, un, h; f), n ≥ 0,

where

F (tn, un, h; f) =
s∑
i=1

biKi,

Ki = f(tn + cih, un + h
s∑
j=1

aijKj), i = 1, 2, . . . , s

b) Show that this method is second-order accurate.

c) Consider the special case f(t, y) = λy with λ ∈ R−. Find the maximum h such that the method is
stable.

d) How does Heun’s method compare against the trapezoid method in terms of stability and stability?



B8. Consider the boundary value problem

−u′′(x) + b(x)u(x) = f(x), 0 ≤ x ≤ 1 (1)

u(0) = ul, u(1) = ur

where b(x), f(x) are continuously differentiable, and b(x) ≥ 0.

a) Formulate a second-order difference method for finding the approximate solution of (??) on a uniform
mesh of size h.

b) Suppose b(x) = 0 and ul = ur = 0 in (a). Formulate a finite element method for finding the
approximate solution of (??) in this special case, also on a uniform mesh. Using the standard "hat
functions" basis for the finite element space, write out the equations for the Galerkin method.



B9.

(a) Describe two versions of the Godunov method for hyperbolic conservation laws and comment on
which one has implementation advantages.

(b) Solve the Riemann problem for a linear system of strictly hyperbolic PDE’s

Ut +AUx = 0, U(x, 0) =

{
Ul, x < 0
Ur, x > 0

(i.e., express the Riemann problem solution in terms of eigenvalues, eigenvectors, and the jump [U ] =
Ur − Ul).

(c) Using the Riemann problem solution, derive the Godunov method for this linear system and show that
it is equivalent to the upwind method.



B10.

(a) Derive an ADI scheme for the 2D parabolic equation vt = ν(vxx + vyy) by performing an incomplete
factorization of the BTCS scheme.

(b) Discuss its consistency and perform stability analysis using the discrete Fourier transform.

(c) Discuss advantages and disadvantages of your scheme compared to the BTCS scheme and the Pieceman-
Rachford ADI scheme.


